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Frederick Eugene Fowle, son of Frederick E. and Mary Proctor Fowle, was born at 
Arlington, Massachusetts, on November 20, 1869. He died after a long illness at Wash- 
ington, D.C., on April 22, 1940. 

As a youth he spent much time out of doors, taking long walks and familiarizing 
himself with fauna and flora. Precocious at school, he was keen at mathematics but 
was also deeply interested in languages and music—avocations which continued to 
attract him greatly through his later years. Another hobby was the association with 
people a little different from others. Throughout his life he took much enjoyment in 
seeking out and becoming intimate with eccentric persons whom most people would 
pass by. 

For several years in his youth he was an assistant at Harvard College Observatory, 
where Professors E. S. King and W. Gerrish were among his close friends. George E. 
Hale’s early work there with the spectroheliograph was done at that time. This pre- 
liminary astronomical service led to Fowle’s entering the Massachusetts Institute of 
Technology several years older than his classmates. He was graduated as B.Sc. in 
physics, with high honors, in the year 1894. Through Professor C. R. Cross’s recom- 
mendation he was engaged immediately by Secretary S. P. Langley as assistant at the 
Astrophysical Observatory of the Smithsonian Institution at Washington. A year later 
his classmate at Massachusetts Institute of Technology, the present writer, was also 
engaged there, and we remained associated for nearly forty years. 

Fowle’s early work at the Astrophysical Observatory does not seem to have been 
adequately appreciated by Langley. To him Fowle was merely a photographer, al- 
though photography was only an avocation with Fowle and one of many sidelines in 
which he was proficient. Langley’s lack of appreciation of Fowle was largely due to 
Fowle’s cautious Scotch way of answering. He was always chary of committing him- 
self, whereas Langley wanted an immediate answer—yes or no. Besides this Fowle had 
a slight impediment of speech, which was aggravated by embarrassment. 

It was not until after Langley’s death, in 1906, that Fowle began to have due recogni- 
tion, either in salary or in scientific reputation. By that time we were already launched 
on the measurement of the solar constant of radiation and in determinations of the 
variation of the sun, which are still the chief features of the Observatory work. 

Fowle and I, though conscious that we were doing exact observing— as, for instance, 
in our determination of the dispersion of rock salt—were troubled in those times by an 
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inferiority complex. We were but young assistants and worked in a temporary shed, 
while others occupied famous observatories. Hence it proved a real and very helpful 
stimulation to conduct a large eclipse expedition to Wadesboro, North Carolina, in 
1900. Professor E. C. Pickering had loaned some apparatus, including a 12-inch lens 
of 135-foot focus, and an objective prism of equal size. One day at Washington I had 
gone home early, leaving Fowle to put away the apparatus. He had unluckily tripped on 
a tent peg and, falling, had chipped a small piece out of Pickering’s lens. Hence we went 
to Wadesboro feeling more downcast than usual, and very small indeed compared to 
the famed astronomers of Yerkes Observatory, of Princeton, and those from England 
who were to be there also. What bucked us up was something that happened the night 
before the eclipse. 

We had set up our objective-prism spectroscope with a reflecting mirror and intended 
to obtain spectrum lines parallel to the center of the vanishing crescent. But it suddenly 
occurred to one of us that we had not correctly considered the effect of the mirror reflec- 
tion. When we felt sure, we called in the late C. E. Mendenhall, and after two hours of 
hot discussion we convinced him. But Hale and Goodwin were evidently in the same 
predicament as ourselves. So we called them in about midnight and after another long 
discussion convinced them also. It was, as may well be understood, a triumph for us 
boys, and ever after we felt more on an equality with the astronomical world! Hale 
and Goodwin made a hurried readjustment as soon as the sun appeared, but we con- 
tented ourselves with cusp spectra. 

It is hard to separate the work on the solar constant done by Fowle and by myself 
over many years. But I did most of the expeditionary work and Fowle had charge of 
the measurement and computing at Washington. I relied heavily on his attainments in 
physics and mathematics, his reserved judgment, his knowledge of men’s characters, 
and his great skill in measurement and computation. His work on the reduction of my 
observations on the contrast of brightness along a diameter of the sun’s disk was espe- 
cially careful and laborious. 

Fowle became greatly interested in the study of the absorption of solar radiation by 
water vapor and ozone and in the scattering of radiation by small particles within the 
atmosphere. In the year 1914, from our measures of atmospheric transmission he com- 
puted the number of molecules per cubic centimeter of dry air at standard pressure as 
2.68 X 10'9, in close agreement with the best present values by other methods. As his 
greatest individual investigation, he made many infrared spectral measurements through 
long columns of air containing known quantities of water vapor. Thereby, in the first 
instance, he was able to discover a valuable method for determining the total thickness 
of precipitable water between the observer and the sun, from bolographs of the solar 
spectrum. We use this method constantly as a fundamental feature of solar constant 
determination. Some years ago, with a special portable apparatus for measuring precipi- 
table water by Fowle’s method, our Mr. Moore examined the relative merit of a half- 
dozen stations in Africa for solar observations. The Weather Bureau became interested, 
and the Smithsonian Institution has recently constructed for them an improved instru- 
ment of that type. 

Fowle’s further experiments with the long tube related to the absorption of atmos- 
pheric vapors at great wave lengths. They resulted in a great increase of our knowledge 
of the absorption of water vapor and ozone in the solar spectrum and the terrestrial 
spectrum, up to wave lengths of 14 microns. 

He also turned his attention to the absorption of ozone in the yellow-green region 
of the solar spectrum and published several papers giving indications of the variation 
of ozone from place to place and from time to time. 

Still better known, and more generally useful, were Fowle’s labors as editor of the 
Smithsonian Physical Tables. He carried them through four editions, always amplifying 
and taking great pains toward correctness. Physicists and engineers well know how 
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much they are indebted to Fowle for putting in their hands this brief compendium of 
knowledge culled from world-wide sources. They will be glad, I am sure, to know that 
the Institution has arranged with Fowle’s successor, W. H. Hoover, to continue the 
editorship of these invaluable tables. 

Fowle was twice married—first in 1894 to Susie Gates, of Arlington, Massachusetts, 
by whom he had two children, Elsa and Walter, who survive him. He married, in 1930, 
Juliana Thomasson, of North Dakota, who survives him. 

He was a fellow of the American Association for the Advancement of Science, the 
American Astronomical Society, the American Physical Society, and of the Optical 
Society of America. He also held membership in the Washington Philosophical Society, 
the Washington Academy of Science, the National Geographic Society, the American 
Museum of Natural History, and the Sons of the American Revolution. 

His principal papers are the following: 


“The Absorption of Water Vapor in the Infra-red Solar Spectrum,” Smith. Misc. Coll., 47, 1, 
1904. 

“The Discrepancy between Solar Radiation Measures by the Actinometer and by the Spectro- 
bolometer,” ibid., p. 399, 1905. 

“The Spectroscopic Determination of Aqueous Vapor,” Ap. J., 35, 140, 1912. 

“The Determination of Aqueous Vapor above Mount Wilson,” ibid., 1913. 

“The Nonselective Transmissibility of Radiation through Dry and Moist Air,” idid., 38, 393, 
1913. 

“Avogadro’s Constant and Atmospheric Transparency,” ibid., 40, 435, 1914. 

“Die Durchlassigkeit der Atmosphire fiir Strahlung,” Met. Zs., p. 270, 1914. 

“Atmospheric Transparency for Radiation,’ M. Weather Rev., p. 1, 1914. 

“The Transparency of Aqueous Vapor,” Ap. J., 42, 394, 1915. 

“Smithsonian Physical Tables: Second Reprint of the Sixth Revised Edition with Further 
Changes,” Smith. Misc. Coll., 63, No. 6, 1916. 

“Water-Vapor Transparency to Low-Temperature Radiation,” ibid., 68, No. 8, 1917. 

“The Atmospheric Scattering of Light,” ibid., 69, No. 3, 1918. 

“Smithsonian Physical Tables: Third Reprint of the Sixth Revised Edition with Further 
Additions,” thid., 63, No. 6, 1918. 

“Smithsonian Physical Tables: Seventh Revised Edition,” ibid., 71, No. 1, 1920. 

“Ozone in the Northern and Southern Hemispheres,” J. Mag. and Alm. Elect., No. 3, p. 151, 
1928. 

“Atmospheric Ozone: Its Relation to Some Solar and Terrestrial Phenomena,” Smith. Misc. 
Coll., 81, No. 11, 1930. 

“Ozone: Is It Due to Corpuscular or Ultra-violet Emission from the Sun or Both?” Trans. of the 
Amer. Geophys. Union, p. 73, 1930. 

“Atmospheric Turbidity,” ibid., p. 87, 1931. 

“Smithsonian Physical Tables: Eighth Revised Edition,” Smith Misc. Coll., 88, 1934. 














THE LUMINOSITIES OF THE NONVARIABLE c STARS* 
RALPH E, WILSON 


ABSTRACT 


The mean absolute magnitudes of nonvariable c stars have been determined from radial velocities 
(205 stars) and proper motions (241 stars). The value derived from all the stars is M = —4.40. It is 
found, however, that the stars with early-type spectra are much brighter than those of late type, the 
values of M decreasing continuously from —5.4 for type Bo to —2.0 for type Ks. 

The spectrum-luminosity relation for the Cepheids, the spectra of which on low-dispersion spectro- 
grams are quite similar to those of the nonvariable c stars, runs in the opposite direction. The conclusion 
is that within this rather rare class of stars there exist two luminosity sequences, in one of which the stars 
are essentially nonvariable, while in the other all are subject to a single type of light-variation. 


The stars of division c of Miss Maury’s classification of spectra form an interesting 
and definite, though far from homogeneous, group. They are differentiated from other 
stars of the same general spectral types by the narrowness and sharpness of the lines and 
in the later types by increasingly abnormal intensity of the hydrogen lines. These char- 
acteristics are accompanied in certain types by abnormal intensity and sharpness of lines 
of Om and N 11 and of certain metals, notably Fe 1, Si 11, Si m1, and Sr 11. 

These stars are supergiants, many fold brighter intrinsically than the normal stars of 
early type and the normal giants of late type. They are probably representative of the 
high-luminosity stars in general, although absolutely bright stars are also found among 
stars with normal spectra. They constitute a large proportion of the high-luminosity 
stars whose parallaxes and corresponding luminosities, either as individuals or as mem- 
bers of clusters, have been determined with some degree of accuracy. Owing to their 
intrinsic brightness they can be recognized at distances much greater than can the 
normal stars. Thus, when their mean absolute magnitudes are known, they become use- 
ful in the estimation of great cosmic distances. 

The Cepheid variables, all of which are probably c stars, are especially important in 
this connection because they can be recognized, even in extragalactic nebulae, from their 
light-curves. Certain, at least, of the nonvariable stars are known to be intrinsically 
much brighter than the Cepheids. That these have not been extensively used in the 
estimation of extragalactic distances is due primarily to the fact that recognition of the 
c characteristics must be by means of individual spectra, and these are difficult to obtain 
with sufficient dispersion for stars at great distances and with correspondingly faint 
apparent magnitudes. Within the galactic system, however, the nonvariable c stars 
should enable us to reach distances comparable to those reached by the Cepheids. 

The earlier attempts to determine the mean absolute magnitudes of the c stars did 
not differentiate between the variables (Cepheids) and the nonvariables. From the 
parallactic motions of 400 stars, selected upon a broad definition of c characteristics and 
including the Cepheids, J. Schilt? in 1922 found M = —3.2. He reached two additional 
conclusions which have been somewhat misleading. Finding no difference between the 
mean parallactic motions of the stars of early and of late types, he concluded that there 
was no difference between their respective absolute magnitudes. Evidence contradicting 
this is presented later in this paper. He also contended that the early-type c stars are 
not found at distances greater than 1.0 kpc—a conclusion logically untenable and prob- 


* Contributions from the Mount Wilson Observatory, Carnegie Institution of Washington, No. 643. 
1 Harvard Ann., 28, Part 1, 1897. 2B.A.N., 2, 47, 1922. 
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ably due, as Miss Payne: points out, to the difficulty of recognizing the c characteristics 
on faint spectra of low dispersion. 

From a similar study of the proper motions of 1og stars K. F. Bottlinger4 in 1931 
found M = —3.4, confirming Schilt’s earlier value. It was even then clear that typical 
stars, such as 6 Orionis and a Cygni, must be considerably brighter than the mean values 
of Schilt and Bottlinger, and in 1935 P. W. Merrill’ wrote concerning the early-type 
stars, ‘‘although the absolute magnitudes of these stars are not accurately known, it 
seems to be the consensus of opinion that — 5.0 is a useful approximation.”’ From a dis- 
tance-intensity relation in the interstellar lines of calcium and sodium, established 
partly upon the mean absolute magnitudes of normal B and A stars and partly upon the 
assumption that M = —s.o for the c stars, Merrill and Sanford® in 1938 determined the 
absolute magnitudes of 58 early-type c stars, in whose spectra the intensities of the 
interstellar lines had been measured. From the mean values they concluded that the A 
stars were slightly brighter than the B’s, the mean being — 4.9. 

Up to 1938 there had been no attempt of which the writer is aware to apply to the 
nonvariable c stars as a group the statistical methods quite successfully used to deter- 
mine the mean absolute magnitudes of the Cepheids. It was clear at that time that we 
still had little definite knowledge of values of M, especially for the late-type stars, and 
that an attempt should be made to obtain them. 


METHOD 


Several factors contribute to make these stars a rather ideal group to which to apply 
statistical methods. Many of them are apparently bright, and the radial velocities of the 
majority of those north of declination —20° have been measured. Because few are 
spectroscopic binaries, two or three spectrograms usually suffice to give reliable radial 
velocities. Moreover, good proper motions are available for most of them; hence, mean 
angular parallactic and peculiar motions can be accurately determined. They are strong- 
ly concentrated toward the galaxy and therefore should give a good determination of 
the galactic rotation. And, finally, trigonometric and cluster parallaxes are available for 
a representative number, sufficient at least to give a reasonably accurate check upon the 
mean absolute magnitudes derived from the rotation factors and comparisons of paral- 
lactic and peculiar motions. 


Let 
V’ = radial velocity, corrected for solar motion, 
1, b = galactic longitude and latitude of star, 
/, = galactic longitude of rotation center, 
K = residual term, 
7 = mean distance, 
A = constant of galactic rotation, 


m, = mean apparent magnitude, radial-velocity stars, 
M, = mean absolute magnitude from rotation, 





5C, = 5(log r — log 7), correction for dispersion in distance, 
a = constant of galactic absorption, 
Lv sin A ; , 
¢* = x? the secular parallax, in seconds of arc, 
> sin 


3 The Stars of High Luminosity, p. 57, 1930. 
4 Veroff. Univ. Stern. Berlin-Babelsberg, 8, Heft 5, 4, 1931. 
5 Mt. W. Contr., No. 512; Ap. J., 81, 354, 1935. 

6 Mt. W. Contr., No. 585; Ap. J., 87, 123-124, 1938. 
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v = parallactic motion, in seconds of arc, 
7 = peculiar motion, in seconds of arc, 
V. = solar motion, in kilometers per second, 
6 = mean peculiar motion, in kilometers per second, 
7 = mean parallax, 
7, = mean parallax from parallactic motion, 
px = weight of 7,, 
7, = mean parallax from peculiar motions, 
p2 = weight of 7, 
m, = mean apparent magnitude of proper-motion stars, 


M, = mean absolute magnitude from mean parallax, 
5C, = 5(log w — log 7), correction for dispersion in parallax, 


TF >. 


I 


P 
The determinations of the mean absolute magnitudes then employ the following rela- 
tions: 





V’ = 7A sin 2(1— 1,) cor b+ K, (1) 
M! = m,+5-— 5 loge, (2) 
— —, os ar . 
M,=M,-— 5C. ee (3) 
T= 4-74 ys Tr = 4.74 5 (4) 
Zs pit, + pot: 
rT =~ ; ( 
pi + ps ’ 
Mi =m.+5+5log7z, (6) 
— —, ae _ ae re 
M,= M.+5C. aan (7) 
M’ = 3(M/+ M!), (8) 
M =1(M,+ M,). (9) 


The most troublesome factor in the determination of mean absolute magnitudes arises 
from the fact that all the stars are not at the same distance. While the dispersions in 
log r and log z may be approximately equal, those in r and m involved in equations (2) 
and (6) are not. Exact calculations of the corrections necessary to eliminate the effects of 
these dispersions are impossible; and when the values of M are dependent upon but one 
of the co-ordinates, 7 or 7, assumptions as to the dispersions have to be made. Since 
log 7 > log r, the values of M/ given by equation (2) are too bright. Likewise, since 
ax = 1/r, the values of M} given by equation (6) are too faint. If the data suffice to make 
these values of M/ and M} significant, the true value of M must lie between them. If 
identical stars are used in the calculations of 7 and 7, m, = m, and the dispersions in 
log r and log x are equal. If the distribution in log m or log r is Gaussian, C, = C,, and 
the effects of dispersion disappear in the means, equations (8) and (g). If, as in the 


ee Eel ee ee ee ee 





Sl oe eS ee ee Se Se et Ld 





LUMINOSITIES OF c STARS 215 


present case, a large proportion of the stars are common to both sets of data—radial 
velocities and proper motions—the difference between the corrections for dispersion is 
small? and has little effect upon M. A good approximation to the value of M is, there- 
fore, given by the relation 

ar 


M = 3(M/ + M!) — —.. (10) 


1000 


Though the difference, M/ — Mj, which is approximately equal to 5(C; + C,), is sensi- 
tive to differences in data and departures from the assumptions involved, it enables one 
to obtain an estimate at least of the “‘index of dispersion”’ c, since log ¢ = —(C; + C2) 
approximately. 

DATA 


A decision had to be made at the start as to what constitutes a c star. Notes in the 
Henry Draper Catalogue, summarized in Miss Payne’s “‘Catalogue of c Stars,’’* contain 
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Fic. 1.—Galactic distribution of nonvariable ¢ stars. Spectral classes are indicated as follows: B, 
dots; A, crosses; F, plus signs; G, circles; and K, filled triangles. 
the comments concerning the spectral lines, ‘‘very narrow,” ‘“‘narrow,” ‘“‘somewhat nar- 
row,” ‘‘appear narrow,” and “‘probably narrow.’’ Examinations, mainly at Mount Wil- 
son, of the lines on plates taken with slit spectrographs showed that, while nearly all 
the stars of the first two categories could be safely classified as c stars, those of the last 
three contained an appreciable number of miscellaneous spectra which should be elimi- 
nated from the list. The selection was, therefore, based for the most part on observa- 
tions with slit spectrographs and compiled mainly from P. W. Merrill’s “Partial List of 
c Stars of Classes A and B’’? and those designated as c stars in the Mount Wilson cata- 
logue of spectroscopic absolute magnitudes.'® To these were added a few stars from 
J. H. Moore’s Catalogue of Radial Velocities," mainly far south and presumably classified 
from slit spectrograms taken by the Mills Expedition. Finally from Miss Payne’s 
catalogue were added 25 stars not observed w ith slit <poeneyare but having spectra 
described from objective-prism observations as “very narrow “narrow,” for which 
radial velocities or proper motions are available. 

The catalogue in Table 1 gives the observed data for 246 nonvariable c stars. The 
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R. E. Wilson, Mt. W. Contr., No. 615; Ap. J., 90, 361-362, 1939. 
8 Op. cit., pp. 287-307. 9 Mt. W. Contr., No. 512; Ap. J., 81, 352, 1935. 
te Adams, Joy, Humason, and Brayton, Mt. W. Contr., No. 511; Ap. J., 81, 187, 1935. 
™ Pub. Lick Obs., 18, 1932. 
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term “‘nonvariable”’ is taken to mean “‘not intrinsically variable,”’ since several eclipsing 
systems, such as e and ¢ Aurigae, show the c characteristics. The distributions of these 
stars in type and galactic latitude and the numbers of radial velocities and proper mo- 
tions available are shown in Table 2. Their distribution in galactic longitude and 
latitude is shown in Figure 1. 

Ninety-two per cent of the stars lie within 30° of the galactic equator, while 74 per 
cent lie within 10°. Twenty-one stars are members of the /# and x Persei cluster. Treat- 
ing the cluster members of type A, and also of type B, as single stars, we find the follow- 
ing percentages for stars lying in the galactic zone: B, 88; A, 87; F, 64; G, 61; and K, 57, 
The distribution is exceptionally favorable for the determination of motions in the 
galactic plane, i.e., galactic rotation and the longitude and declination of the solar apex, 
knowledge of which is essential to the determinations of mean parallax and distance. 


TABLE 2 


. DISTRIBUTION OF NONVARIABLE c STARS 


b B A F G K All 
O°-I0°... 41 | 61 27 34 20 183 
II —20 4 4 4 9 9 30 
21 —30 aca I 5 5 3 14 
31 —40 3 2 2 7 
41 —50 I 4 5 
51 -00 : I 2 ; ; : 3 
> 60 ener I 2 I 4 
All 46 68 41 56 35 240 

-. 41 | 50 35 47 32 205 

M. 44 68 39 55 35 241 


In order to ascertain whether or not these stars as a group show systematic motions 
differing from those of the stars in general, a solution based upon all the radial velocities 
was made. 


GENERAL SOLUTIONS 
Radial velocities —The 205 stars with radial velocities were arranged in 31 groups ac- 
cording to position. The mean velocities, weighted according to the number of stars in 
each group, were analyzed by means of the well-known general relation 


V=K+NXcosbcos/+ Y cosésin/+ Z sin b+ du — ev, (11) 
where 
u=rA cos 2l,, d = sin 2l cos? b, 
v=rA sin 2l,, e = cos 2/1 cos? b. 


V denotes the observed radial velocity; X, Y, and Z, the galactic rectangular components 
of the solar motion; and the other symbols have the significance given in the section on 
method. The results of this analysis are given in Table 3. 

The values derived for the co-ordinates of the solar motion and the longitude of the 
center of rotation show that the stars under discussion share closely the general drift of 
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the stars due to the motion of the sun and their rotation about the galactic center. In 
extending the investigations, therefore, we may safely adopt the conventional values: 
A, = 270°; D. = +30°; Vo = 20 km/sec; and /, = 325°. The radial velocities were, 
therefore, corrected for the standard solar motion to give values of V’ applicable in 
equation (1). 

The fact that many of these velocities, especially in the early types, are large led, 
before the discovery of rotation, to the conclusion that sharp lines in these spectra were 
an indication of high velocity. The large velocities are, however, found almost without 
exception in those regions of the sky where the effect of rotation is large, and after cor- 
rection for rotation the mean peculiar motion is but 13.0 km/sec, indicating that the 
large observed radial velocities connote great distance rather than high random speed. 


TABLE 3 


GENERAL RESULTS FROM RADIAL VELOCITIES 























km/sec 
K — 2.00+0.80 | ey 26°25 | RR see 
X —17.00 1.14 ba + 15°2 ¥A......| 16.3 km/sec 
y — 8.49 1.14 Ay ..| 278%% e.. 13.0 km/sec 
Z — §.1¢ 2:2 Do | + 30° M..... 5.14 
u + 5.14 1.08 || Vo | 19.7 km/sec}] No. .| 205 
v —ES.1S=EE. 5S | 








In applying equations (1) and (3), values for the constants of rotation and absorption 
were taken from a recent investigation by the writer,” 


» 
_— 


17.7 km/sec kpc, 


~ 
~ 


= 0.65 mag/kpc. 


To determine a value of the mean effective absorption a,, the value of a was multiplied 
by the percentage of the reference stars located within the zone (b = +10° to —10), 
in which the absorption is assumed to be effective. From the value of 7A in Table 3, 
7 = 0.92 kpc, and, since m, = 5.14, 


M} = —4.68. 


Proper motions.—Well-determined proper motions are available for 241 of the 246 
stars. The corrections to the Newcomb precessions plus a constant rotation derived by 
Raymond and Wilson's were applied to the catalogue values to give the total motions 
in the seventh column in Table 1. All but six of these are less than o’061 per annum. 
They may be represented by a skew frequency-curve with the mean at 07013 and the 
mode at o’006. The larger and definitely outstanding proper motions are listed in 
Table 4. Five stars are of type F; one, of A. Five lie well outside the galactic zone; in 
fact, this short list contains all the F stars for which 6 > 40° and one of the two A stars 
for which 6 > 24°. The single star (p Pup), located near the galaxy, is bright; but its 
proper motion reduced to the approximate mean magnitude 5.0 would be o%042, which 
is still large. Three are not found in Miss Payne’s catalogue but have been classified as 


13 A.J., 47, 57, 1938. 





2 Mt. W. Contr., No. 631; Ap. J., 92, 170, 1940. 
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c stars at Mount Wilson. These six stars have been omitted in the determinations of 
mean parallactic and peculiar motions. 


TABLE 4 


LARGE PROPER MOTIONS 























Star my “ Sp. b 
PPROUMNE OS sic stor ieee 4.8 enigit2 Fr 26° 
o Leo. 4.5 -143 1 5 43 
od = #28 .120 4 A2 54 
Ns a aw ros oa eae 5.0 347 2 F6 40 
PEUD...4:.. err 3.2 097 I F5 6 
BRE 5 55a walae eso 5.8 ©.095+4 Fo 61 











* Not in Miss Payne’s catalogue. 


The remaining 235 stars gave the following mean values of the components of the 
proper motions: 








c.f ee are 232 | toon. 


W232 1% 24 

100 |To 0.68 100 |T o.51 

100 p... 0.38 100g. : | O:77 
100 B 0.57 | 
| 





Using the values of the solar and peculiar motions in Table 3, we find by equation (4) 


10007, = 1°85, 10007, = 2°03. 
Since™4 
Vpri Vp ir 1.440:Vo, 
by equation (5) 
10007 = 1.094. 
Since m: = 5.37, we find by equation (6) that 


M, = —3.19. 


As 74 per cent of the stars lie within the galactic zone, the value of the effective absorp- 
tion is a, = 0.48 mag/kpc. From equations (3) and (7), then, 


M, = —4.68 — 5C, — 0.44, 
M, = —3.19 + 5C: — 0.25¢. 
Assuming that C, = C., we find by successive approximations 


c = 1.95, C, = C, = —0.144, 


14H. N. Russell, Mt. W. Contr., No. 215; Ap. J., 54, 142, 1921. 
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and, finally, 
M = —4.40. 


From equation (10) we find M = —4.38. 

The value of c suggests a large dispersion in distance, which is not surprising among 
stars as bright intrinsically as those with which we are dealing. If the distribution of 
log w is Gaussian, 





and, for c = 1.95, 


Flog x = + 0.355 . 


The value of M‘, agrees very well with the earlier determinations of Schilt and 
Bottlinger based upon the parallactic motions. The difference between their values and 
our final value M is clearly due to the corrections for dispersion and absorption rather 
than to improved data and a more critical selection of stars. The value of M indicates 
that the nonvariable c stars are in the mean considerably brighter intrinsically than 
the Cepheids and that as a class they are probably the most luminous stars known, 
averaging about 5000 times the luminosity of the sun. 


THE LUMINOSITY SEQUENCE 
Among the Cepheids the well-known increase in luminosity with period is accom- 
panied by progression in spectral type from A to K. Although Schilt found no evidence 
TABLE 5 


PRELIMINARY SEQUENCES 





Sp. Sp. 7A M, 0 1007 | 100q 10007 | M,, Wr 
km/sec km/sec 
Bo-Bs B2 24.4 —5.2 13.9 o”ss | of09 | 1704 | —4.2 —4.7 
B7-As. Ao 20.3 4:7 14.5 26 | @.58 | f.92 4.0 4.4 
A6-F7. F3 14.9 5.0 10.1 66 | 1.15 | 2.80 | 3.8 4.0 
F8-G6 G2 8.6 3.6 11.8 sq | 5.38 |] o.g8 | 2.8 3:2 
Ko-Ks... K3 3.0 —1.2 6.9 0.61 | 1.19 | 3.31 | —2.4 —1.8 








of a difference in M for stars of early and late types, the difference between the values ob- 
tained by Merrill and Sanford for the early types and the mean value derived above 
suggested the possibility of a correlation between luminosity and type among the non- 
variable stars. Plots in longitude of the corrected radial velocities V’ for the separate 
types showed beautifully the double sine-curve due to galactic rotation, except for class 
K, and revealed a definite decrease in the amplitude 7A_of the curve, with advance in 
type. The values significant in the determinations of M were therefore computed for 
each type separately. The results are shown in Table 5. The sequences in 7A and hence 
in 7, in 6 and q and hence in 7, resulting in sequences in M/ and M4, reveal a definite 
and marked decrease in luminosity with advance in spectral type. 

To establish more definitely the character of this trend the data were subdivided in 
several ways and the significant quantities again determined. The details are given 
in Tables 6 and 7, in which the groups and mean types are the same, the first column 
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of Table 6 applying likewise to Table 7. The asterisks denote the five main groups re- 
ferred to in Table 5. Owing to the undue influence of the occasional abnormal value upon 
the means of a small number of values taken regardless of sign, mean values of 6 were ; 
used in the computations of 7, as follows: Bo-A4, 14.1; A5-G8, 10.8; and Ko-Ks5 
6.9 km/sec, respectively. ame 

TABLE 6 

























































































SEQUENCE FROM GALACTIC ROTATION | 
<< | 
| 
Sp. | Sp. | No. | mt | 7A 8 | 7 | it; } 
km/sec km/sec kpc \ 
Bo-B3. Br 36 mie 22.5 14.1 B32 —5.0 
Bo-Bs... B2 41* 5.6 24.4 13.9 1.38 5.2 
Bs5-Bo.. | B7 25 5.6 26.6 10.7 1.50 5.3 
B7-A5 | Ao aa 5.6 20.3 14.5 1.45 4.7 
Ao-A4. A2 31 5.7 20.8 7.3 1.18 4.7 
As-F3. Fo 18 4.6 £26 8.6 0.77 ripe, 
AO6-F7... F3 36° 4.6 14.9 10.1 0.84 5.0 j 
F4-F7... F6 21 £9 ip ee gee 0.99 5.3 
F8-—G3.. Gi 29 5.0 11.6 11.8 0.66 4.1 \ 
F8-G6o... G2 44* 4.8 8.6 11.8 ©.40 3.6 f 
G4-G8. G5 17 4.9 6.7 ti.2 0.38 3.0 | 
Ko-K5 K3 ag 4.9 3.0 | 6.9 | 0.17 —1.2 
Bo-G5 | A7 172 5.18 19.5 02.9 | 1.10 —5.03 
All... Fo 205 5.14 16.3 11.9 0.92 —4.68 | 
| | | } 
* The five principal solutions (see Table 5). ) 
TABLE 7 
SEQUENCE FROM PARALLACTIC AND PECULIAR MOTIONS 
| | = | iri | si a a Pe 
Sp. | No 100p | 100 U | 100g | 1100/7 1000 my, 1000 mr | 1000 + | m, | Mn, 
| | 
z > | ” a ; ; i : ” % "9 ” ” ” j a 
Br | 35 | 1.05 0.02 0.08 0.48 0.19 1.60 o.QgI | 5.6 | —4.6 j 
B2. A ease 1.09 .05 0.09 55 0.22 1.84 P04 | S27 | 4.2 
B7. 31 0.85 26 0.30 34 0.72 1.14 0.94 RO fae 
Ao | <0" 1.16 49 0.58 26 1.39 0.87 t.12 5.8 4.0 ‘ 
\2 | 43 oe. 55 0.62 33 1.49 1.10 1.29 6.0 3.4 
Fo | 23 t.22 77 1.04 60 2.50 2.509 2.54 4.9 ang 
F3 | 36* t.2 72 ums 66 2.76 2.84 2.80 a7 ce 
F6 | 18 1.19 61 1.20 71 2.88 3.06 2.96 4.7 2.9 | 
Gr | Belt eee 87 1.18 .45 2.83 1.94 2.41 ee 2.9 
G2 ee 1.48 81 ras 54 2.66 2.33 2.51 5.2 2.8 
Gs | 19 1.42 78 1.04 72 2.50 ee te 2.78 5.0 2.8 
K3. os ey 0.88 r.t9 | 0:63 2.86 4.19 3.31 5.0 | —2.4 
| —— — —$—$—— —_ a —_ | = ~ | | —— ) 
A7. 202 | 1.23 0.51 0.71 ©. 49 1.70 1.83 1.76 5.43 | —3.34 
None 235 | 1.24 0.57 | 0.77 ©O.51 1.85 2.03 1.94 5.37. | —3-19 
* The five principal solutions (see Table 5). i 
} 


Although the data have been rather finely divided, the clear progressions with type 
in the significant observed quantities, 7A, 0, v, and q, leave little room for doubt that the 
change in luminosity with type is a real, continuous phenomenon which may be repre- 
sented by a simple curve. 

As has been noted in the description of methods, the effects of dispersion in distance 
and parallax are such as to make the computed values M/ too bright and those of M; 
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too faint. Except in the K stars the differences between the sequences in Tables 6 and 7 
are in the direction in which dispersion is effective. The means of the two sets of values 
should give reliable values of M’, since they are little affected by the assumption that 
the dispersions in the logarithms of distance and parallax are equal, i.e., C: = C2. The 
differences between them, which give approximate values of c, the index of dispersion, 
may, however, be seriously affected by this assumption as well as by the accidental 
errors involved in dealing with small groups of data. While little confidence can be placed 
in the actual values of c computed in this way, they do indicate trends in the dispersions. 
They have been derived in two ways, first, by means of successive approximations for ¢ 
and C from the differences M, — M,; and, second, after reduction of the values of 7 
and # to a uniform system corresponding to m = 5.0, from the definition c = 7-7. The 
values check within the errors of computation. The means (Table 8) indicate fairly 
normal dispersion, for such bright stars, among types B, A, and G, but a very large dis- 


TABLE 8 


THE OBSERVED SEQUENCE 
































Sp. rs.0 10007 s.0 c in’ de Mo 
kpc 
Bi 1.00 1” 20 1.20 —4.8 0.57 —5.4 
B2 1.10 1.44 1.58 4.7 -57 5.3 
B7. 1.15 1.42 1.63 4.7 -57 5-4 
Ao 0.87 1.62 1.41 4.4 57 4.9 
A2 0.87 2.04 E77 4.0 -57 4.5 
Fo. °.gI 2.43 299 4.0 .42 4.4 
F3. 1.00 2.44 2.44 4.0 -42 4-4 
F6. 1.15 2.61 3.00 4.1 .42 4.6 
Gi 0.66 2.64 1.74 35 .40 3.8 
G2 0.52 2.75 I 43 3-2 .40 3-4 
G5 ©.40 2.78 eta 2.9 .40 3.1 
K3 6.47: ee 0.50: —2.0 0.38 —2.2 
A7 1.01 2,35 2.18 —4.18 0.52 —4.63 
Fo... | 0.86 2.30 1.98 —3.04 ©.49 —4.43 





persion in class F. This is not altogether surprising, since among the F stars with normal 
spectra one finds the most abnormal motions, which are reflected in abnormal disper- 
sions when these motions are used for determinations of mean distance. In this connec- 
tion it may be recalled that of the six stars rejected because of large proper motions, five 
are of class F. 

Since by definition c > 1, an impossible value for the K stars results from the im- 
probably small value of 71 derived from the rotation. In the first place, so small a value 
is hardly determinate from but 30 radial velocities, the accuracy of the derivation of 7A 
being a simple function of the adequacy in amount and distribution of the data and the 
ratio 71/6. Second, from an analysis of the proper motions of 7546 K stars, Raymond 
and Wilson's found no evidence of rotation, although it appeared definitely in the proper 
motions of stars of all the other types. They suggested that the mixture of K stars be- 
longing to the two main star streams may be such as to make it appear that these stars 
do not partake in the general rotation. For these reasons little confidence can be placed 
in the values of 71 and, consequently, in that of M/ derived from the K stars. The latter 
has been given half-weight only in the derivation of M’ for this group. 

The mean values of the distances and parallaxes, reduced to visual magnitude 5.0, 


SOp. cit., p. 54. 
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of c, M’, the effective absorption a,, and the final observed values of M, for the groups 
indicated in Table 6 are shown in Table 8. The values of M, are plotted in Figure 2. The 
vertical lines show the differences between M, and M,, which were used as indices of the 
relative dispersions. The smoothed curve passed through the observed points gives the 
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Fic. 2.—Relation between mean absolute magnitude and spectral type. The smallest dots represent 
the smallest divisions of the data; those of intermediate size, the five principal divisions; and the two 
largest, the mean values, one including and the other excluding stars of class K. The vertical lines indicate 
relative dispersions. The adopted values of Vin Table 9 were read from the smoothed curve. 


TABLE 9 








Type M | Type M Type M 
Bo-B1 —5.4 || A8. —4.5 || Ge —3.6 
B2-B3.. 5.3 || Fo 4.4 | Gs ee: 
Be cox Ce ! F2.. 4.3 || G8. 2.8 
B7-Bo... 5.0 |i Bs. 4.2 || Ko 2.6 
Bs sue. wise 4.¢ | FS. .; 4.0 || K2 2.3 
A2-A3 4.8 || Go. —3.8 | cs —2.0 

5. -4.7 || | 
i} | 

















adopted values of M shown in Table 9.'° These values represent luminosities ranging 
from 12,000 times that of the sun for type B to about 700 for Ks. 
16 After this investigation had been completed a discussion appeared of the mean absolute magnitudes 


of the high-luminosity stars in general by J. L. Greenstein of Harvard (Proc. Nat. Acad. Sci., 26, 263, 
1940). His results for the c stars may be summarized as follows: 








Type No. M 
B-A... 18 —6.3 
B8—As. . 22 5.4 
A8&-G4 24 5.1 
Fo-G5 18 1.9 
G5-K8 7 : 16 —2.2 





His values are systematically brighter than ours, owing largely to his use of an absorption of 0.93 mag/kpc 
in the galactic zone and 0.50 outside of it, whereas we applied a maximum of 0.57 mag/kpc within the 
zone and no absorption outside it. His results, however, confirm the general decrease in luminosity with 
advance in spectral type. 




































DS 
1€ 
1€ 
1€ 


1€ 





————————EEE 


LUMINOSITIES OF c STARS 227 


COMPARISON WITH TRIGONOMETRIC AND OTHER PARALLAXES 


A test of the validity of the adopted values of M may be obtained from comparisons 
of the means of the parallaxes computed upon the assumption that M = M with those 
secured in other ways. Hypothetical parallaxes on this assumption result from the rela- 
tion 

0.20 


log te ee es (M—m)-1, (12) 


where a = 0, except in the galactic zone. 

Trigonometric and spectroscopic parallaxes are available for 82 of the stars in Table 1, 
while for 11 others we have the former only. The trigonometric parallaxes and the 
spectroscopic values for the early-type stars were found mainly in Schlesinger’s cata- 
logue,'? a few more recent determinations being added. The spectroscopic parallaxes of 
the late-type stars are almost entirely from the Mount Wilson list.‘? The individual 
values of parallax are given in the last two columns of Table 1, and the mean values in 
Table 10. The results in the last three lines of this table indicate that the absolute magni- 
tudes of Table 9 are in the mean satisfactorily adjusted to the system defined by the 
trigonometric parallaxes. The spectroscopic parallaxes in types A to G5 appear to be 


TABLE 10 
COMPARISONS OF MEAN PARALLAX 





























Type | No. | mv | Th | Tt Ts No. mv Th Tt 
Bo-B2 | 6 2.35 0”0023 | 0”0080 | 0%0063 6 -. 30 070023 | 0”0080 
B7-A4 11 3.69 27 160 72 12 3292 26 33 
A7-F5 | 14 3.96 37 06 105 17 4.12 33 fof) 
F7-G6 28 4.30 31 37 63 34 4.39 30 46 
G7-Ks. |} 2 4.41 52 | 63 55 2 4.45 51 57 

Early | 17 3.57 ©.0025 | 0.0038 | 0.0069 18 3.60 0.0025 | 0.0049 

Late | 95 4.27 40 39 | 69 75 4.35 37 39 
| a Epics Beats Sy 
All. | 82 | 4.15 | 0.0037 | 0.0040 | 0.0069 03 4.23 ©.0035 | 0.0041 
| | 




















systematically too large. This is probably due to difficulties in calibrating the curves 
relating M to line intensities for stars of small proper motion, the trigonometric paral- 
laxes of many of which are negative in sign. 

A second test, applicable in the case of the early-type stars, is afforded by the 21 stars 
in the A and yx Persei cluster. The distance of this twin cluster has been estimated in 
various ways, three of which may be mentioned. (1) Assuming that the mean corrected 
radial velocity is entirely due to galactic rotation, the distance is determined directly 
from the relation V’ = 7A. This method may be applied to both stellar and interstellar 
velocities. As an example of its application, we quote Oosterhoff’s results: 7 = 2.10 kpe 
(stellar), and 2.40 kpe (interstellar).'* These distances, uncorrected for dispersion, cor- 
respond to parallaxes 0700048 and o”00042, respectively. The many estimates by this 
method are consistent because the mean radial velocity of the cluster is well determined 
and there has been fair unanimity of opinion as to the approximate value of the rotational 
constant. Some uncertainty, however, is introduced by the assumption that V’ = 7A. 

Two other criteria were used by Trumpler,’? namely, (2) mean absolute magnitudes 
of different spectral types and (3) the diameters of the clusters, both corrected for ab- 
sorption. He finds for the # and x Persei cluster that 7 = 1.30 kpe (2) and 1.35 kpc (3), 


17 General Catalogue of Stellar Parallaxes 2d ed., 1935. 


8 Leiden Ann., 17, Part I, 31, 1937. 19 Lick Obs. Bull., 14, 156, 1930. 
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the corresponding parallaxes being 0700074 and 0700077, respectively. These estimates 
are affected by the unknown dispersions in absolute magnitude and by uncertainties in 
the measured diameters of the clusters and in the amount of effective absorption. The 
mean of the four quoted values gives as the parallax of the cluster 7 = 000060. 
Methods (1) and (2) may be applied to the c-star data, using the values of A, a, and M 
adopted above. The resulting values of the parallax of the cluster are given in Table 11, 
The agreement of the values derived from rotation with those of Oosterhoff is due to 
the fact that the mean radial velocity given by the c stars is essentially the same as 
that given by the stars with normal spectra. The parallaxes based upon mean absolute 
magnitudes are appreciably smaller than those of Trumpler. This difference was to be 
expected because Trumpler based his distances upon the mean absolute magnitudes of 
stars of normal spectra, disregarding the large proportion of c stars in this cluster. While 
emphasis cannot be placed upon the somewhat better agreement of the parallaxes based 


TABLE 11 


PARALLAX OF 4 AND x PERSEI CLUSTER FROM c STARS 

















1000 7 FROM 
TYPE | No. 
Rotation | M | Mean | 
Bo-Bs..... 0”48 | 0”58 | 0753 8 
B8-A2.... 0.46 0.68 | 0.57 12 
All* 0.46 | 0.66 | 0.50 | 21 





* Including one F8 star. 


upon the mean absolute magnitudes of the c stars with those based upon the rotation 
factors, owing to the arbitrary assumption that V’ = 74, the comparisons in Table 11 
indicate that the adopted values of M for the early types (Table g) are at least of the 
right order. In the mean, these values of M agree well with the value derived by Merrill 
and Sanford® from the intensities of the interstellar lines. Moreover, by superimposing 
the spectrum-luminosity-curve of the Perseus clusters upon that of the Pleiades at 
Class A, Miss Payne?’ finds a range in the absolute magnitudes of the individual stars 
from about — 4 to —7, which would give a rough mean value again in satisfactory accord 
with those of Table 9. 
CONCLUSION 

The evidence of a correlation between luminosity and type among the nonvariable 
c stars is quite conclusive. The luminosity decreases continuously from Bo to Ks. All 
the recent studies indicate very high luminosities for the early-type stars. The continued 
decrease through types F, G, and K, however, is contrary to the correlation found among 
the Cepheids. While the individual Cepheid presents an earlier-type spectrum at maxi- 
mum light and thus follows the trend shown by the nonvariable c star, the mean spec- 
trum-luminosity relation shows an increase in luminosity with advance in type. A com- 
parison of the two correlations, both based on visual magnitudes, is shown in Figure 3. 
The two curves cross at type Gs, while the separation at F2 is 3.2 mag. Both curves are 
too well determined to permit doubt that they represent real differences in luminosity. 
It appears, therefore, that, in spite of recognized similarities in their spectra, the Cepheids 
and nonvariable c stars form two separate groups, in one of which the stars are not 
variable, while in the other all are subject to a single type of light-variation. The pres- 
ence among the F and early G stars of two such groups differing widely in luminosity 


20 Op. cit., p. 108. 
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would naturally produce large values of the index of dispersion for these types (Table 8). 
It certainly offers an explanation of the departure of the mean spectroscopic parallaxes 
of these stars from their mean trigonometric values. 

The third curve in Figure 3 is defined by the Mount Wilson spectroscopic absolute 
magnitudes. The calibration for stars of small proper motions appears to have been un- 
duly influenced by the Cepheids with the result that the absolute magnitudes of the 
nonvariable c stars of types F and G are too faint and the mean spectroscopic parallaxes 
(Table 10) are too large. Around Ko the c-curve derived above and the Mount Wilson— 
curve are near together, and the mean hypothetical, trigonometric, and spectroscopic 
parallaxes agree. 

The existence of two radically different luminosity sequences within a very uncommon 
class of stars is rather surprising. Yet studies of stellar temperatures indicate that the 
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Fic. 3.—Comparison of the spectrum-luminosity sequences of the nonvariable c stars, Cepheid 
variables, and the Mount Wilson spectroscopic magnitudes. 


supergiant is about 700° cooler, and the Cepheid only about 300° cooler, than the dwarf 
of corresponding spectral class. From this Miss Payne concludes: ‘The suggestion is 
that the Cepheid is more luminous than the average, but not so luminous as the c star 
in classes F and G. This is in harmony with their spectral characteristics, which display 
a marked but not extreme c character.’ The last remark is suggestive, but it is not in 
harmony with the observation by Adams and Joy that the spectra of Cepheids and 
nonvariable c stars of the same spectral subtypes are practically identical. It may be 
true, however, that the most extreme degree of c characteristics is displayed by certain 
nonvariable stars rather than by the Cepheids, and detailed comparisons of correspond- 
ing spectra may reveal some significant differences. Certainly, a clearer definition of 
c characteristics is desirable. In this connection it may be noted that high-dispersion 
spectra secured at Mount Wilson by Adams and others show that the ‘‘narrow”’ and 
“sharp”’ lines observed in low-dispersion spectra of early-type c stars are mainly due to 
the sharpness of the borders rather than to actual lessened line width. Whereas the 
metallic lines in the normal spectrum are V-shaped, those in the c spectrum are U- 
shaped. A study of the line contours in high-dispersion spectra of some of the brighter 
c stars of different types would seem to promise interesting and valuable results. 
CARNEGIE INSTITUTION OF WASHINGTON 
Mount WILSON OBSERVATORY 
October 1940 


4 Tbid., p. 165. 











PHYSICAL PROCESSES IN GASEOUS NEBULAE 


XIH. THE ELECTRON TEMPERATURES OF SOME TYPICAL 
PLANETARY NEBULAE 


DONALD H. MENZEL, LAWRENCE H. ALLER, AND MALCOLM H. HEBB 


ABSTRACT 
The electron temperatures of several typical planetary nebulae have been determined from the rela- 
tive intensities of the line \ 4363 and the green nebular lines of O 11. The values obtained range from 
about 6000° K to 10,000° K, and seem to be insensitive to the degree of excitation of the nebular spec- 
trum and probably also of the temperature of the central star. 


In a previous paper’ we have shown how the electron densities for a number of 
planetary nebulae may be found when the intensity of the continuum at the Balmer 
limit is known and when 7, is known. In this paper we shall show how the electron 
temperature of a planetary nebula may be determined from the intensities of certain 
lines in the nebular spectrum and from the electron density. 

The levels of the p? ground configuration of O 111 are, respectively, °Po, 1,2, 'D., and 
'S,. The ground term is 5P. Transitions from 'D, to 3P, and 3P, give the green nebular 
lines at X 5007 and A 4959, respectively. The transition from the highest level, 'S,, to 
the 'D, level gives the \ 4363 auroral-type line. It was suggested by Bowen? that col- 
lisions of electrons with the O 111 ions in the 3P term raised these ions to the metastable 
‘S, and 'D, levels. As the ions returned to the ground levels the nebular lines AX 4363, 
4959, and 5007 were emitted. Now, if the collisional cross-sections of O 11 are known, 
we may calculate the relative numbers entering the 'S, and 'D, levels as a function of 
the electron density and the temperature. Since the transition probabilities for AX 4363, 
4959, and 5007 are known, we may compute the electron temperature from the measured 
intensities of the relevant nebular lines. 

If we assume that the electron velocities possess a Maxwellian distribution cor- 
responding to some temperature 7., the total number of transitions from the lower 
level A to the higher level B will be given by (X, 32)! 


ma NyANQ 
4B = 8.54 X 10 ° = an 
wal? re 


yxABlTe , (1) 
where 3 mv? = x«z, the excitation potential in volts of level B with respect to level A, 
and az, is the statistical weight of level A, while 24, is a parameter calculated by wave 
mechanics and tabulated in Paper X for O 11. Although only electrons with velocities 
greater than 2, are effective in exciting atoms from level A to level B, it is apparent that 
electrons with any velocity whatever may be effective in de-exciting the atoms in the 
higher levels. Thus, from (X, 33) the number of de-excitations is given by 


WO 

ae NpNQ4 

“ pa ~ 6 

UwBA = 8.54 xX 10 ee ae (2) 
€ 


« “Physical Processes in Gaseous Nebulae. XII,” Ap. J., 93, 195, 1941; X, Ap. J., 92, 408, 1940. 
2 Ap. J., 81, 1, 1935. 
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We set up the equations of statistical equilibrium for the levels of the p? configura- 
tion by equating the number entering each level by collisional and radiative transitions 
to the number leaving in a similar fashion. The problem is greatly simplified if we are 
permitted to suppose that the population of each of the levels of the 3P term is propor- 
tional to its statistical weight. This will be the case, provided the collisions are suf- 
ficiently numerous to maintain a Boltzmann distribution, i.e., the probability of the 
collisional de-excitation of a level of the 3P term is much greater than the probability 
of a radiative transition downward. As was shown in (X, 39), if the electron density is 

reater than about 4X 103 electrons/cm$ a Boltzmann distribution will obtain among the 
levels of the 3P term. 

Before setting up the general equations of statistical equilibrium we shall sketch a 
useful approximate method of treating the same problem. The number of atoms enter- 
ing the 'S, level by collisions from the ground level will be 


dps = 8.54 X 10° Np, Ne - cu > Mrs = 3.53- (3) 


By the use of the number of atoms in the +P, level of unit weight we have avoided the 
necessity of introducing the weight factors in the other terms, since Nsp, = N3p,/3 = 
Nsp,/5. Of the number arriving in 'S,, the fraction 


Asp 


J 





when J refers to the inner quantum numbers of both 'D and ?P, goes to form the line 
\ 4363.3 According to the data of Pasternack,’ Asp = 2.7, Asy = 2.84, so that if there 
were no collisional de-excitation of the 'S, level, 95 per cent of the atoms in 'S, would go 
to produce the A 4363 line. Similarly, the number of atoms arriving in 'D, by collision 
from 3P will be 


= 
SN QP iD 


~ ba a a = / 
opp = 8.54 X 10-6 Nsp,N. rr xpp/kTe . Qp;p = 20. (4) 
i 


We want to know what fraction of these will return to the ground state by collisions. 
According to Pasternack, A:p,—sp, + A:p,—sp, = 0.0215. The number of superelastic 
collisions will be 





Nip,Ne 20 


DP = 8.54 X 10°” ‘iui Ti? 
a € 

If we take T, as 10,000° K, N, as 104 electrons/cm5, we obtain §pp = 3.42 10-3Np, and 
the fraction of atoms collisionally de-excited will be only 0.14. Similarly, we find that an 
entirely negligible fraction of atoms in 'S, are collisionally de-excited at nebular densi- 
ties. Thus, the intensity of \ 4363 will be proportional to the number of atoms entering 
the 'S, level multiplied by 0.95. Likewise, the intensity of the green nebular pair will be 
proportional to the number entering 'D, by collision from ’P plus the number cascading 
from 'S multiplied by (1 — 8), where 8 is the fraction of atoms in the 'D, level col- 


3 Pub. A.S.P.,51, 160, 1939;see also A p. J., 92, 129, 1940. 
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lisionally de-excited. Therefore, the ratio of the intensity of the green nebular lines to 
A 4363 will be given by 








Tvetx, _ [1 — B]{200~xpP/#Te + e-xPs/#T* 3.53 X 0.95} hvso00 | 


T 4363 e~xPs/*Te 2.53 K 0.95 X hv y363 (s) 
= [1 — B]{5.97exps/*7* + 1}0.875, } 
where 
xps = Arps = hyry363 , 
xep = Avppe = bvs000 , 
xps = hops. 
If B = 0.14 
TytNa 33,000/Te 
a 4.4633) + 0.75 . (6) 


In this equation we have neglected the effects of a number of processes that are not of 
great importance in the present case because of the particular values which the param- 
eters assume for likely values of the electron density and temperature. 

We shall now set up the general equations of statistical equilibrium for the terms of 
the p? configuration of O 11. Ambarzumian has treated the problem of statistical equi- 
librium with four discrete states. We shall assume that the electron density is sufficiently 
high for the relative populations of the levels of the $P term to be proportional to their 
statistical weights. 

As previously mentioned, we equate the number of atoms entering the 'S, level by 
collisions to the number leaving by collisions and radiative transitions, 
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The number of atoms entering the 'D, term by collisions from the 3P and ‘S terms and by 
radiative transitions from the 'S term must equal the number collisionally de-excited 
to 3P or collisionally excited to 'S, plus the number of radiative transitions from 'D, to 5P. 


See ee Te 0 < e AEST . 
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If we eliminate Vp between these equations, we obtain for the relative populations of 
the S and D levels 
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When numerical values of the relevant parameters are substituted, we obtain 

















N 1 + 0.0765e—¥ + - aor Ti/71.65 X ro 
2 = , (10) 
3 ‘ 
Np 1+ 10.0765 + Ti? 8.93 X 10% gk 4 doe ae T’/21.88 X 104 
7 5 = N N 
where 

, _. XS ~ XD 
sili ar 


To evaluate the quantities within the parentheses, we make use of formula (6) to esti- 
mate 7, and we use the electron densities determined in XI. For a good approximation 
it is sufficient to take 7, = gooo® and NV, ~ 104. Then e¥ ~ 39. The values of the A’s 
are taken from the calculations of Pasternack and the collisional parameters from X. 
Then 

Ns e-¥ 4- 4 


Np li 508 ’ 


and the relative intensities of \ 4363 and the green nebular lines will be given by 


NpApphypp 


N sAsphysp 





= 4.07633:000/Te , (11) 


which is in good agreement with our formula (6) derived from elementary considerations. 

As a check on equation (g) we note that as V, becomes large, equation (9) approaches 
the form of the Boltzmann equation. This result is to be expected, since whenever the 
higher levels are excited and de-excited, principally by collisions, a Boltzmann distribu- 
tion of the atoms among the various levels obtains. When J, is low, we see that the 
Einstein A’s play a very significant role. 

An estimate of the electron temperature of any given planetary may be obtained from 
the use of equation (6). This estimated value of 7, may then be utilized in the calcula- 
tion of the denominator of equation (10) and the terms inclosed in brackets in the 
numerator. We ultimately obtain an equation similar to equation (11) but with a 
different numerical coefficient. 

The intensities of all of the stronger lines in a number of the brighter and more inter- 
esting planetaries have been determined by one of us from plates taken with the quartz 
slitless spectrograph attached to the Crossley Reflector of the Lick Observatory. In a 
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number of objects the sum of the intensities of the green nebular lines has been deter- 
mined, and the intensity of the \ 4363 line has been measured whenever possible upon 
the slitless spectrograms. When \ 4363 was too faint to be measured we have used the 
intensity estimates of Wright' reduced to our system of intensities. In a number of the 
planetaries studied the \ 4363 line was blended with Hy, and it was necessary to disen- 


TABLE 1 
ELECTRON TEMPERATURES OF PLANETARY NEBULAE 

















Object N:i+ NN, 4363 Ratio Te(6) Te(11) 
NGC 6543.... 81 (0.08) 1000 6,100 6,000 
6826... . 88 (0. 22) 400 7,300 7,200 
OS72..c 129 °.9g0 143 9,500 Q,200 
9000)... 3 130 1.03 126 9,900 9,500 
ce ee 187 1.46 128 9,800 9g, 500 
7S) 211 ee yd 98.5 10,600 10, 300 
IC 47x8....; 16.9 (0.034) 497 7,000 6,800 
NGC 2535... =. 100 (1.0) 109 10, 300 10,000 
RAG... 5 151 1.48 102 10,500 10,100 
NGC 6210.... 126 (0.3) 420 7,300 7,100 
IC 4997.... 42.2 &. 9 13.6 31,800 27,000 
aR eee 139 0.58 240 8,300 8,100 
NGC 2440.... 236 0.83 284 7,900 7,700 
2505. ... 145 2.25 107 10,400 10,000 
2S Sea 130 2.05 49 13,900 13,200 
Ce 154 0.48 317 7,700 7,500 
IC 4634... 140 0.22 637 6,600 6,500 
AITO... 57 Oo. 1 300 7,800 7,600 
NGC 6741.... 322 0.52 620 6,700 6,500 
IC 4846... 102 1.85 Se. 3 13,300 12,600 
NGC 6790... 263 1.24 212 8, 500 8,300 
GS07:... 108 0.34 317 7,700 7,500 
6807.... 106 0.50 212 8,500 8,300 
6818. 202 °.46 440 7,200 7,000 
6833. 86 0.55 157 9,300 Q ,000 
co) ae 838 0.25 350 7,600 7,400 
6884... 204 0.57 355 7,500 7,400 
6886... 230 I.02 225 8,400 8,200 
Os & iy ee 214 0.905 | 226 8,400 8,200 
rst ae 106 0.48 | 218 8,500 8,200 

! | 














The intensities of the nebular green lines in the upper part of the table 
are taken from the results of a photometric study of these planetaries. The 
intensities of \ 4363, when not inclosed in parentheses, are also obtained di- 
rectly from the photometric observations. The values in parentheses are ob- 
tained from Wright’s (Lick Obs. Pub., 13, 193, 1918) estimates reduced to our 


system of intensities. 
The intensities of all the lines in the lower part of the table are taken from 


Wright’s measures reduced to our system. They are uncertain. 


tangle the effects of the overlapping images. A wave-length and intensity calibration of 
Wright’s intensity scale was effected from the relative intensities of lines in objects 
common to our two lists. In this way approximate intensities for AX 5007, 4959, and 
4363 for nineteen objects observed by Wright but not by any of us were obtained, and 
electron temperatures were estimated by the application of equation (6). 

The calculation of the electron temperatures is summarized in Table 1. The first 
column gives the NGC or IC number of the object. The second and third columns give 
the intensities of the green nebular pair and \ 4363. The column headed R gives the 


—_ een ee 


Se 


~ 


a’ 





a a cee eS 
-~ ~ 


Se 
» 


Sy 











PHYSICAL PROCESSES IN GASEOUS NEBULAE 235 


ratio of intensities, and that headed 7., (6) the electron temperatures computed by equa- 
tion (6). The column headed 7, (11) gives the electron temperature as computed by the 
application of equation (11). The order of magnitude is unchanged if the temperature 
is computed by equation (10) with improved values taken from the results of the applica- 
tion of equation (6). At 6000° an error of 400 per cent in the ratio of the intensity of 
4363 to that of the green nebular lines makes an error of about 30 per cent in T,. At 
the higher temperatures, the line \ 4363 is stronger relative to the green nebular lines, 
and the ratio may be measured fairly accurately. The tabulated temperatures are proba- 
bly good to within 10 or 20 per cent in even the worst cases. 

The electron temperatures range from about 6000° for NGC 6543 to about 10,000° 
for NGC 7027. NGC 2392, observed by Wright, gives a temperature of about 14,000°, 
but this may easily arise from errors in the intensities of the relevant nebular lines. The 
case of the stellar planetary IC 4997 deserves special attention. With an assumed elec- 
tron density of 104 electrons/cm3, we obtain an electron temperature of about 27,000°. 
If we assume an electron density of 105 electrons/cm}, the temperature is depressed to 
about 19,000°. If we assume an electron density of 10° electrons/cm3, an electron tem- 
perature of 7500° is obtained. It would seem reasonable to suppose that the electron 
density in IC 4997 is relatively high, very likely between 105 and 10° electrons/cm.? 
Widened spectra show a strong hydrogen continuum at the head of the Balmer series. 
Unfortunately, the angular size of this object is very small, and therefore we cannot ob- 
tain a good estimate of the electron density by use of the method described in XI. 

The electron temperature seems to be relatively insensitive to the degree of excita- 
tion of the nebular lines or to the nuclear temperatures found by Zanstra. A glance at 
the table will show that the electron temperature of highly excited objects such as NGC 
7027 is not much greater than that of objects such as NGC 6572. This discrepancy be- 
tween the observed temperatures and those which one would be led to expect on the 
basis of the calculations for a purely hydrogenic nebula, as outlined in V, seems to arise 
from loss of energy by the electrons in the collisional excitation of the metastable levels 
of ions of O11, Ou, Ne 1, etc. The cooling effect of the presence of oxygen and other 
impurities upon the electrons photoelectrically ejected from hydrogen will be considered 
in a subsequent paper. It will there be shown that the density of O 11 in the planetaries 
is of the right amount to depress the electron temperatures to the observed values. 

Miyamoto has attempted the calculation of the electron temperature by the same 
method as outlined here, but his collisional cross-sections were calculated upon the basis 
of plane wave functions for the impinging electron. As shown in X, it is necessary to 
take into account the distortion of the wave front by the field of the ion. His values of 
the electron temperature differ from ours and are somewhat higher. Page‘ attempted 
the determination of the electron temperature from the distribution of energy in the 
continuum beyond the limit of the Balmer series and obtained very low values. This 
method of the determination of the electron temperature is subject to very great system- 
atic errors on account of photometric difficulties and space reddening. By the same 
method, one of us obtained an electron temperature for NGC 7662 much in excess of 
10,000°. 

The next paper of this series will be devoted to a discussion of the observational data 
upon which these and other theoretical calculations rest. 


HARVARD COLLEGE OBSERVATORY 
June 18, 1940 


4M.N., 96, 604, 1936. 
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XIV. SPECTROPHOTOMETRY OF SOME TYPICAL PLANETARY NEBULAE 
LAWRENCE H. ALLER 


ABSTRACT 


Total intensities of emission lines in the spectra of a number of typical planetaries have been deter- 
mined from spectrograms made with the quartz slitless spectrograph attached to the Crossley reflector 
of the Lick Observatory. The plates have been measured with the microdensitometer of the Harvard 
Observatory. Intensities of all the strong lines between \ 5007 and X 3133 are tabulated. Intensities of 
lines in the visual region of NGC 7027, 7662, and 7009 have also been measured. 


The present paper deals with the results of a study undertaken to supply observa- 
tional data for the theory, now being developed at the Harvard Observatory, of the 
gaseous nebulae. The objective is to establish a system of total intensities' for the 
stronger lines in the spectra of a number of the brighter and more interesting planetaries. 

Eleven planetaries were observed with the quartz slitless spectrograph attached to 
the Crossley reflector of the Lick Observatory during the summers of 1938 and 1939. 
Of the 150 plates taken, the best 53 have been reduced. Particular attention was paid 
to the high-excitation objects NGC 7009, 7027, and 7662. For a detailed study the ad- 
vantageous location of NGC 7662 in declination and galactic latitude minimizes atmos- 
pheric extinction and space reddening. Its angular dimensions—32”’ X 28’’—enable us 
to investigate the distribution of the various radiations. The irregular nebula NGC 7027 
contains many strong lines and is also favorably placed for observation. NGC 7009 
was included because of its brightness and interesting structural details. 

Observations in the photographic region were secured for the objects of inter- 
mediate excitation—NGC 6210, 6543, 6572, and 6826—and for the objects of low excita- 
tion—BD + 30° 3639, NGC 40, and IC 418. The stellar nebula IC 4997 was studied 
because of the abnormal intensity of \ 4363. Plates taken by R. H. Stoy, of NGC 1535, 
Jonckheere 320, NGC 2022, and 18"13™ + 10°96 were kindly made available to me by 
Director Wright of the Lick Observatory. 

Eastman 33’s were generally used for the photographic region, although for the 
ultraviolet lines and faint images faster emulsions were employed. I used Eastman Super 
Pancro Press plates for the visual regions of NGC 7009, 7027, and 7662. Photometric 
standards for various wave-length regions were impressed on the plates by means of a 
tube sensitometer. For the visual region Wratten No. 26 and No. 40 filters were used; 
for the photographic region a Wratten No. 50 filter was employed, and for the ultra- 
violet calibrations I found a Wratten 18A filter satisfactory. Early in the series, stand- 
ards were impressed upon a plate taken from the same box as the one exposed on the 
planetary, and the two were developed together. Later, standards were placed on all 
plates of the nebulae and the comparison star. The plates were developed in a tank 
under constant agitation for seven minutes at 67° in Dit. 

The B3 comparison star 7, Cygni (HD 206672), magnitude 4.78, used by Popper’? in 
his study of Nova Lacertae, was likewise used here. Stebbins’ finds for the former a 


t Ideally, we should give total intensities and isophotic contours for each image in order to reduce our 
values to the rate of energy emission per unit volume. The unpublished material permits this to be done 
in some cases. 


2 “The Spectrum of Nova Lacertae,” Ap. J., 92, 262, 1940. 
3 Unpublished. 
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color excess of 0.03 mag. from A 4250 to 4750, but I have made no attempt to correct 
for space reddening. The spectral energy distribution was suggested by inference from 
the work of Barbier‘ and his colleagues. From \ 6600 to Xd 3700, a Planckian energy dis- 
tribution corresponding to 17,000° K is assumed. Because of the overlapping hydrogen 
lines, a discontinuity at \ 3700 amounting to a factor of 1.55 has been adopted. Beyond 
this point the energy-curve is supposed to correspond to a temperature of 20,000° K. 
Thus, on the redward side of \ 3700 the intensity of the continuum is taken as 
A f(17,000° K) and on the violet side as 4/1.55 {(20,000° K). 

On each exposure on the comparison star the image was run back and forth twenty 
times by the slow-motion motor to widen the spectrum. Between successive exposures 
the brightness of the star was diminished by 1 mag. with the end of a diaphragm with 
circular holes placed over the end of the telescope. We readily see that it is then possible 
to obtain the plate-p/us-instrument sensitivity and also to check the photometric calibra- 
tion-curves derived from laboratory data. 

To correct for atmospheric extinction we make use of the expression 


Ty . 
_ —fy sec 
- a 1g TR ee 


Tox 


where /, is the intensity at zenith distance z, 7,, is the intensity outside the earth’s 
atmosphere, and /, is the atmospheric extinction factor given by 


fp=Qntd, 


where a, depends on the wave length and d is a constant. The values of these quantities 
were taken from the unpublished work of Popper. 

To calculate the relative amounts of energy falling upon the plate per millimeter 
along the dispersion, I assumed the aforementioned spectral energy distribution of the 
comparison star and computed the dispersion by Hartmann’s formula from measures 
of the Balmer lines. By comparing these values with the observed intensity distribution 
corrected for atmospheric extinction, we may find the sensitivity of the plate-p/us-instru- 
ment combination at once. 

All spectrograms were analyzed with the new microdensitometer of the Harvard Ob- 
servatory.’ The procedure adopted for all except a few of the widened spectra of some 
of the smaller planetaries was to run the plates parallel to the dispersion and to set the 
beam over 0.05 mm or 0.10 mm (depending on the size of the planetary) between suc- 
cessive runs. The tracing of each plate consisted of from four to eight separate runs 
along the spectrum. Plates run in this manner, with a magnification of 25, resulted in 
about 2000 feet of tracings. The comparison-star spectra were analyzed with the same 
arrangements of slits, magnifications, and sensitivity adjustments. 

The D-log J-curves for the different wave lengths were joined, on the assumption 
that the amount of light required to produce a density of 0.6 was the same for all colors. 
As both the comparison star and the nebula were reduced in a similar manner, I believe 
the errors tend to cancel out. A considerable change of contrast was noted between the 
visual and the photographic regions of the spectrum. The check provided by the dia- 
phragmed exposures of the comparison star yielded reassuring results for the photo- 
graphic region but did not turn out well for the visual region. In any case the inten- 
sities of the lines in the visual region are less accurate than those determined for the 
photographic region. 


4J.d. obs., 19, 149, 1936, and C.R., 210, 99, 1940. 


5 Dimitroff and Menzel, Harvard Ann., 105, 90, 1937. 
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The total intensities were found in an obvious manner by the addition of the image 
sections supplied by successive tracings. Also, as was pointed out by Page, we must 
subtract from each image the contribution of the continuous background, whose inten- 
sity may be inferred from the stronger exposures. Errors in the estimation of the con- 
tinuous background are more serious for the weaker lines. 

Vignetting, usually dependent on wave length in the slitless spectrograph, requires 
that the nebula and comparison star be photographed in the same part of the field, 
Variations of atmospheric extinction, especially in the far ultraviolet, and uncertainties 
in the energy-curve of the comparison star are also causes of concern. Likewise, non- 
uniform sky fog is hard to correct for. Because of the rapid variations in the sensitivity 
of the Eastman Super Pancro Press plates with wave length, especially near Ha, numer- 
ous uncertainties are introduced into the intensities of the visual lines. Finally, since 
the planetaries are Milky Way objects, they are affected by unknown amounts of selec- 
tively absorbing material in the line of sight. 

The objects observed and plates reduced are listed in Table 1. Successive columns 
give the NGC or IC number, the a and 6 for 1go00, the plate number, the observation 
date, the exposure time in minutes, the spectral region, and the zenith distance. In 
Table 2 are listed the line intensities observed in the five planetaries NGC 2022, 7009, 
7027, 7662, and 6572. Table 3 gives the total intensities of the lines observed in the 
other objects. Blends are inclosed in brackets, and the procedure here has been to meas- 
ure and tabulate the sum of the intensities of the blended lines, unless the images were 
far enough apart for reliable estimates of the separate contributions to be made. For 
term designations and estimates of the relative intensities of the lines contributing to a 
blend, reference to the paper of Bowen and Wyse’ is recommended. Ozone absorption 
introduces considerable uncertainty in the ultraviolet. The intensities of the lines be- 
yond A 3133 in the spectrum of NGC 7662 were obtained from only one plate and are 
to be regarded as very approximate. 

A comparison of these results with those obtained by Plaskett,® by Page,°® and by 
Berman? has been made for the objects common to our lists. The intensities found by 
Plaskett and Page from slit spectra are not immediately comparable. In some cases we 
might expect a better agreement, particularly in the visual region where the intensities 
tabulated here seem too low. It is more appropriate to compare our results with those 
of Berman, after his measures have been corrected for the error in dispersion pointed 
out by Page. Five objects—NGC 7027, 7009, 6572, 6826, and 6543—-were common to 
the two lists. Usually, I find greater intensities for the green nebular lines than Berman 
found. Since the plate sensitivity is low in this region, slight errors in its determination 
are capable of producing relatively large errors in the measured intensities. The fainter 
lines seem to be measured systematically stronger by Berman than by the writer. This 
effect very likely arises from the method used in allowing for the general continuum. 
For intermediate intensities, ranging from 1 to 10 on the scale 1/8 = 10, the two sys- 
tems show no systematic differences depending on intensity or wave length, and the 
scatter of individual points amounts to less than o.1 in log 7. For the weaker lines, 
even when the systematic difference is allowed for, the scatter is much greater because 
of random errors. 

Since both Berman and I used the same telescope and spectrograph, the differences 
between our results show the size of the errors of observation. Although the same gen- 
eral method of photometry was used in both cases, the reductions were done by quite 
independent methods. 

The eye-estimates of Bowen and Wyse for the fainter lines suggest intensities greater 
than those found here. Their intensity scale was calibrated with respect to the published 


6 M.N., 96, 604, 1936. 8 Pub. Dom. Ap. Obs., 4, 187, 1928. 
7 Lick Obs. Bull., 19, 1, 1939. 9 Lick Obs. Bull., 15, 86, 1930. 
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TABLE 1 
LIST OF OBSERVATIONS 
5 Plate Date —_ Regi Zz 
Object a ate ate (Min.) egion 

1938 
NGC 6210...... 16540™3 23°59 171 Sept. 15 12 Pg. 51° 
; Ne. ; 8 July 8 15 Pg. 36 
6543 - 17 58.6 66 38 ~ July 8 én Pg. 45 
48 Aug. 5 30 Pg. 37 
49 Aug. 5 10 Pg. 41 
6572 1 7-2 6 50 82 Aug. 15 5 Pg. 36 
go Aug. 15 30 Pg. 51 
gI Aug. 15 10 Pg. 55 
| £EA Sept. 6 15 Pg. 14 
a : ‘ ; 122 Sept. 6 8 Pg. 44 
BD 30° 3639... . 19 30.8 30 18 143 Sept. 13 “ Pg. a 
149 Sept. 13 II Pg. 39 
cps eos : roe 107 Sept. 5 20 Pg. 30 
NGC 6826 egese es 108 Sept. 5 40 Pg. 35 
57 Aug. 6 25 Pg. 23 
59 Aug. 6 25 Pg. 21 
61 Aug. 6 12 Pg. 23 
IC 4997. 20 15.6 10 25 Q2 Aug. 15 17 Pg. 44 
04 Aug. 15 17 Pg. 47 
98 Aug. 15 13 Pg. 58 
99 Aug. 15 38 Pg. 64 
65 Aug. 6 87 Pg. 59 

1939 
204 Sept. 6 61 Vis. 54 
ae roa ee - 206 Sept. 6 40 Vis. 51 
NGC 7009. 20 58.7  - 208 Sept. 6 30 Pg. 57 
209 Sept. 6 20 Pg. 60 
228 Sept. 8 152 ULV. 49 
231 Oct. 5 60 ULV. 55 

1938 
16 July 9 10 Pg. 34 
17 July 9 10 Pg. 32 
18 July 9 1s Pg. 2 
21 July 9 20 Pg. 16 
ii ar ep “ 156 Sept. 13 25 Pg. 13 
NGC 702; r 33 il 157 Sept. 13 20 Pg. 9 

1939 
220 Sept. 7 60 Vis. 7 
221 Sept. 7 20 Vis. 14 
244 Oct. 8 85 U.V 34 

1938 
23 July 9 10 Pg. 24 
re oe : ) 24 July 9 18 Pg. 21 
NGC 7662... 23 4au.% 41 59 a July 9 a Pg. 14 
50 Aug. 5 20 Pg. 13 
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TABLE 1—Continued 











| tm 1 
Object a 6 Plate Date (Min.) | Region Zz 
1938 | 
51 Aug. 5 80 Pg. 5 
| 110 | Sept. 5 | 150 U.V. 30 
| | 1939 | 
NGC 7662..... 23b21™1 41° 59’ ; 194 | Aug. 25 | 138 UV. 34 
225 | Sept. 7 | 130 Vis. 28 
237 Oct. 5 | 57 U.V. 45 
249 «©|«€Oct. 8 177 ULV. 49 
1938 
NGC 40.... OO 9.6 71 32 125 Sept. 6 73 Pg. 39 
137 Sept. 7 II Pg. 69 
138 Sept. 7 | 31 Pg. | 65 
oae :. aoe 5 22.8 —12 46 + 140 Sept. 7 15 Pg. | 58 
rar. | Sept. 7 5 Pg. 56 . 
168 Sept. 14 17 Pg. 60 
1934 | | 
ane $167 Nov. 2 70 | Peg. 52 
I ine l — ‘ / / | 5¢ 
NGC 1535". . o 7es oe S177 Nov. II 120 | Pg. 53 
| 
7. geo, 5 0.0 10 36 Dec. 14 120 | Pg 66 
NGC 2022*.. 5 36.6 9 2 Pg | 32 
1813 10°6* ree $133 June 16 10s §6=—|:séPgz. 47 


* The asterisks refer to plates taken by R. H. Stoy in 1934. 


intensities of Plaskett and Berman.'® The intensities published by Wright" have been 
reduced to the present system by the following procedure: First, the wave-length varia- 
tion was found from a comparison of the intensities of the stronger lines. Next, the lines 
in Wright’s tables were corrected for the wave-length effect and plotted against the 
present measures. To effect this calibration the planetaries NGC 6543, 6572, 6826, 7009, 
7027, 7662, and IC 418, common to our lists, were employed. The scatter of individual 
points was great, and the weaker lines were relatively stronger as measured by Wright. 
Since his work was done before the present techniques in photometry were available, it 
is not surprising that some discrepancies exist. 

Objects observed by Stoy are indicated by an asterisk. Photometric standards were 
impressed on his plates in only the blue region, and different development was used for 
the individual plates of his series. I considered it impracticable to use his comparison 
stars in the reduction of his plates, since a different star was photographed on each plate 
and it would consequently have been hard to place the intensities on a uniform scale. 
Also, as the comparison star has been photographed on the same field as the nebula, 
pre-exposure effects may exist. Therefore, mean plate-p/us-instrument sensitivity-curves 
for the types of plates used by Stoy have been employed. We may, therefore, expect 
larger errors in the line intensities derived from his plates. 

10 Apparently Bowen and Wyse have used the uncorrected Berman values for NGC 7027, so that their 


intensities for this object have a systematic error depending on wave length in the blue and violet spectral 
regions. 


1 Lick Obs. Pub., 13, 191, 1918. 
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—- f ine <7) | 
> ' . Line | Element | NGC 2022* NGC 6572 NGC 7009 | NGC 7027 | NGC 7662 
Gebs.....---+- Nil | . ' 
eS ame A ee eae ee 14.5(?) 45(?) 17.5(?) 
ae 6548...-----> Nil | | 
. OSE TET, ] | 
) Ce oe S Il 4 r TOTP eRE TY Pe ree es Ce eee ber ScF 0s Newcomen 
a i 6300.....----- O! } 
3 ‘ | * 
5876... . ..| Hel 1 | - [ abs 
| oan Vu ‘a oe | seawater | E38 l 1.0 f 1 
said... He it | 0.4 0.4 
5007... -. O Ill | 74 | 94 | 96 138 156 
' 4959... .| OU | 27 | 35 | 34 49 56 
4801... 2 yh 10.00 | 10.0 10.0 10.0 10.0 
740. A IV | | GO. 
| | oe | AW of [ets | Long f °.44 1.02 0.67 
oe 4086. He i 19.0 0.081 | 1.35 3.89 5.26 
4059. CIv 
650 Cur | | | ; 
; pve i oo > 0.16 | 0.38 | 0.58 0.32 
4034 Nill J 
, 4571. ; Mg I? efor ©.044 Bnet ecard ran GiGi fonsdasuewes 
4542 He il PE CER CR ae oe Oe 0.17 | 0.165 
4471. Hel 0.58 | 0.43 0.2 0.25 
| | 4303 O lll a | f 0.90 1.03 1.46 | 2.14 
4340 1 J mie, 3.60 3.42 2:94 4.29 
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As the theoretical discussion is taken up elsewhere in this series, no attempt at an 
ordered arrangement of the planetaries will be made. An empirical classification on the 
basis of their spectra was made by Wright, and there seems to be nothing further on that 
subject to add here. However, although he described most of their characteristics, a 
few remarks concerning certain of these planetaries may not be out of place. 

NGC 1535 consists of an intense inner ring surrounded by a faint outer one. d 4686 
is represented only in the inner ring. \ 3727 has a fairly large but faint image. The lines 
of the Bowen fluorescent mechanism are present but very weak. 
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NGC 2022, a low-density object, seems to be the highest excitation planetary among 
the objects studied. It is a rather faint ring nebula, characterized by strong \ 4686 and 
lines of the Bowen fluorescent mechanism. 

NGC 7009, a beautiful and interesting planetary, exhibits a spindle shape and a pair of 
faint extensions terminated by bright ansae. The ultraviolet hydrogen continuous spec- 
trum is strong, and the Bowen fluorescent mechanism lines are not conspicuous.” A 
helium line at \ 3178 gives an image that seems to be diffuse and larger than the neigh- 
boring image of the d 3203 line of He u. The mean relative intensities of the lines in 
the two ansae have been determined from plate 228. The degree of excitation in the 
two ansae is about the same and is much lower than in the main body of the planetary 
(cf. Table 2). The \ 4686 line and the lines of the Bowen fluorescent mechanism do not 


appear in the ansae. 


12 Qn the strongest plate the spectrum of the central star runs down to about A 3000, and there is a 
faint suggestion of yet another line of the Bowen fluorescent mechanism. 
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The spectral characteristics of NGC 7662 and NGC 7027 will be discussed in some 
detail in later papers. The data on the continuous spectrum at the Balmer limit have 
been discussed in a previous paper's in connection with the determination of the electron 
density. In the later papers of this series these observational data will be subjected to 
further theoretical analysis. We shall discuss, among other topics, the ionization formula 
for gaseous nebulae, stratification, the Bowen fluorescent mechanism, and abundances. 

I am very grateful to Director Wright of the Lick Observatory who make it possible 
for me to secure the observations for this investigation; and to Dr. A. B. Wyse I am 
grateful for many helpful suggestions. I am deeply indebted to Dr. Menzel whose in- 
terest in this investigation, constant encouragement, and valuable suggestions have 
made the tedious reductions much easier. 


HARVARD COLLEGE OBSERVATORY 
July 13, 1940 


"3 Menzel and Aller, ‘Physical Processes in Gaseous Nebulae,” XII, Ap. J., 93, 195, 1941. 
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XV. THE STATISTICAL EQUILIBRIUM OF NEUTRAL HELIUM 
LEO GOLDBERG 


ABSTRACT 


The statistical equilibrium of an assembly of neutral helium atoms has been investigated with refer- 
ence to the problem of gaseous nebulae. The helium atom was assumed to contain an infinite number 
of energy levels, but a single equation of equilibrium was written down for all triplet levels above 2 3Po 
and, similarly, for all singlets above 2 'P°. Mean values are thus obtained for the populations of the high 
singlets and the high triplets. The population is given in terms of a quantity by, the ratio between the 
true population and the value for thermodynamic equilibrium at a temperature 7,. The temperature 
T, refers to an assumed Maxwellian distribution of the free electrons. 

The nebular atoms are assumed to be opaque to the stellar radiation field only in the frequencies cor- 
responding to absorptions from levels 1 'S, 2 'S, and 2 3S. Numerical solutions of the equations are tabu- 
lated for stellar temperatures, 71, of 50,000° and 100,000° and electron temperatures of 5,000°, 10,000°, 
20,000°, 40,000°, and 80,000°, and also for the special case 7; = T, = 20,000°. 


The procedure for calculating the distribution of atoms among their various energy 
levels when a gaseous assembly is not in thermodynamic equilibrium has been indicated 
by Rosseland.' In a nonvariable spectrum the condition of statistical equilibrium must 
be preserved. In order that a constant number of atoms may be maintained in a given 
level, the total number of atoms per second entering by radiative or by collisional proc- 
esses must balance the total number leaving. The condition of statistical equilibrium 
for a given atom ina particular stage of ionization may be expressed as follows for a given 
level n: 


i ee I, ie 
Dd Fate t So Fun = So Faw + DO Faw’, (1) 


n” n n n 


where the F’s denote the number of transitions per second between the involved levels. 
The subscript ’ refers to levels with energy less than m, whereas n” refers to higher 
levels, and the summations are to be taken over all possible levels n’ and n”’, including 
the continuous states. The F’s are expressible in terms of the populations of the levels 
and the atomic and physical parameters that govern the assembly. Each atomic level 
yields an equation of the form of equation (1); and since, if we assume that the atomic 
and physical parameters are known, there is but one unknown per level—the population 
—the problem is theoretically soluble. In practice, however, difficulties arise from the 
fact that each atom has an infinite number of levels. The solution of the infinite deter- 
minant has been accomplished for hydrogen by Menzel and Baker,? but their solution 
cannot readily be adapted to more complex atoms. Other investigators have avoided 
the difficulty by neglecting the higher atomic levels and treating the continuum as a 
single discrete state. Struve and Wurm, for example, have dealt with a six-state neutral 
helium atom comprising the five lowest levels and a discrete continuum. 

The presence of two low-lying metastable levels makes the statistical equilibrium 
problem for Het of considerable interest. The influence of diluted radiation in over- 


1 Ab. J., 63, 218, 1926. 2 Ap. J., 86, 70, 1937. 
3 Cf. Plaskett, Harvard Circ., No. 335, 1928; Carroll, M.N., go, 558, 1930; Cillie, 7.N., 92, 820, 1932; 
96, 771, 1936; Struve and Wurm, Ap. J., 88, 84, 1938. 
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populating the metastable levels and, indeed, all the triplet levels with respect to the 
singlets should be very much more pronounced in the nebulae than in the distended 
stellar atmospheres treated by Struve and Wurm. 

In the present investigation we shall attempt to solve the equations of statistical 
equilibrium for an eight-state helium atom and at the same time allow in part both for 
the variation of the continuous absorption coefficient with frequency, and for the in- 
finity in the number of discrete levels. We may write equation (1) for each of the five 
lowest levels: 17S, 2'S, 2'P®, 2 3S, 2 3P°, and for the continuum. The contribution of the 
higher levels may then be accounted for by the inclusion of two additional equations, one 
of which specifies the condition that the total number of atoms per second entering all 
the singlet levels above 2 'P° equals the number leaving, and similarly for the triplet 
levels above 2 3P°. For the present only radiative processes will be considered. 

We consider a source of black-body radiation at temperature 7, shining on a distant 
unit volume of nebular material, whose temperature 7, is defined by a Maxwellian dis- 
tribution of the free electrons. If the dilution factor is W, the intensity of radiation of a 
given frequency striking the nebular material will be 477,W. If we denote the lower of 
two atomic levels by n’ and the upper by u, the total number of absorptions per second 
will be 


Fan’ eas wf TL.WNy'an'n 2 ’ (2) 
4 hv 


where NV,’ is the number of atoms in level 1’, and a,’, is the atomic absorption coefficient. 
The variation of /,/v over the line width may be assumed to be so small that it may be 
removed from the integration sign. In terms of the oscillator strength fn’n, 


@ 2 
TE 
) caine = Iw (3) 


The number of emissions from n to n’, including stimulated transitions, will be 
Fant = NnAan’ + wf T,WNnann'd? , (4) 


where 4,,’ is the Einstein transition probability, and 


@ , 
Ann’ = — An'n + (5) 


Wn 


Following the procedure of Menzel,* we define a parameter 6,, which, for a given 
level , is an index to the departure from thermodynamic equilibrium with respect to 
the ionized portion of the gas, 


— — hs On or ar 
eisai (ammkT)72 4° (6) 


When 8, = 1, equation (6) reduces to the ionization equation for thermodynamic equi- 
librium. The factor 4 in the denominator is the product of the weights of the electron 
spin and of the ground level of ionized helium. 


4 Ap. J., 85, 330, 1037. 
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If we substitute equations (3) and (6) in equations (2) and (4) and replace J, by the 
Planck function, we get, for the number of absorptions, 








' , * ae W . 
Pe = K 73/2 On'fn'ndn'v? ew/kT: — 1 en AT ’ (7) 
€ 
and for the number of emissions, 
: NN. . a W 
I “ K ‘T3/2 Wy’) n'nDnvreln AT I + e/kT: — 1 ’ (8) 
€ 
where 
b hs 277? 
K : (9) 
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We number the eight states as follows: (1) 1 'S, (2) 2'S, (3) 2 'P®, (4) high singlets, 
(5) 2 3S, (6) 2 3P°, (7) high triplets, and (8) continuum. The equations of statistical 
equilibrium may now be set down with the aid of equations (7) and (8) and solved for 
b,, b2,...., bs. Since the continuum is assumed to be in thermodynamic equilibrium, 
we set bs = 1. The values of 6, and }, are mean values for the high levels. The presence 
of the Boltzmann factor in equation (6) tends to weight the lower levels in each group, 
for it is V, that is actually averaged. The condition of statistical equilibrium leads toa 
seventh-order determinant that must be equated to zero: 


Lz £2 & & 2 & 


a Ol a ee ss 


“a rom rar: 
es | - ie 60 (10) 


The coefficients D;; and D,;, where 1 < 7, are given, except for transitions involving 
states 4, 7, and 8, by 
i} , 


a ee 2 ee. ee! see 
Dj; = @ifijv’ Ferd lal (11) 
e -™ W 
Dji = Gif jv?eli/*Te (: + it, —{)° (12) 
When j = 4 or 7, 
Le @] 
—s py? 
aaa Tol . /RT SG ee I 
Di; = V Wier .S tin eho [kT eo (13) 
n= 3 
co 
= gel i /tTe Wf. e—ho /AT 2 
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The index refers to the total quantum number. When j = 8, the D’s involve integra- 
tions over the continuous states:4 


I I; /kT. oe K3f iv? 
Diz — OR @jeri € q eit: — 1 dv - (15) 
‘ oo W 
Da, = — oe c/*Te Kf; pre~W/kT fy + —.— dy. 16 
1 2R i A JU ehv/kTy — I ( ) 


In equations (15) and (16) « is the continuous quantum number, defined by 


‘ R 
E, = ts mv , (17) 


| 


where E, is the positive energy of a continuous state, in frequency units, and R is Ryd- 
berg’s constant. When i = 4 or 7, equations (15) and (16) must be summed over all 
values of the total quantum number x from 3 to infinity. The coefficients D;; are given 


by 
Du = — (Dat Dit ....+ Ds), ) 
D,, dl (D,, + D;; + aL a + Ds) ’ f (18) 


Several simplifications may now be introduced. Because of the close adherence of 
Het to LS coupling, intersystem combinations are forbidden. Hence all values of D 
referring to transitions between singlets and triplets may be set equal to zero. In equa- 
tions (12), (14), and (16) the right-hand term in the parenthesis represents the contribu- 
tion of stimulated emissions. This term may obviously be neglected if it is small com- 
pared with unity, although it becomes important for small v and large 7,. For the low- 


frequency transition 2 3P° — 2 3S, for example, 
W . : 
we Te (19) 


when 7, = 50,000° and 100,000°, respectively. The small values of W in the gaseous 
nebulae thus justify the neglect of stimulated emissions, even when W is as large as 
0.001. We also neglect all absorptions other than those from 1 'S, 2'S, and 2 3S. 

The evaluation of the D;; and D;; requires a knowledge of the atomic transition 
probabilities. The exact values for helium are not known, but sufficiently good ap- 
proximations have been derived by various investigators.’ For the principal series a 
general expression derived by Vinti has been employed, with a very slight modification. 
Vinti made use of exact hydrogenic wave functions, with Z = 1, for the m 'P° levels, 
whereas calculations based on the variation method suggest that Z = 0.97 is more ap- 


5 Cf. Hylleraas, Zs. f. Phys., 106, 395, 1937; Goldberg, Ap. J., 90, 414, 1939; Vinti, Phys. Rev., 42, 
632, 1932. 
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propriate.° For the 2p — nd and 2s — np series, formulae given by the writer were 
used. For the 2p — ns series the following general expression was derived: 


2ar2yma? . 2b, ~—- 2°" 
=e — 97375 
f(2p — ns) ee nWZ3Z3 (nZ, + 2Z,)"*8 he 


X [n?(3Z3 — 182,23 + 24Z3Z, — 8Z}) + 423(3Z. + 42Z,)]’. 





The formula (20) was obtained from hydrogenic wave functions with appropriate values 
of Z, and Z,, the average effective charges: 


2; Z:(n 3P°) = 1.10 ; | 
; Z(n'P*) = 0.97. 


I. 


bo 


Z,(2 3S) 
Z:(2 5) 


(21) 
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The following asymptotic formulae for the f/-values were found useful in carrying out 
the summations indicated in equations (13) and (14): 


f(x'S — n'P°) ~ [31.8146|n-3y- 
f(2'?S — n'P°) ~ [30.3603|n-3y 
f(23S — n3P°) ~ [30.2191|n-3y-? 
f(2'*P° — n'D) ~ [45.1979|n-3v-3_ $ (22) 
f(2 3P° — n3D) ~ [45.4570]n-3y-3 
f(2'?P? — n'S) ~ [43.9323]n-3y-3 
f(2 3P° — n 3S) ~ [43.9698]n-3v-3 





The summations were performed accurately from n = 3 to m = 10; beyond that 
point the summation was replaced by an integral from m = 11 to infinity, and the 
asymptotic formulae (22) were employed. When 1 is replaced by the continuous quan- 
tum number x, equation (22) applies to the bound-free transitions near the series limit 
and may be used to evaluate equations (15) and (16). Although the asymptotic formulae 
hold only close to the series limit, the integrations may be safely performed to infinity, 
because the exponential term in v makes the contribution to the integral small when » is 
large. 

The coefficients Ds, and Ds,, which represent the rate of electron capture in the high 
triplet and singlet levels, may be obtained if we set i = n’ in equation (16), perform 
the indicated integration over the continuous states, and then sum over n’ from 3 to 
infinity. For this purpose the levels of different / that belong to a given n’ were assumed 
to be degenerate, and the hydrogenic formula for f,.7 was employed. The procedure is 
justified by the fact that the levels with large values of / are favored in the capture 
process and helium levels with / = 1, or greater, are practically hydrogenic. Since the 
integral in equation (16) reduces to an £; function, which cannot be expressed analytical- 
ly in simple form, the summations were performed numerically with the aid of the tables 
of E; functions given by Menzel and Baker.’ 

The determinant, equation (10), was solved for two values of 7: 50,000° and 100,000", 
and for five values of T.: 5,000°, 10,000°, 20,000°, 40,000°, and 80,000°. In addition, the 
special case 7, = T, = 20,000° was treated, to afford at least a rough comparison be- 


® Goldberg and Clogston, Phys. Rev., 56, 696, 1939. 


7 Menzel and Pekeris, .N., 96, 77, 1935. 
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tween the present results and those obtained by Struve and Wurm. The results are sum- 
marized in Table 1. Since the stellar radiation is absorbed only by the ground and 
metastable levels, the populations of these levels depend only upon the dilution factor. 
The preference of atoms for the metastable levels is clearly shown, as is the preponder- 
ance of triplets over singlets. The large values of for 2 3P° are notable. Once an atom 


TABLE 1 
VALUES OF b FOR LEVELS OF He I AS A FUNCTION OF W, 7;, AND Te 
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10,000° 40,000° 80,000° 
T= 100,000° 
2.27X10 35 1.05 X10 ? 2.92X10°° 6.66X 1073 4.41X10° 
4.25X10 ° 9.28 X1074 1.76X10? 1.00X10! 3.64X107% 
5.05X10 5 5.35xX10 3 6.93 X10? 3.3710 * 1.02 
5.34X10°3 6.96XK 10? 2.34X10! 5.3510" 1.08 
I.41X10 5 8.14X10°3 1.83X10! 5.2 3.67 
4.17X10°3 6.42X10° 7.36 35-9 88.4 
2.02X10 2 2.60X10°! 7.96X10! 1.69 2.80 
T:= 50,0005 T,=T,=20,000° 
8.04 X 10774 3.978K 10 © 1.04X104 2.36X10! 5.67X107% 
1.59X10 5 3.58X10°3 6.82X10? 4.05X10! 5.02X10! 
1.29X10-4 L.39X10°? 1.80X107°! 8.82X10! 5.89X107 
9.36X10°3 1.18X10! 4.08X10°! 9.74X10! 6.07X10! 
6.02X10°5 3.46X10-? 7.80X10! 5.29 II.9 
6.20X10°3 9.52103 10.95 53.4 35.5 
2.67X10°? 3. 35A10" 1.02 2.23 2.01 
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arrives in this level, it may exit only by a spontaneous transition to 2 3S. The probabil- 
ity of such a transition is small, because the frequency is low; hence this level becomes 
abundant at the expense of the higher triplet levels. 

In a later paper the results derived here will be discussed in connection with observa- 
tions of helium lines in the nebulae. The writer is indebted to Professor D. H. Menzel for 
many interesting discussions relating to the problem of statistical equilibrium. 








THE STREAM-MOTIONS OF 92,656 STARS 
W. J. LUYTEN 


ABSTRACT 


The estimated directions of motion of 92,656 stars in the southern hemisphere, mainly brighter than 
the sixteenth photographic magnitude, have been analyzed by means of the empirical methods of Kap- 
teyn and E ddington and the analytical method of Schwarzschild. The apex of drift I is found to lie at 
a = 95°, 6 = —15°; that of drift II at a = 228°, 6 = — 69"; ; the solar antapex at a = 104°, 6 = °. 
and the ‘vertex of star-streaming at a = 263°, 6 = —17°. The ratio of the numbers wy stars belonging to 
each drift is found to be 0.59 : 0.41, W ith a sampling error of less than 0.003. 

A similar discussion —e with 850 stars with up > 0” 5 gives s for drift I: a = 99° , 5 = —12°: for 
_ II: a = 241°, 6= ; for the solar antapex: a = “r10°, 6 = —38°, g = 0°61; and a ratio of 
A number of ‘‘odd”’ ae are singled out, for which the parallaxes should be larger than av erage. 


"Finally, the motions of 830 double stars with common proper 1 motion are analy zed, and the apices of 
respectively, while a ratio 


2 


the two drifts are found to lie at a = 96°, 6 = —g°, anda = 250°, 6 = —71°, 
of 0.63 : 0.37 is indicated. 


. The Bruce Proper-Motion Survey, undertaken in co-operation with the Harvard 
bservatory, was finished, in so far as the available plates are concerned, in December, 
1936. Of the 1009 pairs of plates required to cover the southern hemisphere completely, 
950 pairs were blinked by the writer; and a total of 94,300 proper-motion stars were 
found. The motions of all stars south of declination — 60° were measured and reduced by 
1937, and a preliminary discussion of these motions has appeared as No. 4 of the ‘‘Pub- 
lications of the Bruce Proper-Motion Survey.” In addition, the motions of all stars with 
an estimated motion exceeding 0745 annually and of all double stars with common proper 
motion were measured; discussions of these have likewise been published as Nos. 3 and 5, 
respectively, of the above series. Since 1937 the motions of all 14,500 stars found be- 
tween —60° and — 50° were measured; and the motions of another 6000—slightly more 
than half the total number found between — 50° and —45°—were measured. The mo- 
tions of the remaining 55,000 stars cannot be measured until sufficient funds become 
available. As there appears to be little prospect of obtaining these in the near future, it 
is amend to see what information can be obtained from the material at hand. 
Discussions involving magnitude of proper motion are clearly out of the question, 
ied fortunately the original records are such that a discussion of the directions of motion, 
i.e., an analysis of the stream-motions, may be attempted. 

At this point the procedure followed in ‘blinking’? may be conveniently described. 
All plates were blinked by the writer, and with very few exceptions all in the same posi- 
tion, such that, in the microscope, south was to the right, west up. The area on each pair 
of plates was blinked through systematically in narrow strips, about 10’ wide, beginning 
at the northeastern corner; and each star found to move was given a number and record- 
ed in the observation book with an arrow indicating the estimated direction of its mo- 
tion. 

While this recording is admittedly only rough, especially for the smaller motions, it 
does make possible a preliminary analysis of the favored directions of motion. To this 


end, a circular glass protractor was made, divided into tw enty- four sections correspond- 
ing to directions in position angle as follows: 3522" 73° 224°, etc. Arrows falling within 
, 15°, etc., and it thus 


each of these divisions were recorded as being “‘in’’ position angle 0° 
became an easy matter to determine for each plate the favored directions of motion and 


to construct diagrams similar to those given by Kapteyn and Eddington. The actual 
t The single area centered at a 19%<0™, 6 —12°5 was blinked in 1939, after publication of the ‘First 
Report’’; its results have been incorporated in the present paper. 
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scoring of the 92,656 arrows in the observation books was done by Federal Aid students 
assigned to the Department of Astronomy of the University of Minnesota. 

It must be admitted at the outset that this method can lay no claim to great accuracy, 
but in the absence of precise measurements it is the only thing one can do. Moreover, the 
relative accuracy of the recorded arrows (i.e., the uncertainty in angle) should be at least 
as good as in similar investigations concerned with the proper motions of a// stars in a 
limited area in the sky; for in the latter instance there is always a large percentage of 
stars with linear displacement of the same order of magnitude as the error of measure- 
ment. 

In the present case it would seem difficult to commit an error of as much as 30° in any 
but the very smallest motions. 

The procedure followed here is subject to considerable systematic error, but no more 
so than where reduction from relative to absolute motion is involved and magnitude 
error has its full scope. Both of these points—accuracy and systematic error—will auto- 
matically reveal themselves in the subsequent discussion, and the least that can be 
said for the present method is that it allows us to make use of a body of material larger 
than any other in existence, which otherwise would have to lie fallow until such time as 
the measurements and reductions can be completed. 

3. The centers of the 1009 pairs of plates were located at the positions listed in the 
“First Report of the Bruce Proper-Motion Survey.’” 

In order to simplify the later calculations, these original regions, each of which covers 
about 30 square degrees, were combined into larger areas, called ‘‘2-regions,”’ as used be- 
fore. The first 2-region covers about two and one-half times as much area as the aver- 
age of the others; but, owing to the distribution of the original regions, no other division 
seemed equitable. The overlap of adjacent pairs of plates, which is enormous in this first 
y-region and still large in the next 36 regions, becomes very small near the equator. No 
allowance has been made for this overlap, since (a) comparatively few stars in the over- 
lapping regions were found in both regions and () the arrows recorded were wholly inde- 
pendent in the two cases. The earlier regions, thus, merely contain a certain percentage 
of stars which have been counted twice (or more); but it is evident that little or no selec- 
tion has entered here, and accordingly nothing spurious is introduced. 

4. A preliminary discussion of the data obtained from these =-regions has been given 
in the 7ercentenary Papers of the Harvard College Observatory,* and the apex of the first 
drift was found to lie at a = 94°6 + 0°7, 6 = —15°4 + 0°7 (1900). At that time the 
survey had not yet been completed north of declination — 20°, and only 85,000 proper- 
motion stars were available; moreover, the directions of the second drift showed such a 
large scatter that it was decided to postpone their discussion until the remaining re- 

gions had been examined. 

The preliminary discussion indicated that the originally recorded arrows are subject 
to a scatter due to errors of observation of about 15°, and it thus seemed profitable to 
combine the 157 »-regions into a smaller number of regions of larger area. The resultant 
loss in accuracy is very slight, and the saving in labor of computation is considerable. 
The arrows in any one region were corrected to the meridian of the center of the large 
area, naturally. Because of the original distribution of the Bruce regions, it did not seem 
feasible to make them all of the same area; and again the polar area differs markedly from 
the others, having now but half the average area of the others, viz., 0.0152 of the south- 
ern hemisphere, while that of the four areas with center at —69° amounts to 0.0297, that 
of the eight at — 49° to 0.0280, and that of the twelve at — 30° and — 10° to 0.0250 and 
0.0285, respectively. 

2 Pub. A. Obs. U. Minnesota, 2, 73, 1938, sec. 3. Cf. also Harvard Tercentenary Volume, Harvard 
Ann., 105, 398, 1937. 

3 Harvard Ann., 105, 398, 1937, and Pub. A. Obs. U. Minnesota, 2, 140, 1939. 

4 Harvard Ann., 105, 398, 1937. 
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Table 1 presents details of these larger areas, which will be referred to as “2 -regions.” 


The first column gives the serial number, the second and third columns the center; the 
total number of Bruce regions contained in them, and the number of these still unblinked 
are shown in the fourth and fifth columns, while the sixth column lists the total number 
of arrows scored in each. Finally, the seventh and eighth columns give the directions to- 
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ward the apices of drifts I and II. The favored directions were determined by plotting 
on rectangular graph paper the actual numbers of stars moving against the directions, 
drawing free-hand curves, and reading off the maxima. In some cases where a blend oc- 
curred, the position of the secondary maximum—generally that due to drift I1I—was de- 
termined differentially, by assuming the principal maximum to be symmetrical. The 
actual numbers of stars found to be moving in different directions are given, for these 37 
~z-regions, in Table 2. 














mnmownn 
- 


eonmooroorn 
ww 
mm 


OOD nh HH MAN He 
Om Em 
Tr ~ 
tM M 
io 9) 


og |Lt1 
tg jzS1 




















| 








OF 1|Soz 





“Nm 


Tt 0 


























Onn Nhe 


aan 

















‘ 


° 
n 











SI1\oof 


I 
8 
L 
€1 
ot 
6z 
$g 
96 
bz 
ver 
11z 
zgz 





jQre) 
$$ |£o1 |gof|zZs 

76 jo6r1| tot gtt|s 
Lolz z12| 
|zgr 


1S 


RQgz 
rae) 


611 
991 
L6¢ 
z19| 


£10) 








058) 


ZLz 


|OO1 














gtijiv s¢ 
gtz L ov 
zs¢ v gt 
L6z L 1g 
ogri$z |11 €z1 
bl L o1f 
6 ££ |ee1j6ss 
s¢ 12 9tg 
s¢ fol £106 
09 1O1/£61\L19 














e\g1zigt1/6¢2| 1Z 
ree cjger| 1£1|z9g) 4 
vs |191| 102 jO88|4 
00z/o$1 i€gz} 119 rd 
gl lzr1| git gtr) Lt 
lor ger o1f|Soz igs 
log |€g1\tZz/16 |g 
foz| se j£9 
06 |1z zg 
LY | |1P 
g¢ be jst 
97 | j22 





of1/00Z|zg1|Lgz/6rf) 
het \gSz|1$1| Sgt|Zg1\ 


or 
zery 
gro 
gZs 
zget 
Sgi 
€Z 
LY 
tr 
6b 
z9Q 
2 
Lg 
vol 
161 
}9QI 
gz1 


z 
jgt 

re 
Ist 
ite 
\ts 
los 
{8 








iSg 49 
joL igex 


106 |Z1Z 


it€1|Sbz 
Soz|f1¢ 
L6z| Loz 
£gf|So 
goriseg 
ogt| Sz 





Orit 
\*9 lex 














ATAVL 














254 W. J. LUYTEN 


5. Poles were then calculated for both favored directions, and these were plotted on 
a sphere. Those belonging to drift I arranged themselves so clearly along a great circle 
that no difficulty was encountered in deciding, for any particular region, which direction 
belonged to which drift. The apex of drift I was then found to lie at a 94°8 + 19 
6 —15°1 + 1°0. a 

For drift II the ‘‘equator’’ of the apex was much less clearly defined by the poles cal- 
culated for the 22-regions; and the determination of the point to be considered as the 
apex presented peculiar difficulties. It became immediately evident that the apex differed 
much more from the position usually found than in the case of drift I. Since the stars 
under consideration have been selected because of their large proper motion, it is likely 
that among them will be found an unusually large percentage of high-velocity stars, 
Moreover, it seems probable that this percentage varies considerably, especially in the 
regions near the apices of the two drifts, and it is doubtful if one could really speak of an 
apex for these stars. 

Using only the 16 2Z-regions where the two drifts are most clearly separated, we find 
apex IT to be at 225°, — 68°, whereas a calculation using all poles determined and giving 
equal weights, regardless of how clearly or how badly the two drifts were separated, gave 
232°, —74°. The position finally adopted for the apex of drift II is distant from the center 
of 24 by less than 2°; yet the effect of the second drift is more pronounced here than in 
several other regions much more favorably situated. Similarly, the original = Y-regions 
28-33, none of which show drift II, are all farther distant from the apex than Y1 = YX1, 
which does show it clearly but in direction 264°, or 36° different from what it should be 
according to the adopted position. Moreover, in this case we have stronger evidence, ob- 
tained from a discussion of the measured motions of 1434 stars south of —80°,5 which 
gives 262° for the direction of apex II, agreeing almost exactly with the result from the 
approximate arrows and corresponding more nearly with the direction of the apex of 
drift IT as usually obtained. On the other hand, a discussion of the motions of 500 stars 
which I measured in the foreground of the Large Magellanic Cloud gave 170° for the di- 
rection of apex II, markedly different from the expected value of about 195°. 

It is clear that the uncertainty in the position of the apex of drift II is much greater 
than that for drift I; all we can determine is an average apex, and for this we may adopt 
the position a = 228° + 9°,6 = —6g + 3°. 

In Figure 1 diagrams are given showing the distribution of the directions of motion in 
four cases. Following a suggestion of Professor Hertzsprung, the radius vector in these 
plots has been made proportional to the square root of the number of stars moving in 
that direction, thus insuring a truer equal-area representation of the motions and one 
which accentuates the two drifts less than usually. Furthermore, there is the practical 
advantage that now such regions as 2X11, even though the numbers involved vary be- 
tween o and 1200, can be represented on a reasonable scale, which is not possible when 
the radii vectores are proportional to the actual numbers themselves. Finally, the sam- 
pling error in each radius vector is now a constant and equal to one-half unit. In each 
figure the arrows indicate the directions from the center of the region to the finally adopt- 
ed apices of the two drifts. 

In the left part of Figure 1 two diagrams are given for the polar area 21, the upper 
one made from the actually measured motions of 1434 stars, the lower one made from the 
estimated directions of 1985 motions as recorded in the observation book; and it is seen 
that the two are virtually identical. The upper right gives the diagram for YXo, centered 
at 10:30—49: 20, where the two drifts are most clearly separated; the lower right, that 
for >D11, where the two drifts are indistinguishable, giving the impression of an over- 
accentuated single drift. Thus, whereas nearly 1200 stars are found to move in each of 


s Arrows were marked in the blinkbook for 1985 stars south of — 80°, but, owing to overlap, these were 
found to apply to only 1434 different stars. 
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the directions between 187° and 202° and between 202° and 218°, not a single star is 
found to move in a direction between 337° and 353°. 

6. The foregoing analysis has been almost wholly empirical, and its solution graphical. 
Making use only of the observed fact that there appear to be two favored directions of 
motion among the stars, the apices of the two streams have been determined. At the 
opposite end of the various methods proposed for dealing with this problem stands that of 
Schwarzschild, which is almost automatic in its application. While it thus possesses a 
great practical advantage, difficulties may arise in the interpretation of the significance 
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Fic. 1.—Vector diagrams for the proper motions of stars in the southern hemisphere. The radii 


vectores are proportional to VV; arrows marked J and J/ indicate the directions toward the calculated 
apices of drifts I and II, respectively. Upper left: Measured motions of 1434 stars in the south polar area. 
Lower left: Estimated directions of motion for 1985 stars in the south polar area. Upper right: Esti- 
mated directions of motion for 5350 stars in Xo, centered at a 10430™, 6 —40°20'. Lower right: Esti- 
mated directions of motion for 5434 stars in YY11, centered at a 16"30™, 6 — 49°20’. 


of the results, especially in the present case, where we are dealing with a restricted class of 
objects and with relative proper motions. 

Applying the method as outlined by Knox Shaw in his Introduction to the Radcliffe 
catalogue, the directions toward the solar antapex, 04, and toward one of the vertices, 
6y, were determined, as well as the quantities //8 and B/a, giving the ratio between the 
projected velocity of the sun and the lesser ellipsoidal component and also that between 
the two ellipsoidal components themselves. The results of the calculation are given in 
Table 3, which is self-explanatory. All calculations were carried out to o°1, and thus, 
even when 04 — 6y is small, //8 could be calculated; but, as it appears from the figures 
given, the results are not as reliable as one might wish. 
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When the directions thus found are plotted on a sphere, the 6y define the vertex fairly 
clearly; and graphically a provisional position at a 269°, 6 — 20° may be determined. A 
least-squares solution was then made in the usual way, namely, from 


—Xsina+ Y cosa = — — 1+sin by , 


‘ : oh suis ; P a? 
—X cosasiné6 — Y sinasiné6 + Zcosé6 = ae — 1-cos Oy, 


ta { = 7 
an Ay = XY 9 
D aan 
tan Dy = VX? 4 Y2’ 


<< —1=N?4 742), 


Although the numbers of stars varied from 455 for YX29 to 5772 for 2L5, equal weights 
were given to all regions, as an equitable system of weighting would also have to take 
into account the clearness with which @4 and 6y are separated, while the number of stars, 
even in the poorest region, is still so large that not much accuracy will be lost in this way. 
Moreover, giving equal weights to all regions results in the great practical advantage 
that all three normal equations become independent, and the coefficients (and hence also 
the weights) of all three, ¥, Y, and Z, become 74/3 = 24.67. In this way we obtain 


Ap = 264°1, 
D, = -17°5,; 
A =722 
laa 


Owing to the very large scatter of the quantities which should be proportional to sin 
d, (where X, is the angular distance from the center of the region to the vertex), another 
least-squares solution was made for which all values of V (a?/8?) — 1 were replaced by 
sin \, as read from a sphere, using the provisional vertex at 260°, — 20°. The position of 
the vertex is now determined from the 6, alone, and the final value of 4/B is given by 


ae : ny ou —1-sin ) 


» *” 24.67 





Performing the calculations, we find that 
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SUMMARY OF ANALYSIS BY SCHWARZSCHILD’S METHOD 
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virtually coincident with that found before for the vertex; and we adopt as final values: 


the mean errors having been determined from the individual discordances. 


























zz 94 oy h/p B/a 

b giee node ae 106° 270° 0.61 0.80 
br cate acer arti AC 68 213 0.72 64 
307 131 0.60 .66 

a wiaseleue Sten eere 239 54 1.2% .67 
aire arm eee areas 150 299 1.26 -47 
b vehaddvmup eee bea 115 235 ©.9gI .66 
Ne ee ee ee 125 194 0.53 .56 
iets 283 142 0.21 <a 
Bac csnahare tense eos 267 III 1.41 .30 
242 87 1.85 45 

206 61 1.44 .80 

svidle aan 9 174 301 1.28 .93 

Se halk alsa anh 138 264 5.23 .58 
aes 130 246 1.06 -49 
akin 120 240 0.89 .68 
eae 140 198 °.79 .70 
eee 168 159 0.95 .56 
183 134 0.65 44 

244 118 0.91 .26 

243 99 1.48 -33 

ee 235 100 1.55 .46 
205 98 1.35 -95 

190 I9I 1.§2 .83 
173 260 5.25 .15: 

150 258 1.08 .69 

128 255 1.20 .44 

116 244 5.38 38 

ree 161 237 1.00 61 
ey <ditg 164 342 ¥2: -54 
Beri releis Soe 177 12: 1.08 .70 
214 112 1.00 .24 

240 102 1.36 <a 

Eee eee rs 233 103 1.45 .38 
201 108 1.30 .Q2 

2 eal 187 256 1.49 .80 

176 240 1.25 .Q2 

Ma ener asies sed sere ak 141 251 1.07 0.55 

From the proper motions of the Boss stars Eddington found that A = 274°, D = —12°; 


and, in general, the vertex as determined from apparently bright stars, i.e., chiefly giants, 
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is found to lie in right ascension ranging from 271° to 289° and in declination ranging from 
— 3° to — 19°, or, converted into galactic co-ordinates, between longitudes 329° and 3 55° 
and latitudes — 3° and +5°. On the other hand, analysis of large proper motions gen- 
erally gives a smaller right ascension and a declination farther away from the equator, 


such as the result of Dyson, viz., A = 268°, D = —21°, orl = 336°,b =o°. Using 25,0c0 
proper motion stars between g™o and 15™o0 (photographic), and with » < o’1, Knox 
Shaw and Barrett found that A = 268° + 2°o0, D = —22° + 2%o, or] = 335°,b = 0% 


almost coincident with that of Dyson. 

From the absolute proper motions of 18,000 stars measured on parallax plates, Van de 
Kamp and Vyssotsky found the vertex to lieat A = 269°7 + 2°4, D = —10°5 + 2°4, or 
in] = 345°9, 6 = +4°o, while the zooo stars among these with proper motions in excess 
of o%04 annually gave A = 267°5 + 4°2,D = —24°8 + 4°0, orl = 332°4, b = —1°4. 
Similarly restricting the Radcliffe material to motions between 0703 and 0” 10 (2200 
stars), the same investigators determined the vertex at A = 266°1 + 3°3, D = —25°0 
+ 3°, or in] = 331°6, b = +0°%4. 

These last two determinations use a material similar to that of the present investiga- 
tion, namely, stars with proper motions exceeding a given limit. It is questionable 
whether Schwarzschild’s automatic method is really applicable to these three cases, 
since the method presupposes equal numbers of stars moving in the two drifts, whereas a 
restriction to size of proper motion increases the proportion of stars of drift I over those 
of drift II—but at any rate, one might expect the method to give similar results in all 
three cases. The lower limit of proper motion does not differ much, being o”o040 for the 
McCormick data, 0703 (with an additional upper limit of o710) for the Radcliffe mo- 
tions, and will not be far from o%04 in the present case. The actual results give, for the 
galactic co-ordinates of the vertex: 


° 


4° b= —1°+ 4° Van de Kamp and Vyssotsky 


° 
I+ 


2000 stars | = 332 


2200 stars / = 332 +3 b= o +3. Knox Shaw and Barrett 


I+ 


92,600 stars /= 336 +1 b=+6 1 Luyten 


Considering the difference in apparent magnitude limits for the material (the lower limit 
for the present survey being from 1 to 3 units lower than that for the other two), the 
agreement may be considered satisfactory. If the difference should be significantly real, 
it may perhaps be due to the fact that the stars of the present material are quantitatively 
dwarts, while those of the others contain an admixture of about 20 to 30 per cent giants. 
7. The scatter of the directions 6,4 in defining the solar antapex is not only consider- 
ably greater than that for the vertex but shows some systematic effects as well. Thus, 
the regions 222, 5, 6, 10, 13, 14, 15, 21, 26, 27, 32, 33, and 37, all of which lie more than 
45° distant from the antapex, and for which the two directions, toward antapex and 
vertex, are clearly separated, indicate an antapex at about A = 100°, D = —34°. The 
seven regions 27, 16, 17, 18, 28, 30, and 31, all of which lie within 50° of the antapex, 
indicate an antapex at 112°, —60°. The explanation of this probably lies in the limita- 
tion of the material to proper motions exceeding a certain limit; the closer a region lies to 
the antapex the higher would be the percentage of high-velocity stars among those with 
u > 004. The solar antapex is, thus, not uniquely defined, and any calculation based 
on all 37 regions will yield only an average compromise value which will probably be 
around 105°, — 42°. 
Employing the same method as for the vertex, i.e., calculating once with 4/8 and once 
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while replacing this quantity by sin \, as read off the sphere from the provisional antapex 
at 105°, — 42°, and then determining 4/8 separately, we obtain: 











From h/s Using sin A4 
fF eee ree eee 103°2 104°5 
De... eae — 44°22 — 41°8 
u/B, 1.38 1.36 








[am inclined to accord more weight to the second determination, and for the final values 
we adopt 


A= 104°1r + 2%, 
D= — 4226 +1°%5, 
u 

° iw S37 = O08: 


The apex determined by Knox Shaw and Barrett from the 25,000 Radcliffe stars was 
found to depend largely upon the corrections applied to reduce the relative proper mo- 
tions to absolute values and, in fact, was seen to reproduce faithfully the apex implied by 
those corrections. 

In the present instance the motions were all relative, but the directions only were 
used. Since the average systematic motion of the comparison stars is probably no more 
than o%008, or about one-tenth of the average motion of the proper-motion stars, the 
systematic effect of such a correction would be extremely small. Only in so far as the 
mean parallactic motion of these comparison stars differs from that of the proper-motion 
stars would the correction play any role; and, apart from this, its principal effect would 
be to increase, by a small amount, the accidental error in the direction of the motion. It 
has, therefore, been neglected. 

8. Even though the significance of the results derived thus far is not yet clear, we may 
at least see if they are consistent among themselves. Summarizing, we have Table 4. 
The fourth and fifth columns give the galactic co-ordinates of the five points referred to 
Pickering’s pole at 12:40 + 28° (1900). When these cardinal points of the velocity dis- 
tribution are plotted on a sphere, it is seen that they lie very close to a great circle whose 
pole lies at / = 229°0, b = +73°4, or at a = 178°8, 6 = +15°1. The root-mean- 
square deviation from the circle amounts to only 1°1, or less than the average mean error 
of the four points. If these points are corrected to lie exactly on this circle, we obtain the 
galactic longitude and latitude as given in the sixth and seventh columns, differing but 
slightly from the original values. 

While it may have been surprising to find the vertices of star-streaming for these stars 
of large motion deviating from the galactic plane by as much as 5°, it is evident that this 
is not due to some anomalous region or to an improper system of weighting, since the fina] 
results for the four points appear to be far more consistent than we have any right to ex- 
pect. 

Using the mutual angular distances y of the corrected points as given in the last col- 
umn of Table 4, we may construct a diagram similar to that given by Eddington.® Ex- 

pressed in the arithmetic mean velocity along the longest axis of the velocity ellipsoid as 
unit, we find for the different velocities the values given in the second column of Table 5. 


6 Stellar Movements, p. 101. London: Macmillan & Co., 1914. 
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From the calculation made for the apex and vertex separately we had 4/B = 2.25 
+ 0.15, u/B = 1.37 + 0.05, or u/A = 0.61 + 0.05, which would give 1.22 for the solar 
velocity. Using the Boss stars, Eddington found the values given in the last column of 
Table 5. The agreement with those obtained here is excellent, though it may seem sur- 
prising at first that the present material, containing only large proper-motion stars and 
hence an unduly large proportion of drift-I stars, should give a ratio for the stars in the 
two drifts more nearly equal to unity than Eddington’s material. However, the auto- 
matic method of Schwarzschild employed for the analysis presupposes equal numbers of 
stars moving in both directions. If we assume that the forcing-through of this method has 
resulted in the ratio found to be halfway between the “‘true”’ ratio and the 50:50 mark, 
we would determine the true ratio at 60:40, or identical with that of Eddington. If we 
further assume that the position of the vertex has not been affected by the limitations of 
the material, the above change in the ratio of stars implies a decrease of about 3° in the 















































TABLE 4 
a 6 1 b I’ b’ Y 
Verter TT... . 2.0... S3i0+1-2 +17°5+1°1 156°5 | — 680 | 15698 | — 5° 
' 34°4 
Apex of drift I...... 94.8+1.0 —15.1+1.0 IQI.I | —I1.5 190.7 | —12.9 
28.8 
Solar antapex....... 104.1+2.0 —42.6+1.5 220.3 | —15.7 | 220.3 | —16.3 
60.9 
Apex of drift II..... 228 +9 —69 +3 283.0 | —10.9 | 282.8] — 9.8 
55-9 
os 2 Ere a 263.0+1.2 —17.5+1.1 336.5 | + 6.0] 336.8] + 5.1 
TABLE 5 
Luyten Eddington 
Speed of drift I relative tosun..........] 1.66+0.06 1.62 
Speed of drift II relative to sun......... Tag 07 0.93 
Sun relative to centroid................ 1.05+ .04 ©.97 
Ratio of numbers in two drifts......... 55:45 £0.04 59.6:40.4 











longitude of the solar antapex, corresponding to a change in its declination from — 43° to 
— 40°, and a very slight increase in u/B, to about 1.08. 

The proportion of stars belonging to the two drifts might have been obtained directly 
by counting the stars moving in each favored direction. If this is done for each 2Z-region 
and the resulting numbers are added up, we obtain the following totals: drift I: 62,186 
stars (mean sampling error 250, or 0.41 per cent); drift II: 30,470 (mean sampling error 
175, Or 0.57 per cent), which indicate a ratio 0.672:0.328, or practically 2:1. 

However, the proportion thus obtained does not give a fair representation of the true 
state of affairs, since the richest regions (partly due to the greater frequency there of long- 
exposure plates) lie much closer to the apex of drift II than to that of drift I. Dividing 
the material into four zones, we obtain the data in Table 6, actually giving more second- 
stream than first-stream stars in the equatorial zone. Perhaps a closer approach to the 
true proportion may be obtained by determining the percentage of drift-II stars in each 
of the 37 regions and averaging for the entire hemisphere. In this way we obtain for the 
ratio, 0:59 to 0:41, with a sampling error not exceeding 0.003 in either number, again 
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virtually identical with the ratio previously found and with that determined by Edding- 
ton for the Boss stars. 

The numerical constants of the ellipsoidal distribution itself are given in Table 7. The 
accidental error of measurement amounts to a sizable fraction of the total motion in the 
case of the first two sets of data, and its effect is to reduce the observed values of both 
u/Band A/B. The McCormick value for A /B has been corrected for this, but the other 
three numbers still require an increase by an unknown amount. Both the Radcliffe and 
the McCormick data were derived from all proper motions found on the plates; the pres- 
ent investigation deals only with stars whose proper motions exceed a given value— 
about 004 annually. A disproportionately large number of high-velocity stars has there- 


TABLE 6 
































pre ‘ , Percentage 
=z Drift I Drift II of Drift II 
GM ocd chalet Seedy 15951 3406 17.6 
ong! ea ee oe 24767 8051 24.6 
TARO. os eee nts 14204 11209 44.0 
DS; A as 7174 7804 52.3 
TABLE 7 
Knox Shaw Van de Kamp — 
and Barrett and Vyssotsky asia 
GI Thos 5, Sha, Rove 0.42+0.01 0.61+0.03 1.37+0.05 
7: -- %.38boe.0¢ 1.59+0.04 2.25+0.15 











fore been included, and both u and A have probably been increased at the expense of B. 
This would explain, at least qualitatively, the large difference between the two sets of 
data, but in the absence of any estimates on the numerical size of the quantities involved 
in the present work it does not seem possible to derive “‘true’’ values for the ellipsoidal 
constants. As a very rough estimate we might adopt u/B = 0.9, A/B = 1.8. 

It is often, and perhaps generally, held that restriction of the proper motions to those 
larger than a given limit materially reduces the significance or the value of the results. 
Thus, in his rediscussion of my analysis of the motions of 500 stars in the foreground of 
the Large Magellanic Cloud, Smart? urged that in such investigations the motions of all 
stars on the plate be measured. In this particular case about 500,000 stars were shown 
on the plate, but about go per cent of these must belong to the Cloud itself. Measurement 
of the remaining 499,500 motions not only would thus have been a task of impossible 
magnitude but would have little bearing on the question of star-streaming in the Galaxy. 
Even in the general case, the material thus obtained would consist, at best, of a mixture 
of a large number of distant giants, a few near-by dwarfs, and some high-velocity stars, 
the proportions varying with galactic latitude; and it becomes a matter of personal opin- 
ion whether this is more representative of stars in general than the mixture as used in the 
present paper, even though here the apparent angular velocity has formed the basis of 
selection. 


7M.N., go, 120, 1920. 
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THE STARS OF LARGE PROPER MOTION 


g. While it has not been possible to measure the proper motions of all stars found, this 
has been done for all stars with motions in excess of 0” 5 annually and for all double stars. 
Discussion of the former indicates that the final list compiled is virtually complete down 
to 14™5, but for the present the question of completeness is of no great importance so long 
as no selective effects in direction have entered. It was decided, therefore, to use all stars 
with motions in excess of 075 as measured, double stars being counted as one. The sky 
has again been divided into 37 2L-regions, and for each of these there were determined 
the arithmetic mean parallactic motion and the directions toward the apices of the two 
drifts. 

In the determination of the solar antapex, Kapteyn’s star was given half-weight in 
forming the mean for 227, since its motion very nearly equaled the mean motion of the 
remaining 28 stars in this region; all other stars have been given full weight. The deter- 
mination of the directions toward the drift apices presented some practical difficulties, 
Usually the position angles of the motions divided themselves into two distinct groups; 
arithmetic means of the position angles in these groups were then taken to represent the 
directions toward the apices and the number of stars in each group as that belonging to 
each drift. In some regions, however, the drifts were less clearly separated and the divi- 
sion made had to be somewhat arbitrary. In four regions, X11, 12, 23, and 35, no sepa- 
ration of the drifts was possible, and the same direction was used for both. 

Some stars, altogether 42 in number, were found to move in directions so different 
from those toward the apices that they could not properly be assigned to either drift; 
these were merely classed as ‘“‘odd.”’ A list of some of them follows in section 14. 

Table 8 presents a summary of the data obtained. The first five columns show, re- 
spectively, the 22 number, the right ascension and declination of the center of the region, 
the total number of stars, and the mean magnitude. The next two columns give the al- 
gebraic mean of yu. cos 6 and of us; the four columns following give the directions to- 
ward the apices of the drifts and the number of stars belonging to each; the last column 
gives the number of ‘“‘odd”’ stars. 

to. Calculating the solar antapex from the data in the sixth and seventh columns of 
Table 8 yields 


A 
Dm —3755 +275, 


113°6 + 3°5 (m.e.), 


5 
gq = 0°61 + 0'03. 
The arithmetic mean magnitude and proper motion of the stars are found to be m = 12.1 
and @ = 0783, corresponding to H = 16.7. Using the measured parallaxes of 610 stars 
with » > 05 (mostly northern), I previously derived* a regression curve for M on H 
which, with the present data, would give p = o%050. However, this is the geometric 
mean parallax; with a normal distribution in log p subject to a dispersion of 0.24 the 
arithmetic mean parallax J = 070575 + 0o”002. In conjunction with g = 0761 + 0%03, 
we then derive for the speed of the sun relative to these stars of large proper motion, 


V = 50 + 2km/sec. 


This value appears perhaps a little on the high side when considered in conjunction with 
the declination of the antapex, —37°5, though one must remember that the stars in- 
volved all possess excessively large angular velocities and it should thus be not the solar 


8 Pub. A. Obs. U. Minnesota, 2, 148, 1939. 
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velocity but, rather, the low value for the declination of the antapex which surprises us, 
a value of — 45° being perhaps more nearly that to be expected. 

11. Inspection of the two favored directions derived for each region separately indi- 
cated that the position of the two apices would not differ greatly from those found before 
in this paper. In order to simplify the actual calculation of these apices, the lengths of 


TABLE 8 
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the drift vectors for each region were then assumed to be equal to sin \, where J is the 
angular distance from the center of the region to the assumed apex. The calculation of 
the apices then proceeds in the same way as for the solar antapex, and we find: 


Drift I: A = g9° + 1°0 Drift II: A = 241° + 6° 


° 


D = —12° + 1%0 D=—-70° +2 
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Owing to the simplifying assumptions made concerning the lengths of the vectors, the 
actual mean errors are probably somewhat larger than the values given here. 

12. Plotting the three apices thus found on a sphere and drawing the great circle that 
best fits them, we obtain for the “‘corrected’’ positions: 


° 


Drift I: A = 101° Solar antapex: A = 109 Drift II: A = 239° 
D = —12°5 D = —39° D = —69° 


Making an equitable division between the two drifts in the four regions E11, 12, 23 
and 35, we find 575 stars belonging to drift I and 244 to drift II. Taking into account the 
fact that the procedure followed has naturally favored stars to be assigned to drift I at 
the expense of drift II, while, moreover, the most populous regions (those containing the 
long-exposure plates) lie close to the apex of drift II, the true proportion of stars in the 
two drifts may be placed at 2:1, corresponding to the actual numbers 546 and 273. Us- 
ing this proportion, we then find the vertex to lie at 269°, — 31°, and, with a solar velocity 
of 50 km/sec, the drift velocities relative to the sun become 70 km/sec for drift I and 
71 km/sec for drift IT. 

At first it may seem surprising that the velocity of the second drift should be so high 
in a group of stars where selection strongly favors drift I over drift II. Inspection of the 
individual data, however, shows that stars here assigned to drift II contain a fair propor- 
tion of high-velocity stars. Thus, Kapteyn’s star is counted among drift II in 227, as is 
o, Eri in 228, and the fast-moving pair BD — 15°4041, with a tangential velocity of over 
500 km/sec in 2234. The same is borne out by the fact that the apex here determined for 
drift II represents a compromise position between that usually found, at about 270°, 
— 64°, and the solar antapex of the high-velocity stars, at about 135°, — 72°. 

13. The positions of the apices of the two drifts derived here differ but little from those 
found in section 8 from the estimated directions of all 92,656 stars, viz., 


Drift I: A = 95° Drift II: A = 228° 


D = —15° D = —68°, 


the great-circle distances amounting to but 6°5 and 4°, respectively. The two determina- 
tions of the solar antapex agree, likewise, within the limits of error; but those for the 
vertices disagree, the angular distance being nearly 15°. The present vertex depends upon 
an extrapolation made by using the uncertain proportion of stars in the two drifts, while 
the former was derived by Schwarzschild’s automatic method, which presupposes an 
ellipsoidal distribution with equal numbers of stars in both drifts. Assuming the previous 
vertex and the present drift, apices and solar antapex would result in a ratio of stars in 
the two drifts of 0.61 to 0.39, or nearly identical with that usually obtained. Further- 
more, it was pointed out in section 8 that any increase in the fraction of stars belonging to 
drift I would shift the solar antapex closer to the apex of drift I and hence would bring 
the position of section 8 closer to that given here, at 109°, — 39°. All in all, therefore, we 
conclude that the data on star-streaming, as obtained in sections 8 and 12, are in fair 
agreement. 

14. Among the 42 ‘“‘odd” stars listed in Table 8, there are several for which the direc- 
tion of motion lies in the acute angle between those of drift Iand drift II, and hence these 
stars probably represent members of one or the other of these drifts which have strayed 
far from the fold. There remain some 25 stars whose motions are so radically different 
in direction that it becomes difficult to assign these to any drift. Among these are the 
well-known stars y Pavonis and 6 and e Eridani. For 16 among these, parallaxes have 
been measured; if we compare the absolute magnitudes obtained from these measured 
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arallaxes with those predicted from the formula quoted above,° we find that for all 
of them O — C is positive, having a mean value AM = +1.2, with an individual dis- 
persion of + o™84. This was to be expected, of course; but the fact may be used to single 
out a few more of these stars, with as yet unmeasured parallaxes. Predicted (arithmetic- 
mean) parallaxes are given for nine of these in Table 9, which is self-explanatory. For 
the star L 789-6, I have published a provisional parallax of 0753 + 073 derived from 

plates taken w ith a very short-focus telescope. This determination is obviously not en- 
itled to much w eight, and the spectroscopic value derived by Joy should be more reli- 
able. Joy finds p = 07073 disagreeing with the above suggestion of a parallax larger than 
average, but the small radial velocity (only +1 km/sec) would favor the larger parallax. 




















TABLE 9 
POSITION 
STAR Mac. “ i] pb 
a 6 
L gut-7... 2hoi™4 — 30°40’ 12.6 o"52 286° 0058 
L 763-66 . 13:48.4 19:46 14.5 0.58 59 .065 
L 623-94 . 15:16. 27:28 14.7 0.73 38 .070 
L 482-30 . 16° 2375 37:19 12.0 1.22 325 .161 
L 710-9 .. 20:04.5 20:46 10.3 0.56 288 .068 
L 211-59 . . 20:55.7 57°21 ‘3.7 0.51 317 .065 
L 165-102 .. 21:41.9 63:35 15.6 0.55 32 .044 
L 789-6 . . 22: 33.0 15:52 14.3 3.2 46 197 
L 359-91 . . ; yee Se —48:51 15.2 °.79 21 0.074 























DOUBLE STARS WITH COMMON PROPER MOTION 


15. A statistical discussion of the double stars found was published as No. 5 of the 
“Bruce Proper-Motion Survey.’’? A pronounced and surprising irregularity in the dis- 
tribution over the sky of these double stars was then found, and a further analysis of the 
stream-motions of these wide binaries may thus be of interest. The procedure followed 
has been the same as that for the stars with u > O° 5 annually, as outlined in section 9, 
and the data obtained are given in Table to, which is arranged similarly to Table 8 and 
needs no further explanation . In the present case, however, the proper motions used 
range in size from 0704 to 3768, and there would have been little point in averaging pa 
cos 6and ys for so heterogeneous a mixture; consequently, the determination of the solar 
apex has been omitted from the calculation, and only the directions toward the apices of 
the two drifts are given, together with the numbers of stars belonging to each drift. 

Effecting the same calculations as before, we find for the apices of the two drifts: 


Drift I: A = 96° + 2° Drift II: A = 250° + 12 


D=-g9 +2 D=—71°+ 4° 
The larger errors obtained this time need not surprise us, in view of the paucity of stars 
in some of the YL-regions, notably those nearest the equator, six of which contain fewer 
than ro stars. Considering this, the agreement with the values for the apices derived be- 
fore, for a// stars (in sec. 5) and for the stars with uw > o%5 annually (in sec. 11), appears 
satisfactory. 

Using the actual numbers of stars belonging to each of the drifts, as given in Table 10, 


9 [bid. 10 [hid., p. 183. 
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fifth and seventh columns, we find the totals 567 and 258, respectively, giving a ratio of 
0.69:0.31. Again it would seem fairer to use percentages throughout; these yield the 
values 0.63:0.37, corresponding to a ratio of 6:3.5, which is intermediate between the 
ratio found for all stars (6:4) and that for the stars with up > 05 (6:3). 


TABLE 10 
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ON THE THEORY OF THE ORIGIN OF THE PLANETS 





R. A. LYTTLETON 


ABSTRACT 

Criticism of the double-star hypothesis as a basis of the theory of the origin of the planets is considered. 
The dynamical criticisms urged by Luyten are shown to have arisen as a result of wholly inaccurate 
dynamical arguments given by him and by Hill. The mass of the planetary filament initially set free need 
not greatly exceed the mass of the present planets. The primitive planets did not necessarily retain the 
atmosphere-forming materials; these could escape to form a medium round the sun and be picked up 
subsequently. The assumptions of the theory must not be confused with the essential dynamical con- 
stants, such as the masses of the stars involved and their initial velocities. It is improbable that the 
older difficulties concerning angular momentum of the planets could be overcome by changing the laws 
of mechanics without at the same time introducing comparable alternative difficulty with regard to cer- 
tain of the satellite orbits. 

INTRODUCTION 

Early in 1936 the present writer put forward a new theory of the origin of the solar 
system.' The departure from previous ideas involved in this theory consisted in the 
notion that the angular momentum of the planets could be explained on the hypothesis 
that they had been formed from a companion star to the sun. A particular advantage of 
this suggestion was that it enabled many features of the already existing theory of Jeans 
and Jeffreys to be retained while at the same time resolving the angular-momentum 
difficulty drawn attention to by Russell. In my first paper examining this hypothesis 
the fact that considerable energy would be required to remove a mass equal to that of 
the planets from the surface of a star was overlooked. This omission, which was simply 
a survival from the former theories in which it had also been neglected, was pointed out 
by Luyten and Hill. Accordingly, it became necessary to rediscuss the hypothesis in 
the light of this new feature of the motion. This discussion was accordingly undertaken,” 
and it was shown that although the removal of the planets required about ten times the 
energy necessary to disrupt the binary suitable initial conditions could still be chosen. 
Moreover, such conditions are by no means limited to narrow ranges or to values that 
observation indicates as being in any way unsatisfactory. 

But in spite of all this the theory has continued to be subjected to adverse criticism 
of a peculiarly inapplicable kind, and the object of the present paper is to discuss the 
arguments that have been made and directed against the theory. They are contained 
in a number of articles by W. J. Luyten and E. L. Hill together’ and by Luyten sepa- 
rately.4 

To begin with, the present writer desires to make due acknowledgment of the necessity 
to take into account the point raised by Hill and Luyten concerning the energy required 
to remove the planets from the parent stars. The writer does not, however, regard the 
discussion of this question given by Hill and Luyten‘ as in reality establishing to the 
smallest degree the conclusions that are claimed in the papers and letters of these au- 
thors. Owing to the severe nature of some of the criticism and the far-reaching claims 
made in advancing it, more particularly by Luyten, the writer has felt it desirable to 
undertake in detail an examination of these criticisms. The various questions may be 
discussed under several headings. 


'M.N., 96, 550, 1936. 2 M.N., 98, 536, 1938. 
3 Observatory, 60, 109, 1937; Ap. J., 86, 470, 1937. 
4 Observatory, 61, 83, 1938; M.N., 99, 602, 1939; Observatory, 63, 72, 1940. 


SAp. J., 86, 470, 1937; M.N., 99, 602, 1930. 
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DYNAMICAL CRITICISMS 


1. The dynamical objection given greatest prominence by Luyten is to the effect 
that only 6 per cent of a filament linearly distributed between the parent-stars could 
escape from them and be available for capture by the sun. In answer to this contention 
(which happens to be false) it may be noticed that capture of the planets by the sun 
takes place only after the colliding stars have receded to a considerable distance so that 
the attraction of the sun becomes important. This would not happen until some ten 
years or more after the collision, and by then the planets would have condensed, while 
the 6 per cent of the region between the parent-stars would be several astronomical units, 
Thus, the 6 per cent can refer only to the region between these stars and not to the 
filament, and there would be no reason to suppose that the planets could not all lie in the 
6 per cent; it would obviously be unnecessary to regard the remaining 94 per cent as 
equally filled with planets. This can most readily be seen in the case of equal stars re- 
ceding from a single planet. The planet would remain at the center of mass of the system 
and occupy no more than a fraction of 1 per cent of the whole (linear) region between 
them. 

The foregoing remarks appear in themselves sufficient answer to Luyten’s claim, but 
in reality the assertion that only 6 per cent of the intermediate region can constitute a 
suitable location for capture of planets by the sun has arisen as a result of a fallacious 
dynamical argument. Their discussion begins by supposing that the parent stars sepa- 
rate with parabolic velocity, but these stars must have had at least slightly hyperbolic 
velocity. It is clear that the smaller the relative velocity of the parent-stars after col- 
lision, the smaller will be the extent of the region in which the planets must move, and 
hence a hyperbolic velocity could be introduced in any case to extend the available 
region. But, even if the assumption of parabolic velocity is allowed, the subsequent 
treatment is erroneous in almost every way. 

Briefly, Luyten and Hill consider B and C separating with parabolic velocity at a 
distance r apart and Qa particle of negligible mass at a distance ar from C in the line BC, 
the whole motion being confined to this line. The acceleration of Q is then B/(1 — a)?r’? 
toward B together with C /a?r? toward C, or C/a?r?{1 — (B/C) + [a?/(1 — a)*]} toward, 
Luyten and Hill maintain that this acceleration can be used as an approximate criterion 
for the behavior of Q relative to C. But in addition to the procedure’s being unsound, 
the above quantity is not even the acceleration of Q relative toC. Luyten and Hill have 
omitted the acceleration of C, which is B/r? toward Q. Thus, the acceleration of Q rela- 
tive to C is really as if it were attracted by a mass 


_f B a3(2— a) 
a ce Goa | 


situated at C, and this differs greatly from the value used by Luyten and Hill. But this 
is not the only mistake, for these authors proceed to compute the motion of Q as if a 
were constant, whereas it has been shown by the writer that there is only one value of a 
that can remain constant throughout the (parabolic) motion. 

On the other hand, in the case of hyperbolic motion the available region is not in 
reality subject to any such general limit as Luyten maintains. For consider B and C 
at the time when the action of the sun becomes important. Their distance apart, r, will 
be large, and they will be separating with (practically constant) hyperbolic velocity 2, 
say. A particle Q at small distance d from B will have velocity dv/r relative to B, on the 
usual assumption of linearly distributed velocity and, being affected almost solely by B, 
can escape from this star if (dv/r)? > 2B/d. The critical value of d is, therefore, 
(2Br?/v?)*/3, and although this distance tends to infinity with 7 it is seen that d/r tends 


6 Ap. J., 86, 479, 480, 1937. 
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to zero. Hence, the fraction of the linear region BC available as a suitable location for 
the planets may be regarded as tending to 100 per cent as the separation of B and C 
becomes large, provided only that v is not zero—the parabolic case. There is, accord- 
ingly, no basis whatever for the assertion by Hill and Luyten that only 6 per cent of 
the planets formed are available for capture. 

It is exceedingly important to understand this point, for Hill and Luyten have argued 
further from it. On the express assumption that their view is correct they contend that 
since the present planets have a mass, say, 0.0020, then the whole filament must have 
had a mass 0.002© X (100 per cent + 6 per cent) = 0.033©. Indeed, Luyten has esti- 
mated the initial mass of the filament to be as high as 0.045©.7 

From the foregoing remarks it is evident that it is not necessary to regard the mass of 
the filament as exceeding 0.003© at most, whereas Luyten has maintained that fifteen 
times this amount is essential. Nevertheless, the writer showed that even were as much 
as 0.009© required, a suitable encounter could readily be devised.’ Although it is un- 
necessary to investigate the matter in detail, it appears entirely possible that an en- 
counter could be set up that would supply enough energy to remove even 0.0450. 

2. In a paper in the Observatory,? appearing shortly after the one in this Journal,?° 
Luyten asserted that the crucial moment for capture of the planets by the sun would be 
when the filament first begins to condense, though no reason for this view was given.” 
As Luyten points out, this condensation would, of course, happen before the parent- 
stars had receded to any great distance, and it is evident that in reality the attraction 
of the sun at such time would be negligible. Luyten estimates the distance apart of the 
parent-stars as not more than o.1 astronomical unit, while the distance of the sun at this 
time would be several astronomical units. It is obviously absurd to suppose that the 
sun could capture the material at this stage. In his more recent paper? Luyten has now 
recognized that capture could not take place until the stars had separated to great dis- 
tance again, though he makes no explicit acknowledgment to my insistence on this point 
in the paper answering his earlier criticisms.” 

3. It has been further maintained by Luyten’s that the solar system presents a num- 
ber of dynamical indications that the system has been built up from within. In support 
of this he cites the following points: (a) the small eccentricities of the orbits of the 
planets, (6) the near parallelism of the sun’s axis to the angular momentum vector of the 
system, (c) the similarity between certain satellite systems and the planetary system, 
and (d) the gradual increase in the inclinations of the planes in which the satellites move, 
from Jupiter to Neptune. Let us consider, then, these points in turn. 

a) It is known that for intervals in excess of 10° years the eccentricities of the plane- 
tary orbits may deviate considerably from the present small values. The planetary 
theory is incapable of determining the values of the eccentricities over periods compa- 
rable with 107 years. This is so short compared with the age of our system that the present 

eccentricities cannot possibly be used as a guide to the original values. Even if high 
eccentricities rendered the system unstable, it would not invalidate the present theory 
of the origin of the planets, for the system would move to a stable configuration, which 
we believe involves small eccentricities. These possibilities concerning the past history 
of the system had already been explained by E. W. Brown," Jeffreys,’® and H. N. 
Russell'® before the appearance of Luyten’s letter in the Observatory in 1938. 


7M.N., 99, 694, 1939. 


§ M.N., 98, 538, 1938. t Observatory, 61, 83 (bottom), 1938. 
3 93 3 3 
960, 109, 1937. 12 M.N., 98, 538 (top), 1938. 
3 Pp 3 
1 86, 470, 1937. 13 Observatory, 61, 85, 1938. 


™4U.S. National Research Council, 5, 1931; and Brown and Shook, Planetary Theory, pp. 248, 249. 


'SM.N., 92, 887, 1932. © The Solar System and Its Origin (1935), Pp. 29. 
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b) This feature of the solar system is capable of being explained on the present theory 
For it is reasonable to suppose that any material that did not condense into planets and 
yet was retained by the sun would possess angular momentum closely parallel to the 
angular momentum of the planets. Accordingly, any of the material reabsorbed by the 
sun would bring angular momentum to the latter, and its axis of rotation would ap- 
proach that of the angular momentum of the medium. This explanation of the sun’s 
axis was given by Jeffreys."7 

c) The remarks under (a) indicate that no inferences concerning the origin of the 
system can be made from the present dynamical features. Thus, it may well be that 
the planetary configuration of small eccentricities and inclinations represents the only 
stable motion for a number of small bodies moving near a single mass. In this event it is 
not surprising that the satellite orbits show features similar to the planetary orbits. 

d) This suggestion is open to the same objection as those of (a) and (c). Owing to 
precession, the axis of rotation of a planet changes its direction in comparatively short 
periods. If the orbit of a planet were circular and undisturbed, the precession would take 
place in such a way that the axis of rotation of the planet would describe a circular cone 
about the perpendicular to the orbital plane. It is clear that changes in eccentricity and 
inclination taking place over very long intervals (107 years or more) would cause the 
direction of the rotation axis to undergo corresponding changes, and just as the present 
orbits cannot indicate the original ones, so the present axes of rotation of the planets can 
afford practically no indication of the original directions of the rotation axes. 

It is therefore seen that the features that Luyten has advanced as evidence of gradual 
internal formation of the system cannot in reality be regarded as any guide to the original 
state of the system. Owing to the great age of the solar system, the present dynamical 
features appear more to be the result of gradual internal dynamical and dissipative 
effects in bringing the system to a stable configuration, independent of its original form. 


OTHER CRITICISMS 


In a more recent paper Luyten’ has iterated his earlier attacks on the theory on the 
assumption that the dynamical arguments of his previous paper’ are sound. Accordingly, 
it will not be necessary to consider these points again, but a number of other remarks in 
this later paper by Luyten require some comment. 

Luyten has asserted categorically that the vector diagram of my first paper was incor- 
rect, whereas in fact this was not the case, for the diagram dealt with the situation en- 
visaged at the time. It is true that the energy required to liberate the planets was neg- 
lected in these first investigations, but Luyten has put this feature under a different head- 
ing in listing his objections. 

Several arguments of Luyten’s more recent paper’ do not seem to the writer to be of a 
type that can carry any weight in a scientific discussion. For example, section 1 (pp. 
692-93) contains a description of the motion that would enable the sun to capture the 
planets. The account itself is reasonable, apart from an invalid appeal to a probability 
argument, but Luyten simply concludes by stating that the motion ‘‘may be possible 
but it is evident that it is very improbable in any event.’’ Now this is clearly a statement 
that would apply to the motion of any body in the universe and does not constitute an 
argument at all. 

Continuing the discussion of the motion in section 2 (p. 694), Luyten points out that 
it is necessary for the sun and the planets to have roughly parallel motions for many 
years after the collision. This is correct, but it does not justify the statement that “this 
appears to be out of the question.” In view of the fact that the sun and planets are 
being acted on by similar forces and have similar velocities, the capture appears to be 
reasonable enough. For it is clear that if the sun had much greater velocity than the 


17 M.N., 89, 637, 1929. 
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planets, though in the same direction, capture would not occur and the sun would al- 
ways lie ahead of the planets and conversely if the planets had much greater velocity 
than the sun. Thus, somewhere between these two motions will be a range of motions in 
which the sun will be able to capture the planets. 

In section 3 of this paper Luyten discusses the original mass of the filament and con- 
tends that the present planets can constitute at most only 50 per cent of the captured 
mass originally available, owing to the fact that lighter elements, such as hydrogen, 
could not be retained at the high initial temperature of the filament. It is easy to see, 
however, that this argument is not conclusive. For, although most of the hydrogen, etc., 
would in all probability escape from the filament, such gases would not necessarily all 
escape from the sun, and some, at least, would remain to form a medium moving around 
it. Thus, the primitive planets would probably contain only the heavy materials, such 
as silicates and metals; but there is no reason to suppose that these bodies could not 
afterward pick up atmosphere-forming gases. Indeed, it now seems that any gravitating 
body moving through a gas will gradually acquire material,'* and this appears to be the 
most acceptable explanation of the huge atmospheric content of the great planets. 


THE ASSUMPTIONS OF THE THEORY 


A considerable amount of adverse criticism has recently centered round the so-called 
assumptions of the theory. The authors of these criticisms’? appear to be confused as to 
what constitutes an assumption in science, for they refer to what are in reality essential 
dynamical concepts as ad hoc assumptions. If it were at the present time possible to see 
three stars moving in such a way that a system of planets was produced, there would be 
no question of the particular motion seen being regarded as ‘‘improbable”’ or the result 
of ad hoc assumptions, even though an infinite variety of different motions are equally 
possible. All such motions can be resumed by the Newtonian equations, and the various 
paths appear through the constants of integration. But neither the number of bodies in- 
volved nor the constants arising through integration are assumptions of the theory, any 
more than the eccentricities of the planetary orbits are assumptions in the dynamical 
theory of planetary motions. These latter are inevitably quantities to be derived from 
observation. In just the same way in the explanation of solar eclipses it would obviously 
be absurd to argue that the moon could not be responsible, as it is so improbable that the 
moon should be at exactly the right distance from the earth. Such an argument mis- 
understands what the laws of dynamics mean. Thus, the number of stars involved in the 
theory of the origin of the solar system and their initial positions and velocities are 
quantities that must be regarded as having definite values, even though it is not possible 
to fix them precisely. For example, for the purposes of dynamics, the moon’s distance at 
any instant must be regarded as having a definite value, though it would still eclipse 
the sun even if this quantity had any value in a considerable permitted range. In the 
theory of the origin of the planets the idea of a collision can be introduced just because 
the equations of motion allow it to happen. Indeed, new ideas consist very largely of 
hitherto unnoticed combinations of the constants of integration. 

The actual assumptions of the theory, in the correct sense of the word, concern the 
results of the collision and the subsequent condensation of the filament. They are not 
due to the present writer. They were introduced by Jeans and Jeffreys and, naturally 
enough, constitute the most reasonable suggestions that could be made for the discussion 
of such complex matters. It is obviously difficult to give any detailed treatment of 
the actual collision, and some assumption as to what takes place cannot be avoided if 
the problem is to be discussed at all. That material will be removed seems undeniable, 
as is also the suggestion that rotation would be developed in the filament by turbulent 
motion during the collision. 


8 Proc. Cambridge Phil. Soc., 35 and 36, 1940. '9 Observatory, 63, 72, 75, 1940. 
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From the nature of the formation of the planets it is evident that they are created 
at or near the neutral point of the field of force of the two parent stars. Now, it is well] 
known that the motion of a body projected under circumstances such as these js 
extraordinarily sensitive to even the smallest changes in the initial conditions. Thus, a 
body projected from the surface of the sun with exactly the escape velocity will describe 
a parabola and escape, while a reduction or increase of the velocity by the slightest 
amount will result in two paths eventually differing from each other by an infinite 
amount. This feature of gravitational motion is, of course, very familiar to those 
acquainted with orbital questions. The difficulty is inherent in the motion and cannot be 
obviated by any mathematical device. It follows that no attempt to compute the orbit 
can be of much value, the whole range of motions being included in a comparatively 
small range of the values of the initial circumstances of projection of the planets. In the 
present problem the circumstances are even more unmanageable than this, for the two 
parent stars undergo a collision the actual effects of which cannot be accurately esti- 
mated, while, in addition, the stars would partake of strong tidal distortions and, more- 
over, the planets themselves would begin as a filament of gaseous material. Bearing all 
these features of the problem in mind, it becomes easy to see that any calculation would 
be so completely dependent on, and sensitive to, the initial conditions as to be utterly 
valueless. 

It has, of course, been long since recognized that the problem can be satisfactorily 
dealt with only by reference to the broader dynamical requirements of energy and angu- 
lar momentum, etc., and all previous investigators have adopted this plan. In spite of 
these unavoidable restrictions on the problem it is nevertheless clear that the conditions 
subsequent to the collision are such that the primitive planets can escape both parent- 
stars and be captured by the sun. For there will exist a triple infinity of possible orbits 
for a body through any point of space (corresponding to the velocity of projection at the 
point), and these paths range from orbits that imply capture by one parent-star to a 
series of similar orbits associated with the other parent-star. In between these two sets 
of paths there will exist trajectories passing through any point of space and having any 
desired velocity. In the present problem it is necessary that the primitive planets be 
captured by the sun. But there is no difficulty here, for it is evident that there must exist 
possible motions in which the planets are captured by the sun, even though such mo- 
tions represent only a small fraction of the permitted motions, just as some of the fila- 
ment may be captured by one of the parent-stars. To see that this is so we have only to 
consider the case of a hypothetical small body moving past a star like the sun, say. 
If the body divided into a very large number of independent fragments all moving with 
different velocities, some of the fragmentary particles obviously could be captured by the 
sun. This situation is similar to the problem of the initial planetary motion, except that 
in the latter case the question is complicated by the presence of two parent-stars in such 
a way that the initial distribution of velocities shortly after the collision is related in a 
complex and unascertainable way, as far as detail is concerned, with the velocities at the 
time when the sun’s attraction again becomes important. 


OTHER POINTS 


In his most recent letter to Observatory,'® Luyten claims that he has effectively demon- 
strated the dynamical untenability of the binary hypothesis, while in his paper in the 
Monthly Notices’ he suggested that ‘‘at least one case should be calculated by quadra- 
tures.”’ If the hypothesis had really been proved untenable, this latter procedure would 
clearly be unnecessary, as the result would be a foregone conclusion. The impression one 
gets from Luyten’s writings is that the fact that a suitable encounter would be likely to 
occur only at very infrequent intervals represents a continual stumbling block to his ac- 
ceptance of the theory. When one reflects on the number of stars in our galaxy and the 
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large number of galaxies available, there does not seem to be any serious objection to 
supposing that such an event as the one under discussion has occurred once. 

It may further be noticed that the imposing of restrictions on the initial conditions 
can in no way be regarded as undesirable; indeed, it is only through the appearance of 
such restrictions (the more, the better, if we are to ascertain how the system formed) that 
knowledge of the primitive nature of the system is to be obtained. The main advance 
made since the Jeans-Jeffreys theory is in the recognition that the sun can no longer be 
regarded as the parent-star. Progress with the problem has been surprisingly slow and 
many “obvious” errors and “‘simple”’ possibilities have in the past remained unnoticed 
for many years. In the writer’s opinion this has been largely due to the fact that the 
problem cannot be treated by detailed mathematical analysis, and, accordingly, it has 
been difficult to formulate simple yet adequate checks on the hypotheses that have been 
advanced. 

Some reference may be made to the question of the initial condensation of the planets. 
It has been fairly generally felt that greatest uncertainty in the theory attaches to this 
point, and the recent work of Spitzer®® raises considerable doubt as to whether the planets 
could condense from a filament initially at 10° degrees. Previous to this, however, the 
general situation with regard to this question represented vast improvement on the 
earlier form of the theory. In the first place, the parent-stars may well have been of 
lower average temperature than the sun, while, second, the smallest mass required 
to form would be of an order of that of Uranus as compared with that of Mercury in the 
older theory (a factor of 500); and, third, the present atmospheric materials may have 
been added subsequent to the formation of the primitive nuclei. Spitzer’s calculations 
show that there is, nevertheless, considerable difficulty in the theory at this stage. The 
physical factors involved are, however, very complex, and it is yet early to judge 
whether the investigation is of sufficient generality to permit us to regard the question 
as finally settled. It may, however, turn out that none of the factors omitted from the 
analysis of Spitzer’s paper will seriously alter the order of magnitude of the results ar- 
rived at, and it would then be necessary to modify the binary hypothesis in some way to 
overcome this difficulty. The present paper was written, however, mainly in order to 
dispose of the dynamical objections that had been made, and the preceding remarks are 
not intended as fully covering the issues arising from Spitzer’s investigations. 

It has already been seen that valid criticism of the theory cannot be made by argu- 
ments invoking the question of probability or improbability. The angular-momentum 
difficulty of the older theories, pointed out by Russell, represented, of course, a dy- 
namical inconsistency and as such rendered these theories unacceptable. In principle 
this was itself a probability argument and, as some writers have suggested, could be 
overcome by a revision of the laws of mechanics. The appropriate revision would in- 
volve laws implying that the angular momentum of a system does not remain constant 

but increases with the time. In order to be of any interest in the problem of forming the 
planets from the sun the rate of increase of an angular-momentum vector would have to 
be very great and would, in addition, result in serious difficulty concerning the existence 
of near-satellites of some of the great planets. For the angular-momentum discrepancy 
noticed by Russell would require a factor of 10 to be supplied during the age of the sys- 
tem, and this implies a factor of 100 in the mean distance of a planet from the sun. The 
same laws applied to the satellite system of Jupiter, for example, would lead to the im- 
possible requirement that some of these satellites moved originally at central distances 
less than the radius of the planet, for these satellites cannot be of recent origin. 

Last, it may be worth while to notice that dynamically the binary hypothesis is 
really in a strong position, for the theory can be developed from general considerations 
of the requirements in the following way. The fact that 98 per cent of the angular mo- 


2 Ap. J., 90, 675, 1939. 
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mentum is possessed by the major planets leads to the abandonment of the view that the | 
sun is the source of the planetary material. Since, however, the stars are the only known | 
objects in which matter is collected in bulk (and, moreover, in the right form, with 
heavier elements present), we are driven to regard the source of the planets as having 
been some other star. This leads naturally to the idea of a collision of two stars in the 
neighborhood of the sun, and the binary hypothesis is the more feasible suggestion as 
compared with the idea of an encounter of two entirely independent stars taking place 
near the sun. It must be remembered, however, that this latter possibility is an equally 
tenable starting-point for the formulation of a theory. 


CONCLUSION P 
We may conclude by summarizing the present position of the problem in the light of si 
the disposal in the foregoing pages of the basis of the dynamical criticisms urged at vari- : 
ous times. The hypothesis that the sun formerly possessed a companion moving at a 
distance comparable with that of the great planets clearly resolves the angular-mo- ir 
mentum requirements. The removal of the companion and the formation of the primi- fe 
tive planets can be achieved by means of a collisional encounter with a third star. The fe 
whole amount of matter removed from the stars need not greatly exceed the present 
mass of the planets, for it can nearly all remain to be captured by the sun owing to the q 
rT 


hyperbolic character of the motion of the parent-stars. The filamentary material would | 
certainly be endowed with rapid internal rotation owing to the turbulent nature of the 
motion during the collision. The question of the condensation of the filament into the 


primitive planets is not yet settled beyond doubt, but the present form of the theory P 
provides very considerable improvement on the situation that existed when the sun was ‘ 
thought to be the parent-star and all the planets were regarded as forming at the initial t 
stages of development. le 

It may doubtless be supposed that further changes and improvements will become . 


both necessary and possible as additional relevant astrophysical information comes to 
light. But in the meantime the present paper shows that the binary hypothesis may at 5 d 
least be regarded as sufficiently well established to serve as a basis for the considera- 

tion and formulation of future suggestions. 


CAMBRIDGE, ENGLAND 
May 1, 1940 















INTERSTELLAR LINE INTENSITIES AND THE DISTANCES 
OF THE B STARS 


JOHN W. EVANS 


ABSTRACT 


The relations between the intensities of the interstellar D and K lines and the distances of the O and B 
stars have been determined. Distances derived from the rotational-velocity displacements of the inter- 
stellar lines were used. The relations appear to be approximately linear and are represented by the formu- 
lae r = 2.38D and r = 3.00K. The mean error of an individual distance derived from either of these 
formulae is about 20 per cent. 

A separate study of the stars of large and small color excess confirmed previous conclusions by other 
investigators that there is no spatial relation between the interstellar atoms and the particles responsible 
for the photoelectric color excesses. 

A comparison of color excess with Joy’s coefficient of photographic absorption yielded a value of 7.9 


for the ratio Aph/E, in good agreement with the value 8.6 predicted by the A~' law of selective absorption. 

The dispersion in the absolute magnitudes of the O and B stars of a given spectral subdivision and line 
quality was estimated to be + 1™3, which corresponds to a mean error of a factor of nearly two in photo- 
metrically calculated distances. 


The accurate determination of the distances of individual O and B stars for which we 
now have accurate color excesses' is an important problem in the study of stellar dis- 
tribution. This paper presents the results of a purely empirical study of the usefulness of 
interstellar line intensities as a means for measuring distance. The theory of line absorp- 
tion has not been considered. It differs from most previous investigations of this prob- 
lem? 3 45° in that accurate, photometrically measured line intensities are calibrated by 
means of geometrically determined distances, free from the errors arising from uncer- 
tainties in space absorption and absolute magnitudes which are inherent in photometric 
distance measurements. 

For the sake of brevity and continuity in the discussion all definitions of symbols are 
collected below. 

NOTATIONS 


D 


0.5 (D; + D,), the averaged intensity of the interstellar sodium lines, 
in equivalent angstroms, 


K = intensity of the interstellar K line of calcium, 


r = distance of star in kiloparsecs, 

p = residual radial velocity (after removal of solar motion), 
/ = galactic longitude (Ohlsson’s table), 

b = galactic latitude, 


E = photoelectric color excess, 


E a 
€ = — = coefficient of color excess, 
r 


‘Stebbins, Huffer, and Whitford, Ap. J., 91, 20, 1940. 

7Struve, Ap. J., 67, 353, 1928. 

3 Plaskett and Pearce, Pub. Dom. Ap. Obs., 5, No. 3, 1933. 4 Williams, Ap. J., 83, 305, 1936. 
§ Merrill, Mt. W. Contr., No. 569, 1937; Ap. J., 86, 28, 1937. 

6 Sanford, Mt. W. Contr., No. 573, 1937; Ap. J., 86, 136, 1937. 
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A = general absorption, 

A — ‘ 
taal coefficient of general absorption, 


X = wave length of light. 


Unless otherwise specified, mean errors given for the various relations will refer to in- 
dividual stars. 

The observational data consist in the intensities and velocity displacements of the 
interstellar sodium and calcium lines in the spectra of the O and B stars given in Mount 
Wilson Contributions, Nos. 576 and 613, and photoelectric color excesses given in the 
recent catalogue of Stebbins, Huffer, and Whitford.’ 

The distances used in calibrating the intensities have been derived from the radial 
component of the galactic rotation of the interstellar material by the formula 


r = 0.125p csc 2(1 — 330°) kpc. (1) 


Radial velocities of the stars themselves have not been used, because the peculiar mo- 
tions are large (frequently leading to large negative values of 7), and the systematic 
group motions are difficult to allow for. 


EXPLANATION OF FIGURES 


Many of the results of this investigation are evident in the accompanying figures. 
These figures will first be discussed individually, and, later on, collectively. 

Figures 1 and 2 (128 and 87 stars, respectively).—Ordinates = r; abscissae = D and K, 
respectively. The stars were divided according to color excess as follows: small crosses 
stand for E < o™20; largecrossesstand fornormal points; small open circles for E > o™19; 
large open circles for normal points; triangles indicate that no color excess is available; 
filled circles represent normal points for all stars. All normal points represent regression of 
ron Dand K. The mean (r, D) and (r, K) relations, represented by the straight lines, are 


r = 2.38D + 0.84 (m.e.) , (2d) 
r = 3.00K + 0.84 (m.e.) . (2k) 
Stars for which csc 2 (J — 330°) > 2 or |b| > 22° have been excluded. Williams de- 


termined the (r, K) relation and found r = 2.7K. His distances depend upon proper 
motions and both stellar and interstellar rotational velocities. The agreement with 
equation (2k) is satisfactory, in view of possible systematic differences in the intensity 
scales. 

No evidence of blending of the stellar K line with the interstellar line in stars later 
than B2 was found. The algebraic mean residual of A for these stars is —0.014 €.a. 

The dotted curves in the figures represent the (7, D) and (r, A) relations found by 
Merrill5 and Sanford® from photometrically determined distances, uncorrected for space 
absorption. These distances depend upon mean absolute magnitudes which were derived 
without correction for absorption. The distances should, therefore, be generally correct 
except for the more remote stars. For these stars the computed distances will be too 
large because of the increasing absorption. The expected deviations are of the same type 
as those observed in the figures between Merrill’s and Sanford’s curves and the straight 
lines which depend upon rotational distances. 

Stars of large and small color excesses were plotted separately in order to detect any 
tendency for the interstellar sodium and calcium atoms to coincide spatially with the 
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interstellar particles responsible for selective absorption. If they do coincide, D and K 
should be larger in stars of large color excess than in stars of small color excess, and the 
circles in the figures should be systematically displaced to the right of the crosses. The 
normal points exhibit no such displacement in either figure. As a further check, the 
means of the algebraic intensity residuals, » = D — (r/2.38) and v = K — (r/3.00), 
were computed separately for each EF group. The mean residuals are given in Table tr. 

We may conclude that the distributions of the interstellar atoms and absorbing par- 
ticles are independent of each other and that the observed relations between line inten- 
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Fic. 1.—The relation between distance (ordinate) and D-line intensity (abscissa). Small circles, 
crosses, and triangles represent individual stars of large, small, and unknown color excesses, respectively. 
Large solid circles are normal points for all stars combined. Large open circles and crosses are normal 
points for the stars represented by the small circles and crosses. 

Fic. 2.—The relation between distance and the K-line intensity. The symbols are the same as those 
in Figure 1. 


sity and color excess (Figs. 4 and 5) must be due solely to a tendency for both to increase 
with the distance. Williams’ arrived at the same conclusion in his study of the K line. 
Figure 3 (65 stars).—Ordinates = K; abscissae = D. (Both lines measured in the 
spectrum of the same star.) Filled circles represent normal points (regression of K on 
D). 
The mean (KA, D) relation represented by the straight line is 


D = 1.36K +0.14 (m.e.) . (3) 


The result of combining equations (2d) and (2k) is D = 1.26K, which is in fairly 
close agreement with equation (3). Figure 3 is introduced to obtain an estimate of the 
dispersion in the line intensities for stars at a given distance. If it be assumed that the 
dispersions in D and K contribute equally to the combined mean error, +0.14, we find 


7Ap. J., 79, 280, 1934. 
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individual mean errors, op = ox = +0.09. Distances computed from line intensities 
should therefore have corresponding mean errors of +o0.21 and + 0.27 kpc, respectively, 

Figures 4 and 5 (176 and 126 stars).—Ordinates = E; abscissae = D and K. Stars 
divided according to galactic latitude as follows: open circles stand for |b| < 11°; 
crosses for |6| > 10°; filled circles represent normal points (regression of E on D and K) 


) 
































TABLE 1 
E<0.20 | E>o0.19 
_ AEE ee +0.014 e.a. —0.004 €.a. 
° CRN Set ee SNP erie +0.013 —0.067 
T T T T ' 
K © 
° 
8r 7 
° @ 
° ° 
6 ° ad 
°o ° ° © 
; 6 
4 Ss «6 © ° 4 
o 6 8 of 
©o° o ~ 
° 2, 00 
oO ° 
2+ is 4 
2% ° ° 
© 900 
° 
Ae ° 
So 
l 1 | n 1 
2 4 6 8 10 O 


Fic. 3.—The relation between the intensities of the K line (ordinate) and the D-line (abscissa). The 
large circles are normal points. 


depending only upon low-latitude stars. The mean (£, D) and (E, K) relations, represent- 
ed by the straight lines are 


E = 0.33D + o™10 (mee.) , (4d) 


0.42K + o™08 (m.e.) . (4k) 


‘ 
E 
E 


Figures similar to these have been published by Williams,’ Sanford,® Merrill and Wil- 
son,* and Stebbins, Huffer, and Whitford.” The mean coefficient of photoelectric color 
excess ¢€ is found at once by combining equations (4d) and (4k) with equations (2d) and 
(2k). The results for sodium and calcium are identical. 


e= = = 0.14 mag/kpc . (5) 


8 Mt. W. Contr., No. 582, 1938; Ap. J., 87, 9, 1938. 
9 Mt. W. Contr., No. 617, 1939; Ap. J., 90, 209, 1939. 
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Figure 6.—Ordinates = E; abscissae = r, the distance derived from rotational-veloc- 
ity displacements of the interstellar lines. The straight line represents the relation E = 
o.14r. The standard deviation from the line in units of color excess is 
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Fic. 4.—The relation between photoelectric color excess, E (ordinate), and D-line intensity (abscissa). 
Circles and crosses represent stars in low and high latitudes, respectively. The large circles are normal 


points for the low-latitude stars. 
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Fic. 5.—The relation between photoelectric color excess (ordinate) and K-line intensity (abscissa). 


The symbols are the same as those in Figure 4. 


THE ACCURACY OF LINE INTENSITY AS A MEASURE OF DISTANCE 


The large dispersion shown in Figures 1 and 2 and exemplified in the mean error 


+0.84 kpc for equations (2d) and (2k) is fully accounted for by the effect of the peculiar 
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motions of the interstellar material on r. The peculiar motions were estimated from the 
velocity displacements of the interstellar lines for 131 stars within 10° of the zeros of 
rotational velocity. The standard deviation from zero is + 5.4 km/sec, which should lead 
to a mean error of +0.68 csc 2 (1 — 330°) kpc in the computed distance r. The average 
value of csc 2 (J — 330°) for stars of Figures 1 and 2 is about 1.25. Hence, the expected 
mean error in r is +0.85 kpc. The fact that the observed mean errors in equations (2d) 
and (2k) are almost exactly equal to this value indicates that the dispersion in D and K 
for stars at a given distance is small compared with the errors introduced into the com- 
puted distances by the random motions of the interstellar medium. 

Confirmation is found in Figures 4, 5, and 6. The dispersion in the (£,r) relation 
(+0.14) is obviously greater than in the (£, D) and (E, K) relations (+0.10 and +0.08), 
The greater deviations in (E, 7) indicate that the dispersion in r must be much larger than 
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Fic. 6.—The relation between photoelectric color excess (ordinate) and distance (abscissa) derived 
from the rotational velocity displacements of the interstellar lines. 


the dispersion in the line intensities, because any small difference between these disper- 
sions would be completely swallowed up by the comparatively large spread in £ for stars 
at a given distance and could not be detected. 

The determination of the true dispersion in D and K for stars at a given distance is 
rather difficult. The mean error of +0.09 e.a. derived from the comparison of D with K 
in the spectra of the same stars (Fig. 3) amounts roughly to 20 per cent of their average 
value and is probably a minimum estimate. The true value, however, cannot be much 
larger, for it would in that case contribute substantially to the observed scatter in the 
(r, D) and (r, K) relations, which is already fully accounted for by the random motions 
in the interstellar medium. 

The dispersion in the line intensities was studied more directly from their spread with- 
in five groups of B stars, within each of which it is reasonable to assume that all members 
are at approximately equal distances. If so, differences in D and K within each group 
must be attributed to errors of measurement or to a real spread in the intensities. Three 
well-known groups in Cygnus, Perseus, and Orion were used, and the remaining two— 
in Auriga-Taurus and Sagittarius—were selected because their members exhibit very 
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uniform line intensities. The standard deviations from the group means, derived from a 
total of 74 stars, amount to about 17 per cent. 

It is interesting to note that the color excesses of the stars of the Cygnus group are 
systematically smaller than those in immediately surrounding regions and that the 
spread in line intensity is conspicuously greater than in any other group. These facts 
support the suggestion of several previous investigations” that here we see a part of a 
populous stratum of B stars through a hole in the absorbing material. 

The evidence presented thus far indicates that the standard deviation from the mean 
relation between the true distance and line intensity within a small group of stars is 
about 20 per cent. Large-scale deviations dependent on galactic latitude and longitude 
remain to be investigated. 

A study of stars in different latitudes showed no dependence of the observed (r, D) and 
(r, K) relations on 6. This does not mean, however, that there is no gradient perpendicu- 
lar to the galactic plane in the density of the interstellar material. The intensities and 
rotational-velocity displacements of the interstellar lines would both be affected by a 
negative gradient in the same sense, so that their ratio would remain practically constant 
within the latitude zones occupied by the O and B stars. 

A second attempt was made to evaluate the latitude effect by using stellar radial 
velocities, which are independent of interstellar density gradients. It failed, however, be- 
cause of the large peculiar motions of the stars. 

Until more data on high-latitude stars are available, the appropriate latitude correc- 
tion for distances derived from equations (2d) and (2k) cannot be determined, but it is 
improbable that the uncorrected distances are seriously in error at latitudes of less than 
ten or fifteen degrees. 

In order to study systematic longitude or regional variations in the distance-intensity 
relation, a large chart was made upon which the residuals v = 2.38D — r or v = 
3.00K — r were plotted in galactic co-ordinates. Regions in which the residuals were 
systematically positive or negative could then be selected and investigated separately. 
The algebraic mean of the residuals was calculated for each such regional group and com- 
pared with the standard deviation o for the mean of m stars. 

Only five groups were found in which the mean residual exceeds o. The residuals can 
be due either to abnormal interstellar velocities or to systematic deviations in the line 
intensities from the mean distance-intensity relations or to both. A comparison of the 
stellar velocities with the interstellar velocities gave the following facts: 

Groups 1 and 2 (Aquila-Vulpecula and Canis Major). The systematic effect in the 
residuals disappears when stellar velocities are used in computing the distances. There 
is no evidence of abnormal line intensities. 

Group 3 (Perseus). The stellar and interstellar velocities agree in giving a remarkably 
close distance-intensity relation, shown in Figure 7. (Open circles represent r computed 
from interstellar velocities; crosses are from stellar velocities.) Here ten of the thirty 
computed distances are negative. The systematic residuals are probably wholly attribut- 
able to the clearly abnormal velocities rather than to any abnormal intensities. 

Group 4 (Cygnus). The stellar velocities are certainly anomalous, ranging from — 45 
to +18 km/sec and leading to three large negative distances. It is not improbable that 
the interstellar velocities share this anomaly. The mean residual is only 1.50. There is 
no definite evidence of abnormal intensities. 

Group 5 (“ and x Persei). The stellar and interstellar velocities are in perfect agree- 
ment, giving r = 2.46 kpc, with a standard deviation of only 18 per cent. It appears 
probable that the systematic residuals are due to abnormally faint interstellar lines, 
which give a distance of 2.12 kpc. This is the only region where convincing evidence of 
systematic deviations from the mean distance-intensity relation was found. 


© Bok, The Distribution of the Stars in Space, p. 118, University of Chicago Press, 1937. 
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Although the evidence favors the hypothesis of an approximately uniform distribu- 
tion of the interstellar material, two other investigations which suggest exceptions should 
be mentioned. 

1. Beals" has found three stars with double interstellar lines. These remarkable ob- 
servations indicate distinct discontinuities in the interstellar velocities and suggest cor- 
responding discontinuities in distribution. 

2. Struve™ has found the K line systematically weaker than average in Cygnus and 
Perseus, and stronger in Cepheus and Auriga. The present investigation confirms his re- 
sults only in Perseus. Struve states, however, that he considers the reality of the devia- 
tions doubtful. 

The regions near the zeros of rotational velocity, where the rotational distances are 
indeterminate, have necessarily been omitted from this study. Theoretical considera- 
T T I tions suggest that the line intensities de- 
pend largely upon the rotational-velocity 
. gradient along the line of sight. If so, 
2.0 | the intensities at the rotational zeros 
° would obviously be highly unreliable as 
4 indices of distance. Investigations by 
x Beals,'3 Wilson and Merrill,'4 Sanford, 

a and Merrill’ have shown, however, that 
1.0- jo + galactic rotation plays, at most, a minor 
ee ° role in the formation of the interstellar 
- wi : 4+ lines and that there is no evidence of any 
noticeable change in the distance-inten- 
i sity relation at the zeros. It appears 
probable that there are no great depar- 
- tures from uniformity, though definite 

jf positive evidence is lacking. 
% rd 1 The results of the foregoing sections 
; indicate that the intensities of the in- 
“10+ ra terstellar D and K lines are probably the 
‘ ’ ' best available indices to the distances of 
e) = 4 6 8 DO individual O and B stars, with a mean 

Fic. 7.—The (r’, D) relation for group 3,atgalac- error of about 20 per cent. Distant stars 
tic longitudes between 105° and 135. Circles repre- in high latitudes may, however, require 
sent distances derived from interior velit; some correction, undetermined as. ye 

for the negative density gradient of 
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the interstellar material perpendicular to the galactic plane. - 


THE RATIO BETWEEN GENERAL AND SELECTIVE ABSORPTION 

It is clear from the scatter of the points in Figures 4 and 5 that any mean relation be- 
tween distance and space absorption is very unreliable in calculating the absorption for 
any single restricted region of the Milky Way. Equation (5), however, does enable us to 
estimate the ratio between general and selective absorption. 

The most reliable value of the mean coefficient of photographic absorption, a = 
o™85 /kpc, has been derived by Joy"’ froma study of the radial velocities of Cepheid varia- 
bles. Van Rhijn" has applied a correction for a selection effect favoring Cepheids of 

1 Ap. J., 87, 568, 1938. Ad. J., 99, 273; 1934. 13. M.N., 96, 661, 1936. 

14 Mt. W. Contr., No. 570, 1937; Ap. J., 86, 44, 1937. 

15 Mt. W. Contr., No. 607, 1939; Ap. J., 89, 356, 1939. 


© Groningen Pub., No. 47, 1936. 
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small absorption. He arrived at the value a = 1™1/kpc, which is adopted in the follow- 
ing discussion. 

The comparability of this value of a with e = o™14/kpe depends upon the similarity 
in distribution of the B stars and the Cepheids used in the determinations. The numbers 
of Cepheids and B stars within four zones of distance are given in Table 2. It is evident 
that the two groups of stars occupy very nearly the same regions of space, and the mean 
absorption for both should be approximately the same. 


TABLE 2 














r(Kpc) | 0-90.78 





0.78-1.12 I.12-1.75 1.75-2.60 
Cepheidsc cs. nics 35 | 33 34 26 
EP Stare:....< 2 ae 54 58 66 32 





The coefficients of absorption and color excess give, then, a/e = Apn/E = 7.9. The 
value of A,,/£ to be expected if we assume the absorption to be proportional to A is 
8.6, provided there is no nonselective absorption (which would increase the figure). The 
agreement of the observed and calculated values is satisfactory and definitely favors the 
assumption of no nonselective absorption. 


DISPERSION IN ABSOLUTE MAGNITUDES 


Although distances derived from interstellar lines are not suitable data for the deter- 
mination of mean absolute magnitudes because of a selection favoring the more luminous 
objects, they do permit an interesting estimate of the dispersion in the absolute mag- 
nitudes. 

The stars were divided into groups according to spectral subdivision and line quality. 
The mean absolute magnitude was computed for each group, with distances determined 
from line intensities, and visual magnitudes from Mount Wilson Contribution No. 576, 
corrected for absorption by means of the relation Ay;, = 7£ (derived from the A~ law). 
Standard deviations were then computed from the residuals in absolute magnitude with- 
in each group and were combined into three groups of the different line qualities. The 
results are listed in Table 3. 





TABLE 3 
| 
c Stars | Normal n Stars All Stars 
Cee ee were +1%) +1M3 +1M4 +1M3 
WRG oo 59 III 68 238 





There appears to be a tendency for the dispersion to increase as the lines become more 
nebulous, but no other systematic variation in the standard deviations was found. 

Strictly speaking, the values tabulated above are standard deviations in the distance 
moduli of the O and B stars and include, in addition to the dispersion in absolute mag- 
nitudes, errors which may possibly arise from the assumption that Ayis/# is a constant, 
for allstars. The variations in A,j.,/£ which would be required to affect the observed dis- 
persions appreciably, however, are unreasonably large, and it is probably safe to assume 
that the effect of the existing variations is insignificant. 

The mean error in the distances derived from distance moduli having a standard devia- 
tion of + 1™3 amounts toa factor of nearly two. Additional errors, however, may be intro- 
duced by uncertainties in absorption, if E is unknown, and by systematic errors in the 
assumed absolute magnitudes. 
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SUMMARY 


1. The relations between the distance of a star and the intensity of its interstellar lines 
are ry = 2.38D and r = 3.00K. The mean error of an individual determination is prob- 
ably about 20 per cent. 

2. The (r, D) and (r, A) relations appear to be uniform in all longitudes, with the possi- 
ble exception of longitudes of zero rotational velocities. Data were lacking for a study of 
deviations in high latitudes. 

3. The space distributions of interstellar atoms and absorbing material were found to 
be quite unrelated. 

4. The ratio of photographic absorption to photoelectric color excess is found to be 
7.9, in good agreement with the value 8.6 predicted by the \* law of absorption. 

5. The dispersion in the absolute magnitudes of O and B stars of a given spectral sub- 
division and line quality is +1“3. This corresponds to a mean error in distance of a fac- 
tor of nearly two. 


In conclusion, I wish to acknowledge the kindness of Drs. Stebbins, Huffer, and Whit- 
ford in permitting me to use their catalogue of photoelectric color excesses before its final 
publication. I am also indebted to Drs. B. J. Bok, P. W. Merrill, O. C. Wilson, J. L. 
Greenstein, and R. Trumpler for their helpful criticisms and comments during the course 
of this work. 
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THE TIME OF RELAXATION OF STELLAR SYSTEMS. I 
S. CHANDRASEKHAR 


ABSTRACT 


In this paper the problem of the time of relaxation of a stellar system is formulated de novo and solved 
from the point of view of the energies exchanged between stars during encounters. The method consists 
in evaluating the sum LAF? (where AF is the energy exchanged during a single encounter idealized as a 
two-body problem) for all possible encounters between an incident star having mass m, and a velocity 2, 
during its motion through other field stars and determining its rate of increase with time. In forming 
the sum LAF?, particular attention has been given to determining the manner in which the various 
parameters (seen to be five in number) defining an encounter enter into the problem. For a Gaussian 
distribution of the velocities v,; of the field stars the averaging over all the parameters defining an en- 
counter can be effected. We find that 

DAE? = 8aNG?mimiv,| G(x) loge (Dov?/Gmz) + g(%o, w)]dt , (i) 
where G is the constant of gravitation, m, the mass of a typical field star, D. the average distance be- 
tween the stars in the system, x, = hv, (h being the ‘modulus of precision”’ occurring in the distribution 


of the velocities v;), u = m,/m., and where G(x.) and g(%o, w) are certain functions of x) and u which are 
tabulated (Tables 2 and 4). The expression for the time of relaxation 7 is found to take the form 


3 
v2 


Nmi\ G(x.) loge [9.31 X 104Dov2/my| + g(xo, 





Te = 4.21 X 10” , years , (ii) 
u)} 


where m;, Do, v2, and N are expressed in the units solar mass, parsec, 20 km/sec, and number per cubic 
parsec, respectively. This formula for 7; is applied for the conditions prevailing in (1) the galaxy and 
(2) the globular clusters. In the former case we obtain a justification of the fundamental principle of 
stellar dynamics, namely, that each star can be regarded as a conservative dynamical system. In the 
latter case the times of relaxation are found to be of the order of 5 X 109 years, suggesting that conditions 
toward a rough equipartition of the energy must be far advanced. 


1. /ntroduction.—lIt is now generally agreed that the forces influencing the motions 
of the individual stars in a stellar system are essentially gravitational in character. In a 
general way it is clear that these forces arise, first, from the smoothed-out distribution 
of matter in the system and, secondly, from the effect of chance stellar encounters. The 
forces of the first kind are derivable from a gravitational potential B representing the 
smoothed-out distribution of matter in the system. This gravitational potential is a 
function of the space and time co-ordinates only. On the other hand, the forces of the 
second kind arise from the accidental encounters with the other stars which happen to 
be in the neighborhood of the star we are considering. More explicitly, the manner in 
which these two types of forces influence the motion of any particular star can be 
described as follows: Consider a star which is at the point (x, y, s) at some specified 
instant of time, ¢ = o (say). Without loss of generality we can suppose that at ¢ = o 
the star is not experiencing appreciably the effects of a chance stellar encounter. The 
instantaneous force acting on the star at ¢ = o will then be given in terms of the gravi- 

tational potential 8 of the smoothed-out distribution only. We can therefore write 
= —grad YB. (1) 

dt? 

The integration of the foregoing vector equation will uniquely determine a theoretical 
orbit for the star in terms of its position and velocity at time ¢ = o. Clearly, the star 
will follow this theoretical orbit only as long as stellar encounters have no appreciable 
influence. However, with the passage of time, stellar encounters will begin to have a 
cumulative effect and will tend to make the actual orbit of the star deviate more and 
more from the theoretical orbit. The question now arises: How long will it take for the 
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cumulative effect of stellar encounters to deviate the star so much from the orbit derived from 
(1) that it can no longer be described even approximately by this theoretical orbit? It is the 
estimation of this time that specifies the time of relaxation of a stellar system. 

It will be noticed that the general ideas underlying the estimation of the time of 
relaxation of a stellar system are most conveniently expressed in terms of the deviation 
of the orbit actually described by any particular star from a theoretical orbit derived 
from the gravitational potential B. However, the notion itself has a wider scope. Thus, 
according to equation (1), we have the integral 

1/2 * ° > Oy 
(2? + y? + 2) + B(x, y, 2, t) = SF dt + constant . (2) 


If B is explicitly independent of the time, equation (2) reduces to the energy integral in 
its standard form. In any event, we can regard the existence of the integral (2) as 
equivalent to our being able to consider each star in the system as an independent con- 
servative dynamical system. But this is true only as long as the effects of stellar en- 
counters can be neglected. We can therefore ask: How long will it take before the cumu- 
lative effect of stellar encounters prevents us from considering the stars as independent con- 
servative dynamical systems? Again, we can refer to this time as the time of relaxation 
of a stellar system. 

It is thus seen that the fundamental ideas underlying the problem of the time of 
relaxation of a stellar system can be formulated in one of two ways. In this paper we 
shall consider the problem from the point of view of the energies exchanged during 
stellar encounters. In the paper which follows this one (referred to in the sequel as 
‘“TT’’) the same problem is considered from the point of view of the deflections suffered 
by stars during such encounters. 

2. The formulation of the problem.—We now consider in somewhat greater detail the 
problem of quantitatively evaluating the time of relaxation from the point of view of the 
energy exchanged during stellar encounters. Let us suppose that the different encounters 
can be treated independently of others and that they can be regarded individually as 
two-body encounters." Under these circumstances each encounter will result in an ex- 
change of energy of amount AE. The actual amount of this energy transfer, AF, will 
depend on the initial circumstances defining the encounter (see § 3). The method now 
consists in evaluating the sum 

LAE? (3) 


for all possible encounters and determining its rate of increase with time. It now ap- 
pears that, when the root mean square of the energy exchanged in stellar encounters, 


V SAE?, becomes of the same order as the initial kinetic energy of the star, it will no 
longer be possible to assume even the approximate validity of the energy equation (2). 
It is clearly largely a matter of definition as to what we mean by the phrase ‘‘the same 
order as the initial kinetic energy of the star.’’ However, we shall define the time of 


relaxation, 7, as the time required for 
VYAE? (4) 


to become equal to the initial kinetic energy of the star.? 


1 The limitations introduced by this assumption are considered in § 4 (see also IT, § 10). 


2 The evaluation of the sum (4) as a means of estimating the time of relaxation is due to Karl Schwarz- 
schild (Seeliger Festschrift, p. 94, Berlin, 1924), though the method is generally attributed to Rosseland 
(M.N., 88, 208, 1928). A comparison of the results of Schwarzschild and Rosseland indicate funda- 
mental differences of a far-reaching character; and, while these differences are due to errors in both the 
investigations, the really serious ones occur in Rosseland’s paper (see n. 5 below). 
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3. The equations of the problem.—As we have already stated in § 2, we shall idealize 
each stellar encounter as a two-body problem. In describing such an encounter, it is, 
however, important to remember that we should always refer the physically relevant 
quantities to some appropriately chosen fixed frame of reference.3 Consider, then, the 
effect of encounters on a star of mass m, and having an initial velocity v, during its 
motion through other stars. Let m, and uv, denote the mass and the velocity of a typical 
field star. The parameters defining such an encounter are five in number. These are (i) 
‘the magnitude v, of the vector v,, (ii) the angle @ between the two vectors v, and v., 
(iii) the azimuthal angle ¢ referred to a system of co-ordinates the z-axis of which co- 
incides with the direction of v., (iv) the impact parameter D, and finally (v) the angle 
@ between the orbital plane and the fundamental plane containing the vectors v, and v2. 
For the sake of brevity we shall denote such an encounter by the symbol (2,, 8, g, D, 9). 
Now, according to the elementary theory of the two-body problem,‘ the velocity of the 
center of gravity V, remains constant during the encounter. Further, in the orbital plane 
each star describes a hyperbola about the other, and at the end of the encounter the 
direction of the relative velocity is deflected by an amount 7 — 2y (in the orbital plane), 
where 


I 
a ce 
\' * G?(m, + m,)? 


We shall now consider the exchange of energy AE which takes place between the two 
stars. By definition we have 





(5) 


cos Y = 





I 
V, = Fg (m,v, + m.v.) ; V = v, — U,. (6) 


From the relations (6) we readily find that 


mM, 


v, = V, ————— Y , 
: ot m; + m (7) 
According to equation (7), we have 
, mM, — mM, P ns 
v3 = Vit 2—— V,V cos® ———} V? 8 
. ot m +m, ° 7” (— + =| ; (8) 


where ® is the angle between V, and V (see II, Fig. 3 for the relations between the various 
angles). Similarly, at the end of the encounter we have 


ve = + 2 ee. VoV cos ®’ ~ (—t) V2 ; (9) 


m, + m, m, + m, 


3 The nonrecognition of this fact has led to several erroneous treatments of the problem (cf. IT; also 
n. 5 below). 


4 See, e.g., W. M. Smart, Stellar Dynamics, pp. 315-317, Cambridge, England, 1938. 
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where ®’ is the angle between V, and the relative velocity V’ at the end of the encounter, 
Further, v; refers to the velocity of the star at the end of the encounter. Hence, the 
change in energy AE suffered by the star as a result of the encounter is given by 


) 


AE = 3m,(v? — v 


Nn 


(10) 


mim, 


om, + m,; 





V,V (cos &’ — cos ®) . | 


Now, let 7 be the angle which the projection of V, on the orbital plane makes with V,. 
Further, let ¢ and ¢’ be the angles which V and V’ make with the projection of V, on 
the orbital plane. We then have 


cos ® = cos ¢ cos 1; cos ®’ = cos ¢’ cos i. (11) 


We can therefore re-write equation (10) in the form 








2 iM, 2. : : 
AE = ——— J,' (cos ¢ — cos ¢) cos, (12) 

m+m, ° ) 

or somewhat differently as 
, , 

: 2mm, .,,., . @+d . d-— . 
AE = — VV sin ———— sin ——— cos. (13) 

m, + m, 2 2 


On the other hand, we have (see IT, Fig. 3) 





¢ —o=1-— wy, (14) 
whence 
Mo+e)==-v+o; 3@'-o)=7-y¥. (15) 
Combining equations (13) and (15), we have 
AE = -2 —o V,V cos (@ — W) cosy cos17, (16) 


where y is related to the impact parameter D and V according to equation (5). 

We shall now obtain the expression for the number of (v,, 8, ¢, D, 0) encounters 
which take place in an interval of time df. Let V(v,, 6, ¢) be the number of field stars 
per unit volume with velocities in the range (v,, vy + dv,) and in directions confined by 
the element of solid angle sin @ d6dy. For a spherical distribution of velocities we can 
write 

N(0, 6, ¢)dv,d0dy = 4nNf(2,) vjd2, as ; (17) 








; a 
1 | 
| 


a 
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where JN is the total number of field stars per unit volume. Further, in equation (17) 
f(v:) stands for the frequency function defining the distribution of the velocities 2;: 
thus for a Maxwellian distribution of velocities we have 


3 
f(a) = EY em, (18) 


where / is a constant defining the dispersion of the velocities. The number of (2,, 8, 
y, D, 8) encounters which occur in time dé is accordingly given by 


€ 
N(0, 0, ¢)dv,d0d ¢ « = - 2tDdD + Vdt. (19) 


Consequently, the contribution of these encounters to the sum can be written as 
aac , — dO 
LAE’ (s,,0, ¢,D,0) = 207N (v1, 0, g)AE*V DdD — do,dOd pdt ; (20) 
27 


or, using (16), we have 


wee * nee eae m,m, 2 
LAF’ n,, é, ¢, D, 6) = Sr\ (v:, A, ¢) J A 3 EE Reena 
m, + m,; 


(21) 
X cos? 7 cos? (@ — WY) cos? YDdD “ dv,d6d gdt . 
T 


Our next problem is to integrate the foregoing expression over the relevant ranges 
of the various parameters D, 0, yg, 8, and v,. We shall now consider in turn the integra- 
tion over each of these variables. 

4. The integration over the impact parameter, D.—To integrate over D we shall intro- 
duce a change of variables. According to equation (5), we have 


_ G(m, + m.)? sin ¥ 
DdD = — aa ” oe dy. (22) 





Hence, we can re-write (21) as 
—e hoe eres Ss 
LAE’, 0, ¢.¥,0) = 8aN(01, 0, g)G?mim; T 


2 , cos’ (@ — wy) siny ,, dO, 
X cos? 7 ae dy = dv,d0d gdt ‘] 


(23) 





On integrating the foregoing expression over the relevant range of y we shall obtain 
the contribution to SAE? by all those encounters which we can denote by the symbol 
(v,, 8, ¢, 0). We thus have 


, ; ¥; 
LAE’, 0, ¢,0) = 84N (21, 0, ¢)G?mim; a 


err J cust (6 = 6) Se og OO saa 
cos y 27 


(24) 
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A consideration of the integral occurring in (24) introduces some new factors into the 
discussion. At first sight, it would appear that the appropriate limits for y are o and 
m/2 corresponding to the limits o and ~ for D. But, and this is the crucial point, the 
integral in (24) does not converge at Y = 1/2 except in the trivial case ¢ = 0.5 Further, 
it is readily seen that (except when ¢ = 0) the integral in (24) diverges logarithmically as 
y — 1/2. This divergence arises essentially from the improper use of the two-body 
approximation to describe distant encounters in a stellar system; for, the formula (16) 
for the energy exchanged between two stars involved in an encounter assumes them to 
be initially at an infinite distance from each other and to separate to an infinite distance 
after the encounter. Only then could we set for the deflection (7 — 2y) the angle be- 
tween the two asymptotes of the relative orbit given according to equation (5). We 
should therefore conclude that, in practice, a “‘second” encounter begins to be effective 
before the ‘‘first’’ can be regarded as completed in the strict sense. Hence, the use of 
the expression (5) for the angle between the two asymptotes overestimates the actual 
deflection. This difference between the actual deflection and the full (theoretical) 
amount (5) is clearly of no importance for ‘‘close encounters,”’ i.e., for encounters for 
which D is a fraction of the average distance D, between the stars in the system. How- 
ever, for encounters for which D becomes of the same order as J, the errors introduced 
by using the expression (16) for AE become increasingly serious. Thus, the divergence 
of the integral occurring in (24) as D— ~ and y > 2/2 must be attributed, first, to the 
general overestimation of the energy exchange AF given by (16) (which is of particular 
importance for distant encounters) and, secondly, to the increasing difficulty of describ- 
ing stellar encounters on a two-body idealization when the corresponding impact param- 
eters become of the same order as the average distance D, between the stars. On the 
other hand, if we arbitrarily disregard all encounters with impact parameters greater 
than a certain amount, we shall be ignoring the small but finite contributions to TAF? 
arising from these distant encounters. Consequently, by appropriately choosing an 
upper limit Dmax for the impact parameter D, we can compensate for the errors intro- 
duced by overestimating AE for encounters with D < Dyyax and by ignoring AE for en- 
counters with D > Dmax. In a general way it is clear that Dysx should be equal to D, 
within a factor 2 or 3. It would be difficult to estimate Diax more closely than this 
without going into a considerable amount of detailed calculations. However, it is seen 
that an error of a factor 2 or 3 in the chosen value of Dinax does not introduce any 
significant error in the final expression for the time of relaxation. This fortunate cir- 

5 It is readily verified that ¢ = o corresponds to v,/v7, = © (see IT, Fig. 3). Consequently, the only case 
in which the integral (24) converges is, from physical considerations, quite unimportant. But it is 
precisely this case, ¢ = 0, which has been considered by Rosseland (loc. cit.). Thus, Rosseland’s claim 
that the evaluation of the sum LAF? does not introduce any divergence when integrating over the whole 
possible range of the impact parameter (o < D ¢ ~@) is not substantiated. Rosseland’s statement, that 
the ‘‘unattractive feature’ associated with the divergence as D tends to infinity is eliminated when the 
squares of the contributions from independent encounters are compounded, appears therefore to be based 
on a misunderstanding of the true situation. On the other hand, Schwarzschild (like Rosseland) evalu- 
ated the sum LAF?, but he replaced cos? (¢ — W) (which occurs under the integral sign in [24]) by a con- 
stant value 3. Strictly speaking, Schwarzschild’s procedure is erroneous, but, nevertheless, he retains 
the essential feature of the problem, namely, the divergence of the integral. It is to this difference that 
attention was directed in n. 2, above. 

It should be emphasized here that the consideration of the convergence or the divergence of the 
integral in (24) is not a mere ‘‘academic”’ discussion; it is really the essence of the problem and has an 
important bearing on the validity or otherwise of the use of the two-body approximation to describe dis- 
tant encounters (cf. II, § 10). Actually, as we shall see, the correct treatment of the integral in (24) 
affects even the order of magnitude of the time of relaxation as evaluated by Rosseland. It is important 
to stress this point, as Rosseland’s results have been extensively used and quoted in the literature. 

It is of interest to recall in the present connection that the question of the energy exchanged during 
stellar encounters was first considered by Eddington (Stellar Movements, pp. 248-252, London: Macmil- 
lan, 1914). However, Eddington evaluates the exchange of energy in the frame of reference in which the 
center of gravity of the two stars is at rest. In this frame of reference the energy exchanged is identically 
zero, and the fact that Eddington obtains a finite result is due to an erroneous limiting process. 
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cumstance arises from the fact that the integral occurring in (24) diverges only log- 
arithmically as y — 2/2. We shall therefore assume that 


Doss =~ D. ° (25)° 


Again, for the values of D, which come under discussion in the treatment of actual 
stellar systems the maximum value of y differs so slightly for r/2 that we can put 
y = 7/2 in all terms except those which diverge at y = 7/2. 

According to our remarks in the preceding paragraph, we shall evaluate the integral 
in (24) between the limitso < y < y. and put y% = w/2 in all terms except those which 
diverge at Y = 2/2. In this manner we readily find that 


72 
Vo 





DAE*(,, 0,¢,0) = 84N (01, 0, ¢)G?mim? V cos? 7 
10 (26) 
X 13 cos? d + sin? ¢(—log cos Y — 3) + 2 sin 26 | dv,d0dgdt . 
T 
Using the relations (see IT, Fig. 2) 
cos @ cos 1 = cos ® ; sin @ cosi = sin ® cos O. (27) 
We can re-write equation (26) more conveniently as 
ee , es 
TAE* Ws, 0, v0) = 8aN(01, 0, v)G?mim? T 
( D2V4 | 
x [3 cos? b+ = log (: + Ge) —1 | sin? ® cos? 0 (28) 
, 10 
+ * sin 24 cos 0| dv,d6de¢dt . 
4 27 





5. The integration over the inclination of the orbital plane—The integration of (28) 
over the inclination of the orbital plane to the fundamental plane is simple. We readily 
find that 


TAE' ws, 6, ») = 8xN(0:, 0, ¢) G?mim3 i 
D?V4 — ] sin? pm lv dd dt aS 
G?(m, + m2)? )o ies) 





x E cos? @ + Eh oe (: + 
4 | 
6. Some auxiliary formulae.—The quantities V,, V, and ® which occur in equation 
(29) are all determined by 2,, v2, and @. We shall now obtain the explicit form of these 
relations. 
From our definitions of the vectors V, and V we directly obtain the formulae 


. I ae as 
V2 = —— (mivi + m3v} + 2m,m22;02 Cos 8) (30) 


¢~ (m, + m.)? 


6 This assumption is further discussed in IT, § ro. 
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and 


+ v2 — 20,22 cos 6. 


> 


i) 


V2=9 


On the other hand, since (cf. eq. [7]) 


Me 
v, = V,—-—"_YV, 


m, + m, 


we have 





s - mM, ten Mr _ ee 
v2 = V2 — 2 ——— J ,V cos#+ ile 
: . m+m, ° m, + m, 


or, using equations (30) and (31), we readily obtain 


mM, mM, 
2 —— V,V cos ® = 2 ————— [m,v3 — mv? 2;0,(m; — m.) cos 6]. 
m, + m2 (m, + my | " te a ) | 
Hence, 


m,v02 — mY; + v,v,(m, — m, 2) cos 6 





os) = — -- 
V (m?20? my? re 2M,M22;02 COS A)(v7 + oe 20,V2 COS 6) 


From the foregoing relation we find 


Or02(m + m.) sin 2 



































sin ® = sane : 
V (m?20? + m3v2 + 2m,mM22,22 COS 8) \(v? + 7? - — 20,7, COS 8) 
Combining equations (30), (31), (35), and (36), we obtain 
‘ie a I [m,v2 — m,v? + Soe: — mz.) cos 6}? 
V (m, + m.)? (vi + v 20;0, Cos 8)3/2 
Vo more sin? 6 
= V;U; : m= : . 
V ""? (v2 + v2 — 22,02 cos 6)3/ 
D2V4 D2(v2 + v2 — 22,02 cos 6)? 
log I + . 0 = log I + o\ “1 me —— ) ? 
G?(m, + m,)? G?(m, + m,)? 
We can now re-write equation (29) in the form 
LAE’ o,, 0, ¢) = 84N (2, 6, p)G?mim3 — 
2(m, + m,)? 
x [m.v2 — m,v? + 2,v,(m, — m2) cos 6]? ices sin? 6 
vv. 
(v2? + v3 — 22:72 cos 0)3/ aut? (92 + v2 — 20,02 cos 6)3/2 


x {log (: 4. Dolo + 9% =; 20,2, cos 8)? ‘a aee | dv,d0dgdt . 
\ ) 


G?(m, + m, 2 


(31) 


(32) 


(33) 


(3 6) 


| 
| 
(38) 
| 
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7. The integration over the angles 6 and ¢ for a spherical distribution of the velocities 
of the field stars.—To effect the integration of equation (38) over the angles 6 and g we 
need to know the explicit form of the function V(v,, 6, g). For a spherical distribution 
of the velocities we can write (cf. eq. [17]) 


N(a, 0, y)dv,d0dp = 4nxNf(v,) 03d, r sin 6déd¢ . (39) 
tg 


For a Schwarzschild ellipsoidal distribution of the velocities the form of the function 
N(v,, 8, ¢) is somewhat more complicated and will depend on the directions of the princi- 
pal axes of the velocity ellipsoid. It would be entirely feasible to write down the form 
of NV(v,, 6, g) under these more general circumstances and thus take into account the 
phenomenon of star streaming in our analysis of stellar encounters. We shall not, how- 
ever, do this but shall restrict ourselves in this paper to the simpler case of a spherical 
distribution of velocities. We can then write 


: — ; 
N(v,, 0, ¢) = — N(v:) sin 6, (40) 
41 
where we have used N(v,) to denote 


N(v;:) = 4aNf(0;)2? . (41) 


With the foregoing form for V(v,, 0, ¢) the integration of (38) over ¢ is immediate. We 
find 














I 
DAE? 9) = 8rN(0,)G?2m?2m2| ——————— 
waa ) 71 a(m, + m,)? 
[m,v2 — m,v? + 2,7,(m, — m.) cos 6]? sin 6 eee sin3 6 
Xx : : + 40102 . 7» (42) 
(v2 + v2 — 22,2. cos 6)3 (vi + 03 — 20:02 cos 8)% 
D2(v? + v3 — 20,22 cos 6)? } 
xX (log {1 + — —— . — 1) | dv,dédt. 
\ S G?(m, + m,)? j ‘ 


The integration over 6 can now be effected. We have 














DAEs, = 84N(2:)G?mimi(J, — J. + J;)dr,dt, (43) 
where 
I ™[m,02 — m,v? + 2,0.(m, — m2) cos 6)? . ) 
j,==— : . =~ sin 6d6, 
4(m, + m,)? Jo (v? + v2 — 20,2, cos 6)3/ 
. sin} 0d0 
J, = 4020? ; ; 
see? J, (v? + v2 — 29,0, cos 6)3/2 (44) 
es sin3 6 D2(v? + v3 — 22:22 cos 6)? 
= $0103 - - log {1 + = dé. 
o (v2 + v2 — 22,0, cos 6)3” G?(m, + m.)? } 
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The evaluation of the integrals J, and J, is elementary but somewhat tedious. We find 








that 
I 2.2 > F “ 
J, = rT Ae, eh [3203 — (2m? + 2m,m, — m?)v3| (v, >), | 
( (45) 
I ° > 5 . * 
~ 6(m, + m,)?0, [3miv; — (2m; + 2mm, — m:)?;] (vz < 2) | 
and 
10; S ) 
eel 9 (v2 2 %) 5 | 
“2 
f (46) 
I v3 re 
ee (1 <a). | 
6) vy } 


The evaluation of the integral J, is somewhat more difficult. Since integrals of this 
form are found to be of frequent occurrence in problems of stellar encounters, we shall 
briefly outline the method of evaluating such integrals. Introducing the new variable y 
defined by 











y? = vi + 02 — 22,2, cos 0, (47) 
we find that J; reduces to 
I Va(a — y?)(yv? — B) 
eer =f _ es ~ - log (1 + q’y')dy, (48) 
5212 V/h y 
where 
D, ( ) 
=F art we ( 
q G(m, + m,) 49 
and 
a=(%+)?; b=(%2—%)?. (50) 


We verify that equation (48) is equivalent to 





5 dyLy 


Va ‘ 
jp -f = | F dda = | log (1 + q?y)dy (51) 
Vv 


or, after an integration by parts, to 














I ab acd ; Va 
Fi Doacocped berate # (a + b)y — 393] log (1 + qg’y’) | 
ee Va a (52) 
-£f a , i 1 6 I ‘ 
80,0, f [aby? + (a + d)y ay i+ ¢y dy ‘| 








) 


3) 


9) 


0) 
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After some further reductions we have 











J, = "ot [a'/*(b + $a) log (1 + q’a*) — b¥*(a + 4b) log (1 + 9°b*)] 
I 8 2 /2 1/2f1/2 1/2 1/2 
+ 5 [8(6¥* — a) + a*b¥"(a¥ — BY) (53) 
I V4 (abg? + 3)y? — (a + b) ] 
~ 8v,0. J. 1+ gy ai 
ake WE 





On the other hand, we have the elementary integrals 
rdy I j 2 — V0 ) I V oq fi 
iF a am =— log a ; qy + + 2 tan™ asec A ; 
I+ Qy 4Vv2 q3/ qy + V2aqy + 1 sea tea 
i 


Vv 
; + 2 tan“ Ri. a : 
qv — Vay! a ora 

















dy I gv t+ Voqgyt1 
== — | log == 
JIt+Gy 4v2 qi 











Hence, our expression for J, becomes 


I 





J; = ——|a'’7(b + 4a) log (1 + qa’) — 6Y*(a + 36) log (1 + q0’)] 


167,22 
: 8 ( 3/2 3/2 1/2f1/2( 71/2 1/2 I 

; [8(b3/2 — a3/2) + a¥/2h'/2(q'/2 — b¥/2)] — ——-——— 

$2,22 . 32VvV 2 qs 2,02 


(qa — V 2ga + 1)(qb + V 2qb + 1) > (55) 














x | {Ca + 1)(bg + 1) — 3} log - ; b 
q )(bq ) Bs (ga + V 2ga + 1)(gb — V agb 3) 
- / : / aah \ 
‘uid a Pa oe et. Ms = 
+ 2{(ag — 1)(bg — 1) — 3} tan a tan = qb} ; 


The foregoing expression for J, is much too complicated to be of any practical value. 
However, a circumstance which we have so far ignored introduces an essential simpli- 
fication: Now q is of the dimensions (velocity)~?, and we find that 


Do 


ee... Ee ae _(D,/parsec) _ I 
dna G(m, + m,) ae 


4 a % = cosas iiniblatabaiaiian 
adie [(m, + m.)/©] [10 km/sec]? ° 


(56) 


Consequently, ga and gb are both generally of the order 104 — 105, An exception, how- 
ever, arises when v, = 2,, in which case 6 = o and gb = o. On the other hand, for gd 
to become of the order unity, 7; and v, must differ from each other by an extremely small 
amount. Thus, according to (56), 


gb—™ 1 when V2 — 1, 0.1 km/sec. 5 
Y 57 


In other words, at 7, = v, we have a phenomenon analogous to a sharp resonance. But 
as v, begins to differ appreciably from 2,, gb rapidly increases and becomes of the order 
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of 100 or more already when v, — v7, ~ 1 km/sec. Thus, in general, we can expand the 
quantities in the last of the three square brackets in (55) in powers of ( V qa) or (Vqb)— 
and neglect all terms of order higher than the first. We then find that 








al [e-em 
= a/2b'/2(q'/2 — §'/2) , (58) 
32V 2 g°/7 0,02 82,02 


and this cancels the term a'/*b'/?(a'/? — b'/?) in the second square bracket in (55). When, 
however, v7, = 2; and gb = 0, the last square bracket in (55) becomes 


I qa — V2qa +1 V 2qa 
— ——— | (aq + 3) log — ee pe: i 
: 3/29, 02 ga+ V2ga+1 ae Sen I— gaj’ (59) 








and this vanishes to the first order. But when 6 = 0, the term a'/2b'/2(a'/? — 6'/2) also 
vanishes. Hence, to a sufficient degree of accuracy we can write quite generally that 


J;= Pa — [a’*(b + 3a) log (1 + q?a?) — b'7(a + 30) log (1 + q’b’)] 
TOUV,;V2 ; (60) 
+ — (bh? = @”).| 


QU102 





We can simplify the foregoing expression still further. Since ga and gb are both gen- 
erally very large compared to unity, we can write 


log (1 + q’a*) & 2 log qa, 
(61) 


log (1 + q’b?) = 2 log gb. 


But the term log gb diverges logarithmically to — © as v, > 2,. However, in view of 
(57) we need not distinguish between 6’? log (1 + qb?) and 6'? log qb’, particularly as 
both these expressions predict the correct limiting values. The errors introduced by 
this procedure are entirely negligible under all circumstances which aré likely to be of 
any interest. We thus have 


; I 
“a 80,9, 





[a'/7(b + 3a) log ga — b'/*(a + 46) log gb] + a NNT an 7). (62) 
OU; V2 


Substituting now for a and 6 according to (49), we obtain 


~— [(v3 + v3) log q(v: + 02)? — (v3 — v}) log q(v. — 2)?] 
62,22 \ (63) 


I , 
[(v. ae v,)3 _ (Vv, + v;)3| (2, 2 v:) | 


J, = 








QU1V2 











8) 


SO 


of 
as 
by 
of 
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[(v3 + v3) log g(a + 2:)? — (v3 — 03) log g(a — 22)? 


—[(v, — v3 — (1 +0)3] (v2 < 0); 
QU,V2 





+ 


or after some further rearrangements of the terms we finally have 


S) 


Vv 


























: : - v3 V2 + 2, ‘- 207 
J, = log q(v3 — v7) + log ~- it, = (v2 2%) (65) 
322 3%: = 0; Qv2 
and 
92 ’ : a2 9) of 9) e 22 
J, = — log q(v? — v?) + — log —“— — 3x, — (v2 £ 1). (66) 
3 Vy ‘ 3 V2 V1 =e V2 9 Vy 


Again, combining equations (46), (65), and (66), we have 




















> 3 , 
vy . 6 v3 2+ v2 ) 
J, — Ja = 2 log ole? — 0) + 2 beg + J | 
. 302 301 %— Us 182, ’ | (6 ) 
or 7 
2 a2 %z% +0 2 
U3 ee > Cy Ur V2 2 702 
Fe — A 3 = log ¢ yz — v3) oo log i wi a son 
3 ” 3 V1 g q( I 2 3 V2 g V1 — V2 341 182, ’ | 


according as v7, 2 2, or v2 < 2;. In order to write our final expression for TAE}, in the 
most convenient form, we shall introduce two further quantities. Let 


cs) 


my, 
a= ° = . é (68) 


<2 | 


Equation (45) for J; can now be written in the form 








J, = (C, — C,e*)e, (a < 1) 7 
S ; (69) 
= (Cia — C,a")0, (a 2 1),] 
where 
'& = a &: 2+ 4-H 
: 2(1 + pw)?’ ; 6(1 + yu)? 7 | 
, (70) 
oe Ca wT mT | 
‘21 + p)?’ ; Or +4)? °J 


Again, equation (67) for J; — J, becomes 


{ \ ) 
J; — J: = 5 3a? log nee giv; + Q(a) } 2: (a <1), | 
" ‘ (71) 
I mM : | | 
= ( — log ——_ qv” ) > Y, a 
aa ee lia! J 
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where 
dD, m bead 
7 ; = 72 
1 Gm, d i I+ yp ’ 
and 
I I ‘ . , 
O(a) = 3a? log (1 — a?) + — log es... ga? — § aes 
3a Ie | 
ro r (73) 
I a 2 
= =, log (a! — 1) + $e bog 2 - a 2 a). | 
Hence, according to equations (43), (69), and (71), we finally have 
( [3a log q.v3 + S(a, »)] le < s)y1 
LAE}, = 84N(0,)G?mimjo.dv,dt X <7 , (74) 
E log giv; + S(a, pu) (e243). 
3a 
where 
C,- JC: + § log (x + 2) a’ (a < pie 
' rv 
S(a, uw) = Q(a) + (75) 
Ca — [Cr +4 tog (1 + *) a (a 2 2h, 
m 
We may note that when a = 1 we have 
; Lis =o 1 4u 19 
; = —( —— ———— — 7( 
S(1, w) (25+) + 3 mM oe 7 (76) 
Also, at a = o we have 
ee en a rs (77) 
n > KM I (1 re u)? ° ie 


The function S(a, ) for different values of a and uw are tabulated in Table 1. It is 
seen that this function has a sharp minimum at a = 1.’ 

8. The integration over the velocities v;.—In § 7 we have evaluated the contribution to 
LAE? by all encounters in which the field stars have some prescribed value of v,. How- 
ever, in carrying out the integrations over 6 and ¢ it was further assumed that the 
distribution of the velocities of the field stars is a spherical one. In order now to average 
over the velocities of the field stars we need to know the form of the function V(v,). Here 
we meet certain difficulties of principle. Strictly speaking, the problem of the time of 
relaxation of a stellar system is also the problem of determining the rate of approach of 
the system toward some kind of ‘“thermal’’ equilibrium. Consequently, there exist no 
a priori considerations (apart from the present ones) which would suggest a particular 
form for N(v,). Indeed, we should rather expect that a correct statistical theory of 
stellar encounters would itself lead to a definite form for V(v,). There is, however, no 
formal difficulty in our present connection, since for any prescribed form for \(0,) the 
necessary integration of equation (74) can be carried out by using the table of the func- 


7 Actually the function has a discontinuous derivative at this point. 
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tion S(a, u). In a general way we are now primarily interested to find the effect of a 
distribution of velocities 1, on YAK;, and to remove the arbitrariness of using a par- 


TABLE 1 









































S (a, ») 
“ 
a 

0.125 0.25 0.5 I 2 4 8 oo 
os ere +0.3951] +0.320 | +0.2222} +0.125 | +0.0556| +0.020 | +0.0062 0.0 
Se ...-| 0.3831] +0.3103} +0.2148} +0.1198] +0.0521] +0.0180] +0.0050 0.0 
0.125. +0 .3764} +0.3049] +0.2107| +0.1168} +0.0502} +-0.0168} --0.0044] —0o.0001 
O.1§: +0.3681} +0.2982] +0.2055| +0.1131| +0.0478} +0.0154] +0.0036] —o.0001 
0.20. +0.3470| +0.2811} +0.1924| +0.1038} +0.0417} +0.0116} +0.0014] —0.0003 
0.25 +0.3197| +0.2590} +0.1754| +0.0915} +0.0336| -+-0.0066] —0.0016] —o.0008 
0.30.........] -0.2860] +-0.2316) +0.1543} +0.0763| +0.0234] --0.0002] —0.0055] —0.0017 
Bs wo eal +0.2457} +0.198 9} +0.1289] +0.0578] +0.0109] —0.0078} —o.0106] —0.0031 
0.40 +0.1987| +0.1605} +0.0989} +0.0359| —0.0041| —0.0176| —0.0171| —0.0054 
0.45 +0.1446} +0.1161} +0.0642| +0.0103} —0.0219] —0.0296] —0.0252| —o.0089 
0.50 +0.0829} +0.0654| +0.0243} —0.0195| —0.0429] —0.0441] —0.0354] —0.0138 
O. S52. +0.0134} +0.0080) —0.0213| —0.0538} —0.0676] —o.0615} —0.0482| —0.0207 
0.60. —o.0646| —o 0568) —0.0730} —0.0932] —0.0965| —o0.0824] —0.0639] —0.030I 
0.65.. : —0o.1518} —0.1296} —o.1317} —0.1386] —0.1303} —o.1076] —0.0835| —0.0427 
0.70.........| —0.2492| —o.2115| —o.1982| —o.1907 —0.1700| —0.1380} —0.1079] —0.0595 
ee ..| —0.3580] —0.3036) —o0.2739] —o.2508] —o.2169] —0.1749] —0.1382] —0.0818 
0.50... —9o 1300) —9 4077| —0o.3605| —0o.3209| —0.2726] —0o.2200}) —o.1764] —O.1113 
0.85 —=© 6178) —© 5206} —0o.4607| —0.4034) —0.3400| —0.2760] —0.2250} —0.1507 
0.90 | —o.7761| —0.6647| —0.578u| —o.5029] —0.4235| —0.3474] —0. 2885] —o0. 2045 
0.95 | —o 9640! —O 8313} —0o.7246| —0.6288} —0.5323]} —0.4435| —0.3763| —o. 2821 
0.075 | —1.0767| —0.9329) —0.8153] —0.7093| —0.6039| —0.5085| —0.4370] —0.3373 
1.00 | —1.2251| —1.0699| —0.9412| —o.8245]| —o.7101| —o.6078] —0.5319] —0.4268 
1.05 | —1.0297| —o 8806] —0.7545| —0.6366] —o.5182| —o.4112| —0O.3316] —o.2212 
1.10 | —o 9045} —0.7612| —0.6373| —o.5180] —0.3954] —o.2838} —o.2005| —0.0849 
ep | —o.8066| —0.6678} —o0.5458] —o0.4249] —o.2982]| —o.1819] —0.0948] +0.0261 
1.20 | —o.7252| —o. 5909} —0.4705| —o. 3478} —0.2169| —o.0958} —o.0050| +0.1211 
r.25 | —0.6560} —0.5257| —0.4066] —o. 2821] —o.1468] —o0.0210] +0.0735| +0. 2048 
I. 30 Ee 5961] —0.4694| —0.3515| —0.2249] —0.0853| +0.0453] +0.1435| +o. 2801 
1.40 | —0.4971| —0.3768} —o.2605| —o.1295| +0.0189] +0.1589] +0.2647] -+0.4117 
1.50 | —0.4185| —o. 3036} —o.1881] —0.0525| +0.1048} +0.2545| +0.3677| +0.5252 
1.60 | =o5 35451 —e 2441 —o.1289] +0.0117} +0.1780] +0.3372] +0.4579] +0.6259 
1.70 | —0.3015| —0.1949] —0.0796} +0.0662 +0.2416} +0.4105| +0.5386} +0.7171 
1.80 | —0.2569] —0.1535| —0.0377| +0.1135|} +0.2980| +0.4765| +0.6121| +-o.8011 
1.go.. | —0O.2190} —0.1184)| —0.0017} +0.1551| +0.3488] +0.5370] +0.6800] +0.8795 
2:06. «.. | —0.1864) —o 0881} +0.0296] +0.1921] +0.3952] +0.5930] +0.7435] +0.9535 
2.26. | —O.1223] —0.0284| +0.0930} +0.2703| +0.4967} +-0.7186} +0.8879] +1.1241 
2.50 | —0.0756| +0.0155| +0.1417| +0.3342| +0.5841] +0.8303] +1.0183] +1.2807 
2.95 | —o.0404| +0.0490| +0.1807] +0.3888] +0.6624] +0.9329] +1.1397| +1.4283 
3.00 | —0.0132| +0.0754] +0.2131| +0.4372| +0.7346] +1.0294] +1.2549] +1.5698 
4.00 | +0.0514] +0.1421| +0.3076} +0.5972] +0.9904| +1.3826] +1.6831] +2.1029 
5.00 | +o 0829] +0.1803] +0.3768} +0.7334| +1.2230| +1.7128 2.0882] +2.6130 
6.00 | -+o.1011| +0.2076} +0.4365| +0.8610] +1.4472] +2.0346] +2.4852] +3.1148 
8.00 | +o0.1217} +0.2500] +0.5461| +1.1076| +1.8875| +2.6703] +3.2709] +4.1104 
10.00 F | +o 1340) +0.2870} +0.6519} +1.3510 2.3250] +3.3032] +4.0539 5.1033 








ticular value of v;. For this purpose a Gaussian distribution of the velocities of the field 
stars is likely to be adequate. We shall therefore assume that (cf. eq. [18]) 


N(2;)dv, = ae Ne~**iv2dv (78) 
I I V3 I I) 
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where N is the number of stars per unit volume. In terms of a we have 


3 
N(v,)dv, = = Ne~ ada , (79) 


Vir 


where we have used x 


Xo = hr.. (80) 


Thus, x, is a measure of the velocity of the incident star in units of the mean velocity 


of the field stars. 
According to equations (74) and (79), we now have 





TAR’ = SxNG'mimie| G(x.) log : x2 + g(X, »)| dt , (81) 
where 
arx3 I aad 
G(x) = =. { ate— (%o2)*dq + J ac-da (82) 
3V 0 LJo 
and 
a ce ot 
g(%, w) = — S(a, wate "da . (83) 
V rJo 


An explicit form for G(x.) is readily found. We have 
G(x.) = 5 ®(x) — x,6'(x)] , (84) 


where we have used ®(x,) to denote the error function 





P(x.) = : [oor : $’(x,) = 7 e-® : (85) 
oO Vv 


V0. T 


Again, according to equations (75) and (83), we can write 


g(Xo, w) = Ri(xo) + Ralxo, w) , (86) 
where 
R(x.) = 4 f ‘O(a)aze~“*2"da (87) 
ay T oO 
and 
axi { (*{ yu eee } 
RAt; LL) Pea we Uf ‘¢ "a (c ” onal log —)« > a72e~ 400) da 
o | t+ 
Vir Me ) (88) 


sas! GO s mM ou 
+ f Cia — (c: — } log —)e tare da | 
e Sy +» ) ' , 








, ee Sa 


rh 
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It is seen that R.(x., w) can be expressed in terms of the error function. We find 


R,(%0, #) = lc _~ 2 3C, — log =e | Joes 
} Jara) : =" 


However, R,(x.) cannot be so easily expressed in terms of elementary or known func- 
tions. But the integral defining R(x.) has been evaluated by numerical methods for 
some values of x. Finally, the functions G(x.), Ri(xeo), Ro(%o, uw), and g(xo, w) are tabu- 
lated in Tables 2, 3, and 4. 

g. The time of relaxation Tx of a stellar system.—According to our definition of the 


time of relaxation 77, we have 
Tr 
J, DAE? = 1 mir. (go) 
0 


Strictly speaking, the velocity of the incident star changes with the passage of time, and 
equation (81) provides us only the instantaneous rate of increase of ZAE*. In other 
words, equation (81) will enable us to follow the star statistically during its motion. 
However, in a first approximation we can write as our definition of 7, the equation 





I ue 
+2lcy +2{3¢, ~ ee 


1 


ym3vt = 84NG?mimiv.[G(x) log giv? + g(%o, w)ITE . (91) 


Hence, 





vy 
Tr = : : (92) 
32aNG? mil GC) log om ss + g(x, | 


A limiting case of our formula for 7~ may be noted. We readily verify that, as 
Yo — ©, we have (cf. eqs. [84], [87], and [89]) 


G(%) 0; Ril%)—>0; Rialto, wu) 9 Cr = 3(1 +). (93) 
Hence, for this limiting case equation (g2) becomes 


_ (1+ 4)’2; 


167NG*mi (%—> ©), (94) 





which agrees with a formula originally given by Rosseland.* However, as we shall see in 
§ 10, this limiting case (x, > ©) of equation (92) is entirely misleading both as regards 
the order of magnitude of the time of relaxation predicted and as regards its dependence 
on y. 

Returning to equation (92), we find that on expressing m,, Do, v2, and N in the units 
solar mass, parsec, 20 km/sec, and number per cubic parsec, respectively, it becomes 


9)3 
st 





years. (95) 


TE = 4.2 AF 
2-4 ee Nmi{ G(x) log. [9.31 X 104 Dov?/mi] + g(x, w)} 


8 Op. cit., 





Eq. (12). 
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TABLE 2 


































































































G(x); Ri(%o) 
Xo G(xe) R:(xo) Xo G(xo) Ri(xo) Xo G(xo) Rx(x0) 
2 er CAs) teria caus BUO- Gio +0.2138} —o.143 || 2.0. +0.1192] —o.112 
Ee. = | a ce eee eee + .2047] — .175 |] 3.0 + .0555| — .0388 
oe > ee > | rer ROMS choca + .1862} — .178 |] 4.0...... + .0313] — .0188 
"age + .1827| +0.016 || 1.6....... + .1634] — .162 5:0....-5| “P -0200) — opr 
Ce +0.2079] —0.077 |] 1.8....... +0.1404] —0.137 2 TRE ata 0.0 0.0 
TABLE 3 
R(X, u) 
“ 
Xo 
0.125 0.25 0.5 I 2 4 8 co 
ae a ats rat pac eae a etc Sarcanse ere Lise ob aca N w See tao wa ches a eee aed eles Bans athe AON ae RE 
©.2...| —o.1048 | +0.0042 | +0.2251 | +0.6270 | +1.1790 | +1.7315 | +2.1551 | +2.7471 
OL4. 0] — 22693 | — .1409 | — <OO5T | sr -2070 | -O-4973' || 1-0.7057 | -O-.9751 | “2.2708 
0.0) 2] = -3E5Q | — <2E7O | —...1052.| ar .O444 | =-0.2205 | --O.413E) | 4-0. 5524"| 4-0-7474 
o.8...| — .3426 | — .2444 | — .1492 | — .0363 | +0.0991 | +0.2314 | +0.3330 | 0.4758 
1.0...] — .3230 | — .2329 |] — .1552 | — .o711 | +-0.0286 | --0.1276 | +-0.2047 | -+0.3145 
ae — .2004 | — .1033 | — .1353 | — .0770 | —0.0057 | -+-0.00684 | +-0.1276 | -+-o. 2137 
1.4...| — .1965 | — .1378 | — .1004 | — .0656 | —o.0180 | +0.0362 | +0.0817 | +0.14098 
r.0... — .1173 | — .0770] — .0594 |] — .0457 | —o0.0181 | +0.0201 | +0.0547 | +0.1090 
1.8...] — .0414 | — .0184 |] — .0188 | — .0232 | —o.o121 | +0.0132 | +0.0391 | +0.0825 
2.0...| + .0260 | + .0338 | + .0179 | — .0017 | —0.0040 | +0.0109 | +0.0300 | +0.0648 
3.0...]| + .2240 | + .1873 | + .1273 | + .0657 | +0.0269 | +0.0143 | +0.0154 | +0.0278 
#20... + .2988 | + .2453 | + .1688 | + .0916 | +0.0394 | +0.0168 | +0.0114 | +0.0156 
5:0. . + .3335 | + .2722 |] + .1880 | + .1037 | +0.0452 | +0.0179 | +0.0095 | +0.0100 
co +0.3951 | +0.3200 | +0.2222 | +0.1250 | +0.0556 | +0.0200 | +0.0062 0.0 
TABLE 4 
g (Xo, h) 
“ 
Xo 
0.125 0.25 0.5 I 2 4 8 joe) 
“ee —o.299 | —o.201 | —o.089 | +0.061 | +0. 247 +0. 430 +0.569 +o0.764 
a ee, ae — .419 | — .321 | — .226] — .113 | + .022 .155 + .256 + .399 
r.0. — .466 | — .376| — .2909 |] — .214] — .II5 — .o16 ob! + .17! 
iy Ree = ,445 | — .308 | — .310 | — .252 | — .1o1 .107 048 + .0386 
a — 2741 — .3101— .276 | — .243 | — ~100 — 142 .096 — .0270 
BOOS ic sale — .279| — .239] — .221 | — .207] — .180 — .142 .107 — .0527 
2 Se re — .178 | — .155 | — .156] — .160] — .149 — .124 .098 — .0543 
BT iciescres — .086 | — .078 | — .0904| — .114 ] — .116 — .101 .o819 | — .047I 
BD Se neice + .185 | + .149 |] + .089 | + .027 | — .o119 | — .0245 .0234 | — .Or1IO 
eT oe nee + .280] + .227] + .150] + .073 | + .0206 | — .0020 .0074 | — .0032 
$:0. + .322] + .261 | + .177 | + .092 | + .0339 | + .0066 .0018 | — .0013 
Me hota +0.395 | +0.320 | +0.222 | +0.125 | +0.0556 | +0.0200 | +0.0062 0.0 
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In this equation D, and N are not independent, since, according to our fundamental 
assumption (eq. [25]), D. is to be taken as the average distance between the stars. Con- 
sequently, D, is determined in terms of N by the relation 


6 \1/3 
dD, — (=) . (96) 


Equation (g5) and the Tables 2 and 4 of the functions G(«.) and g(xo, «) will enable us 
to determine 7, in terms of the physical data giving N and m, and certain assumed 
values for x» and yu. 

10. Numerical applications—We shall first apply our formula for the time of relaxa- 
tion to the galactic system. For this purpose we shall adopt the following numerical 
values: 


N =o0.1 parsec3; Dy) = 2.7 parsecSs; m,=0.5©; #149: = 20km/sec. (97) 


These values have been chosen to resemble the conditions in the Galaxy in the general 
neighborhood of the sun, though no special emphasis is laid on the particular values 
TABLE 5 
THE TIME OF RELAXATION OF THE GALAXY 


N =o0.1/parsec3; D)= 2.7 parsecs; m:=0.5; ¥,= 20 km/sec 
Unit of Time, 103 Years 









































B 
Xo 

0.125 0.25 0.5 I 2 4 8 oo 
0.6 8.0 7 er ee 6.9 6.4 6.0 ey 5.3 
0.8.. a a 7.0 6.7 6.4 6.1 5.8 5.6 5-4 
1.0 7.2 6.9 6.7 6.5 6.3 6.0 5.9 5-7 
e2.%: ye y pg 6.9 6.7 6.5 6.4 6.2 
oe 8.1 7-9 7.8 re 7-5 7-3 7.2 7.0 
1.6.. | 9.0 8.8 8.8 8.7 8.6 8.4 8.3 8.1 
1.8 10 10 10 10 9.9 9.8 9.7 9.4 
2.65. II et II 12 12 12 II Il 
3.0 18 19 21 22 2 24 2 2 
4.0 | 24 26 30 35 39 41 42 41 
a 29 32 38 48 57 62 65 64 
Bien | 43 53 76 135 300 840 2800 oo 





adopted. The resulting values of 7’; for various values of x, and yw are tabulated in 
Table 5. The most striking feature of this table is that, for values of x, in the range 
0.6 < x» < 2.5, the dependence of 7 on yu is very slight. However, the dependence 
of 7 on uw becomes quite pronounced for extreme values of x, (cf., e.g., the last two 
lines of Table 5 with the lines for x, = 1.6, 1.8, or 2.0). Again, the order of magnitude 
of 7’: computed for values of x, in the range 0.6 < x < 1.6 is different from that 
predicted for values of x» > 5. Thus, for u= 1, Te ~7 X 10% years for 0.6 < 2% 
¢ 1.6, while for this same value of u, 7_ = 135 X 10% years for x, — © ;i.e., it increases 
by a factor of about 20. 

» Strictly speaking, to determine the time of relaxation of a stellar system, we should appropriately 
average eq. (95) over my, V2, X, and w. But these refinements are postponed to a future occasion. 
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The slight dependence of 7, on yu for values of «) which are not very extreme arises 
from the fact that the term G(x.) log. (Dov3/Gm,) in equation (g2) is generally ten to 
twenty times larger than the mass dependent terms included in g(x, u). Indeed, to 
within an accuracy of 10 per cent we can re-write equation (g2) as 


Nw 


TrE= 7 v ae (0.5 < % S 2.5), (8) 
32m NG?*miG(x) log, oe 





in which form, it is seen, the dependence on uw is, in fact, very slight. 

The main conclusion to which the calculations summarized in Table 5 leads us, is, of 
course, the well-known one that in considering the dynamics of the Galaxy (and possibly 
also the extragalactic systems) we can regard each star as an independent conservative 
dynamical system. 

As a further illustration of the use of our formula for the time of relaxation, we shall 
apply it to conditions which may be expected to prevail in globular clusters: We now 
assume that 


N = 75 parsec”3; D = 0.3 parsec; m,/OQ = 1; v, = 10 km/sec. (9) 
The resulting values of 7 for x» = 1 and x, = © for different values of u are given in 
Table 6. An examination of this table shows in a particularly striking manner the im- 


TABLE 6 
THE TIME OF RELAXATION OF A GLOBULAR CLUSTER 
N =75/parsec3}; D.=0.3 parsec; m;=1; 7,=10 km/sec 
Unit of Time, 10° Years 











“ 
Xo | | 
| | | 
| 0.125 0.25 0.5 1.0 2.0 4.0 8.0 
ETO 2 : ; I— | = 
1.0 4.9 4.6 4.4 4.2 4.0 3-7 3-6 | 3.4 
co 18 | 22 32 55 125 350 1140 ‘2 
| | 








portance of using the correct formula (92) for 7 and moderate values of x.. For, it is 
now seen that under the conditions which may be expected in globular clusters the time 
of relaxation is of the same order of magnitude as the life of the objects themselves. 
Consequently, the state of motions now obtaining in globular clusters must be the result 
of numerous stellar encounters. We can therefore expect that equipartition of energy 
must have approximately set in, particularly in the central dense regions of the system. 
There appears to be other indirect evidence which lends support to this view. But we 
shall not go into these matters here. 


In conclusion, I wish to record my indebtedness to Mrs. T. Belland, who carried out 
the entire numerical work connected with the preparation of the Tables 1-6; but for 
Mrs. Belland’s assistance the present paper would not have achieved the degree of 
completeness which it now has. 

YERKES OBSERVATORY 
September 17, 1940 
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THE TIME OF RELAXATION OF STELLAR SYSTEMS. II 
RALPH E, WILLIAMSON AND S. CHANDRASEKHAR 


ABSTRACT 


In this paper the problem of the time of relaxation of a stellar system is considered from the point of 
view of the deflections suffered by stars during encounters. The method consists in evaluating the sum 
> sin? 2v (where w — 2W is the true deflection experienced by a star in a fixed frame of reference as a 
result of a single encounter idealized as a two-body problem) for all possible encounters between an 
incident star having mass m, and velocity v, during its motion through other field stars, and determining 
its rate of increase with time. As in the preceding paper, particular attention is given to determining 
the manner in which the various parameters defining an encounter enter the problem. For a Gaussian 
distribution of the velocities 7, of the field stars the dominant term in sin? 2W can be averaged over all 
the parameters defining an encounter. We find that 


C2 


a 82 NG?m? Dv? - 
> sin? 2¥ = ——,— H(z.) log [cote | a ®) 


where G is the constant of gravitation, m, the mass of a typical field star, D, the average distance between 
the stars in the system, x) = Av. (/ being the modulus of precision occurring in the distribution of veloci- 
ties v;), and H(x,) is a certain function of x, which is tabulated. In obtaining equation (i) certain other 
nondominant terms have been neglected. The expression for the time of relaxation Tp is found to take 
the form 
: 
ee i eye i re 
Fo LS NmiH(x.) loge[9.31 X 104Dov2/(m: + m.)] ae (ii) 





where mt, Do, 72, and N are expressed in the units solar mass, parsec, 20 km/sec, and number per cubic 
parsec, respectively. Comparing 7 with the time of relaxation 7, obtained from a consideration of the 
energies exchanged during encounters, it is found that 7)/7, varies from 1.7 to 0.34 as X, varies from 
0.6 to 2.5. 


1. /ntroduction.—As has been explained in the preceding paper,’ the most straight- 
forward way of formulating the problem of the time of relaxation of a stellar system 
leads us directly to consider the gradual deviation of the actual orbit described by a star 
from the “theoretical” orbit derived in terms of the general gravitational potential. Al- 
though somewhat less directly, the problem is also connected with the extent of the accu- 
racy to which we can regard each star as an independent conservative dynamical system. 
The time of relaxation of a stellar system from this latter point of view has already been 
examined in Part I. 

In this present paper we shall re-examine the same problem according to the more di- 
rect formulation of the fundamental ideas. Some remarks of a general character review- 
ing the whole position are also made toward the end of the paper. 

2. The formulation of the problem.—Let m, and v, denote the mass and the velocity 
of a star whose motion among the other ‘‘field’’ stars we are to follow. As in Part I we 
shall assume that each encounter can be idealized individually as a two-body problem. 
Consider, then, an encounter with another field star of mass m,. Let the parameters de- 
scribing the encounter be 2,, 6, g, D, and 0.7 Then in the orbital plane (see Fig. 3 and 
also Fig. 1) the orbit of each star with respect to the common center of gravity is a hyper- 


™ Referred to as “I.” 
2 See I, p. 287. In this paper we shall use the same notation as in I. 
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' 
bola. Furthermore, in this plane the direction of the relative velocity is deflected by an 
amount 7 — 2y, where 

I 
cosy = — — , 
DV4 (1) 
G?(m, + m,)? 
This equation does not, however, define the true deflection of the star with respect to our 
fixed frame of reference. The actual deflection  — 2W of the star can, however, be de- 

' 

' 

} 

; 

FUNDAMENTAL PLANE ’ 

| 

Fic. 1.—Space diagram for stellar encounters. Illustrates how the initial space motions of the two | 
stars define the various parameters specifying the encounter and in particular the inclination 0 of the | 
orbital plane to the fundamental plane. 


termined as follows: Let v! denote the velocity of the star at the end of the encounter. 
Then 


/ 
2 


to 
— 


U,°-U 
cos (x — 24) = ——; ( 


9) 
V,7 


3 It is precisely the nonrecognition of this circumstance which vitiates all earlier treatments of this 
problem by Jeans and others (see n. 6). 
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(see also Fig. 3, where the situation is made apparent). The explicit formula for the de- 
flection * — 2W defined according to equation (2) is obtained in § 3, but meantime we 
shall outline the general method. 

Analogous to the procedure adopted in the problem of energy exchanges during en- 
counters, we shall form the sum 


>> sin? 2¥ (3) 


for all possible encounters and determine its rate of increase with time. When ® sin? 2¥ 
becomes of the order of unity, we can conclude that the star would most probably have 
deviated quite considerably from its original direction of motion. More particularly, if 
Tp is the time required for Y sin? 2W to become equal to unity, we may say that by then 
the star will, on the average, have deviated by an angle 7/2 from its original direction. 
From our present point of view 7p can therefore be taken to define the time of relaxa- 
tion. 

3. The true deflection of a star resulting from a stellar encounter.—In order to determine 
the true deflection of the star according to equation (2), we first need to specify the vec- 
tor v;. To do this, we proceed as follows: 

Let v,, and v{, denote the velocity of the star before and after the encounter in the 
frame of reference in which the center of gravity of the two stars is at rest. Then 


/ 


v,, = v,— Vz; v,,=u,—V,, (4) 
where, by definition, 


(m, + m,)V, = mv, + m,v, = mvi + m,v}. (5)4 


From equations (4) and (5) we readily obtain 


Mm, : m, . 
v,=—— VV; vj, = ——_ JV’; 6 
om, + m, oo  m+m, ’ (6) 


in other words, the vectors v,, and vj, are numerical multiples of V and V’, respectively. 
Hence, the angle between the vectors v,, and v!, is the same as that between V and V’, 
ie., 7 — 2y where y is given by equation (1).5 Further, it is also clear that |V| = |V’| 
and |v,,| = |uv;,|. 

Now, according to equation (4), we have 


v,-vi=v,-(vi,+ V,), (7) 


‘Since, according to the elementary theory of the two-body problem, V, remains constant during 
the encounter. 
> When considering the motion of a star relative to the center of gravity, the deflection is generally 
written as  — 2y, where 
I 
cos ¥, = ———_——— ; 
| D2y1,(m, + m.)4 
2*2 I 2 
VV + —-* _ 


276 
G?m? 





(1’) 


Here D, is the impact parameter defined with respect to the center of gravity. Since, however, 


my, = 


m+m, ” 





my 
D, = —— D and 1, = 
i m, + m ; 7 


we verify that y, as defined by (1’) is identically the same as y defined according to (1). 
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or 
1,0, COS (r — 2W) = v,+-u;, + v,° V,. (8) 


The direction cosines of v. with respect to V, a direction in the orbital plane and at right 
angles to V, and a direction perpendicular to the orbital plane are seen to be (see Fig. 3) 


cos (@ — #), —sin (® — #8) cos 0, sin (® — ¥#) sin O, (9) 


where #@ is the angle between v, and V,. Again, since v}, is in the same direction as V’, 
the direction cosines of v}, with respect to the same three directions are 


cos (¢’ — ¢), sin (¢’ — ¢), o. (10) 
Hence, 
V, * U3, = 2,0,,{ cos (’ — ¢) cos (& — #) — sin (¢’ — ¢) sin (@— #) cos O}. (11) 
Combining equations (8) and (11), we now obtain 
v, cos (r — 2V) 
= v},{cos (¢’ — ¢) cos (& — #) — sin (¢’ — ¢) sin (& — ¥) cos O} (12) 
+ V, cos d.| 


Since 


equation (12) can be re-written as 








cos 2V 
» ; : , oe ' » ¢ Ve 
= — {v.,[cos 2¥ cos (# — 8) + sin ay sin (P — ¥) cos BO] — V, cos BJ}. 
v2 
4 We shall now express 2;, v,,, ®, and # explicitly 
in terms of the known quantities 7,, v2, and @. 
Since 
\% v, = v,, + V,, (15) 
va we have, on squaring this equation, 
- ; 7 
© v,? = v3, + 20,V,cos®’+V?2. (16) 
fy ORBITAL 
$ PLANE On the other hand (see Fig. 3 and also Fig. 2), 
re) L 
M 
cos ®’ = cos @¢’ cosi, (17) 


Fic. 2.—Illustrating the relationships 
between the various angles ¢, ®, 7, and 0. 
OM is the projection of Vg on the orbital 
plane. The angles OM’P, OM’'M, OMP, 
and M’MP are all right angles. We thus 
have the relations cos = cos 7 cos ¢ and 
sin ® cos 8 = cos isin @¢. 


or somewhat differently as (cf. eq. [13]) 


cos ®’ = cos (tr + @ — 2¥) cosi. (18) 











ORBITAL PLANE 













“Ss 





ORBITAL PLANE 











Fic. 3.—Vector model for stellar encounters. The fundamental plane is defined by the vectors v; 
and v, representing the velocities of the two stars before the encounter. The velocity of the center of 
gravity, denoted by Vg, remains constant during the encounter. In a frame of reference in which the 

) center of gravity is at rest, the two stars describe hyperbolae in the orbital plane, which is, in general, 
inclined at some definite angle to the fundamental plane (see Fig. 1). The vectors Vand v,9, representing 
respectively the initial relative velocity and the initial velocity of one of the stars with respect to the 
center of gravity, lie in the orbital plane and are in the same direction. As a result of the encounter, 

these vectors are deflected by the same angle 7 — 2¥, and become respectively V’ and vig. Finally, 
v; = vig + Vg defines the velocity of the star at the end of the encounter. The angle  — 2W between 
the vectors v, and v; measures the true deflection suffered by the star as a result of the encounter. 
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Hence, we can re-write equation (16) in the form 
v,? = v3, + Vi — 22,,V,(cos 2y cos @ cos 7 + sin 2y sin ¢ cos 2). (19) 
Using the relations (see Fig. 2) 
sin @ cos? = sin ® cos O ; cos @ cosi = cos®, (20) 
equation (19) reduces to 
v,? = v3, + V2 — 20,,V,(cos 2f cos ® + sin 2y sin ® cos 9). (21) 


From equations (5) and (6) we directly obtain 


m? 


92 = 92 + a2 — 9979) “Ac 0 
Uv, cana Tae, 7S re v4 COS 
70 (m, + m.)? (t5 . sii )s 
(22) 
I 
V2 = ——— (mir? + mir? 2mM,M,7,V, COS 8). 
g (m, ve m,)? ( rr 2%2 rege, 42 ) 
Further, we have (cf. I, eqs. [35] and [36]) 
V ® = [m,0? —a 4 ny ( ) 6] 
> cos 8 = —————— [m,, v2 — m,v? v,0,(m, — m,) cos 6] , | 
2g" G (m, 4. m>)? 2%2 1’ 11% I 2 | . 
f (23) 
; My F 
V2,V, sin ® = ——— 2,2; sin 6. 
_— a+, 


Substituting for v.,, V,, cos ®, and sin ® from the foregoing equations in (21), we finally 
have 
I 
(m, + m.,)? 


> 


ys ‘(m, + m,)?v2 — 4m,|(m,v3 — m,v7 


s 
>» 





> 
+ (m, — m;)2,2; cos 6] cos? p (24) 
— 4m,(m, + m,)2,2, sin 6 cos O sin cos Yj} . 
Multiplying the equation defining V, scalarly by v., we obtain 
, I 
V, cos 3} = ———— (my, cos 0 + m,?,) . (25) 
m, + mM, 
Again, multiplying the equation defining v., scalarly by v., we find 
m 
Vg COS (@ — @) = —— —— (v, — 2, COS O). (26) 
m, + m, 
Or, using equation (22), we have 
v, — 2, cos 8 
0 <p et repre eee, (27) 


2 92 ¢ “ne 
v3 + v2 — 20,7, cos 0 





) cos 2W 


_ From 


sin? 2V 


= 4m; | 


W 
el 
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' 
From equation (27) we derive that 
' ? v; sin 6 
sin (b — 9) = a, (28) 
Vy? + v2 — 20,v, cos 0 
Substituting for V, cos 3, cos (® — 8), and sin (# — #) from equations (25), (27), and 
(28) in equation (14) for cos 2W, we find 
cos 2¥ = ._ [2m,(v, — 2; cos 8) cos? py 
(m, + m,)v; (29) 
+ 2m,2,; sin 6 cos O sin y cos YW — (m, + m.)2,]. 
! 
Finally, substituting for v; its value (24), we have 
2m1(v2—2; COs 8) cos? Y+ 2,2; sin 6 cos O sin y cos Y— (mi-+m2)v 
i i ceca rs rtmi)e. (30) 








V (mi +m.)202 — 4mi{ (m.03 — mv?) + (my — m,)0122 COS 8] Cos? Y—4m1(m1+-m2) i122 SiN 8 Cos O sin y cos Y 
From the foregoing equation we find 


sin? 2V 





} 
sla v?-+v2— 20,2, cos 0—[(v2—11 Cos 8) cos +2, sin 6 cos O sin y}? | (31) 
= 1 COS* ° . «| ” 
, _ (mz +-mz)203 — 4my| (mav3 — m0?) + (mi — m2) v2 COS OB] Cos? Y — 4m, (m1 -+ M2) d122 SiN 8 cos O sin y Cos y © } 
It is of interest to see the limiting form which the foregoing expression for the true 
deflection takes for distant encounters. Under these circumstances Y— 7/2 and 
D— o~, and equation (31) becomes 


nN 








2 
m 
sin? 2b ~~ ——*"! 


- |v v2 — 20,v, cos 8 — v2 sin? @ cos? O] cos? Wy ; 2 
(m, “4. m,)?02 [v7 + ¢ vr° Le ] "7 ’ (3 ) 


or, using equation (1) and after a slight rearrangement of the terms, we obtain 
sin? 2¥ ~ ——— [(v, — 2, cos 6)? + v3 sin? 6 sin? 0] (D— ~). (33) 


On the other hand, for the deflection (7 — 2y) in the relative orbit we have 


— 4G7(m, +} m,)? 
ni D V3 





sin? 2y (D— @). (34) 


Thus, for distant encounters the ratio of the true deflection (7 — 2) to the deflection 
(7 — 2y) in the relative orbit becomes 
sin 2 Mm, 


ook ae — v, cos 6)? + vj sin? 6 sin? 0, (35) 


co) 


which is seen to depend on 2,;, 6, and 9, i.e., three of the five parameters defining the 
encounter. The ratio (35) reduces to a simple numerical factor (namely, m,/(m; + mz2)) 
only in the physically unimportant case of v,/7,—> ©. The principal misconception 
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in the current treatments® of the problem of the deflection of stars arising from stellar 
encounters now becomes apparent. In these studies the deflection (7 — 2y) which takes 
place in the orbital plane with respect to the relative orbit is treated as though it were 
the true deflection in a fixed frame of reference. This is clearly not true; and, except in 
the trivial case v./2; > ©, the true deflection (7 — 2W) is not even a numerical multiple 
of the relative deflection (7 — 2y).7 

4. The fundamental equation.—In Part I we have already obtained the number of 
(v,, 6, ¢, D, 8) encounters which take place in an interval of time dt; we have (cf. I, 


eq. [19]) 
2rN (v1, 6, ¢)DVdDadt < dv,déd¢ . (36) 


Hence, the contribution of these encounters to the sum & sin? 2W can be written as 


: : , 2 0 
- sin? 2V»,,6,¢,D,0) = 27N(0, 6, g) sin? 2¥VDdD dv,d0dgdt ; (37) 


or, using (31), we have 


> sin? 2V (0,0, ¢, D, 0) ) 
| 


v2-+12— 22:22 cos 0—[(v2—21 cos 8) cos ¥ +2; Cos O sin @ sin y}? 
(mi + m.2)203 — 4m, (M203 — m7) + (M1 — M2) 2:22 COS B] COS? Y— 4mi (M1 + M2)2;22 SiN 6 Cos O sin ¥ cosy | 





= 4mi cos? y 


X 2rN (v1, 6, ¢)V DdD i dv,dbdedt . | 
2 


Our next problem is to integrate the foregoing expression over the various parameters 
defining the encounter, namely, D, 9, ¢, 8, and 2,. 

5. The integration over the impact parameter.—Instead of D, we shall use y as the 
variable of integration. According to (1), 


G?(m, + m,)? sin F 
( 


V4 cos} y 





DdD = (38) 


Introducing equation (38) in (37’), we obtain the total contribution to the sum & sin? 2W 
by all the (v,, 6, ¢, 8) encounters by integrating over y. We thus have, 


G?(m,+m,)?m? dO 








D sin? 2W(0;,6,¢,0) = 8a.V (24, 9, ¢) op ae dv,dodeglt | 
x E v2-+73— 20,0, cos 0—[(v,—0; cos 9) cos ¥ +2; Cos O sin 6 sin y/? | 
(m,+m,)?03— 4m,|(m.v3— m,0?) + (m,— m,)v 122 COs 8] Cos? Y— 4m,(m,+m,)r7, SiN 6 Cos O sin ¥ Cos ¥ | 
sin 

iY ay 
cos y ) 


In equation (39) the integration is to be extended over the relevant range of y. 


6 J. H. Jeans, M.N., 74, 109, 1913; ibid., 76, 554, 1916; also Jeans, Problems of Cosmogony and Stellar 
Dynamics, pp. 224-229, Cambridge, England, 1919, and Astronomy and Cosmogony, pp. 317-320, Cam- 
bridge, 1929; A. S. Eddington, Stellar Movements, pp. 249-252, Macmillan, 1914; H. Kienle in Encyklo- 
padie der Mathematischen Wissenschaften, p. 1051, Leipzig, 1934; von der Pahlen, Stellarstatistik, pp. 802- 
807, Leipzig, 1937; W. M. Smart, Stellar Dynamics, pp. 315-321, Cambridge, 1938. 

7 Apart from the principal error we have referred to, there are other less serious ones which vitiate 
the current treatments. Thus, a common feature is the occurrence of the logarithmic divergence not 
only as D—> ~ but also when D—o. This spurious divergence as D — 0 arises from extending the 
range of integration over D from zero to infinity of quantities which are “valid” only for distant en- 
counters. 





en 
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We notice that the integral in (39) diverges logarithmically as y — 2/2. This diver- 
gence which we now encounter arises for essentially the same reasons as those which 
caused a similar divergence in our discussion of the time of relaxation from the point 
of view of the energies exchanged during stellar encounters. Briefly, it is due to the im- 
possibility of idealizing stellar encounters, with impact parameters D of the same order 
as the average distance D, between stars, as two-body problems. We shall later return 
to this question ($ 10), but meantime we shall adopt the procedure which has been 
followed in Part I, namely, of extending the range of integration over values of D less 
than a certain maximum value Dyyax ~~ D.. Further, for the values of D, which come 
under consideration in the treatment of actual stellar systems the maximum value 
y. of y differs so slightly from 2/2 that we can put y = 2/2 in all terms except those 
which diverge at y = 7/2. 

In order to evaluate the integral in (39), we shall first remove from the integrand the 
part of it which diverges at y = 2/2. This is seen to be 


(v, — 2, cos 0)? + v sin? @ sin? O siny | 
(m, + m,)?v3 cos y’ 





(40) 


and, subtracting this term from the integrand of (39), we find, after some rather lengthy 
reductions, that we are left with 





I A cos¥+Bsiny ; 
= YET es —siny, (41) 
(m, + m,)?0; X sin? PY + Y siny cosy + Z cos? p 
where 
A = v3(m, + m,)?[v? sin? 0 cos? 8 — (v, — v, cos 6)?] 


+ 4m,|v2 — 20,0, cos 0 + v3(1 — sin? @ cos? @)] 


X [m,v3 — m,v? + (m, — m,)2,2, cos 6] , (42) 


~~) 
II 


2(m, + m,)v,0, sin 6 cos O[2m,v?(sin? 8 + cos? O cos? 4) 





+ (m, — m,)v3} — (3m, — m,)v,2, cos 6], 
and where 
= (m, + m,)?v2, 
—4m,(m, + m,)2,2; sin 6 cos 0, (43) 


= 4m?v? + (m, — m,)?02 — 4m,(m, — m,)2,2, cos 6. 


X 
y 
Z 


Thus we can re-write equation (39) as * 








>> sin? 2V0,,6,¢,0) = 84N(u, 4, ¢) Vee (K, + K,) <e dv,d0dedt , (44) 
where 
K, = [(v, — 2, cos 0)? + 2? sin? @ sin? olf" ane dy (45) 
and 
i if = sin? p + ran ; apart ele (46) 
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The evaluation of the integral A, is immediate. We find 


‘ : ct alk aa D2V4 
kK, = 4[(v, — J, COS 6)? + Vv; sin’? @ sin? 0] log (: + Gm, Tay) ‘ (47) 
To evaluate the integral A, we put 


cot y = z, (48) 


whereupon (46) becomes 


- “ Az+B 
K, = = - > Iz, 
; f (X + Y2+ Z227)(1 + 3) | (49) 


which is an elementary integral. We find that we can express the result of the integration 
in the form 


K. = Kx log (¥) 

















(50) 
S ‘os O . 
+ K;, : prey i + tan“! —= rt : bt + 7K,;, 
V102V I — sin? 8 cos? 8 (|2 Vi — sin’? @ cos? 0) 
where 
ae VB —(X —Z)A 
- 2(X¥ — Z)?+ ¥Y?]’ 
_— (Y?+ 277 — 2XZ)B _ V(X 4- Z)A ios 
7 a(x — Z) + Fj 51) 
K,, = tAtM — 2)B 
nl 2[(X — Z)? + Y?| 


The quantities A;,, A..,and A,, can be evaluated on substituting for 1, B, Y, V, and Z 
from equations (42) and (43). However, these expressions are found to be rather in- 


volved, and we shall therefore give their explicit forms only for the case m, = m.: 














: vr aot 
Kia = - —————._ {cos? 6 [vt — vt — 4v?0? sin? 6 cos? O 
*  a[(v? — 02)? + 4222? sin? 6 cos? O| | “- 1 40102 | 
+ 22,2. cos 6 [v? + v3(2 cos? 8 — 1) — 223 cos? 6 cos? O] 
+ v2[v3 — v2 — 422 sin? 6 cos? O| sin? O sin? 6} , 
939) @y “nC 
K.= vv, Sin 8 cos O oe 
2= " Se UE SE aay » COS CT U3 : 
(v} — v2)? + 42723 sin? 8 cos? 8 (52) 
— 40203 (1 — sin? 6 cos? O)] + 42,73 cos 0(1 — sin? @ cos? 0) 
+ v? sin? @ sin? O(v? — 30? + 423 sin? @ cos? O)} , 
. v7v3 sin 8 cos O 
ae in, tans cade 
23 (2 5 at ewe ae : yor l2 ; 
(vi — v3)? + 42703 sin? @ cos? O 


— cos @ (v7 + v3) + v2, sin’? 6 sin? Of . 





———— -- 


_ 





— 
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6. The integration over the inclination of the orbital plane.—According to equation (44), 
the contribution to the sum ¥ sin? 2W by the (v,, 6, g) encounters is 


a ; , Gm 
>> sin? 2V(,,6,9) = 8aN(%, 8, ¢) 3p 
392 





f a 2 dvdbdedt. (53) 


The integration of A, over 0 is immediate. We have (cf. eq. [47]) 





QT ray 2 4 
f kK, a = 3[(v. — 2: cos 6)? + 32? sin? 6] log (: + BGs af ) . (54) 


27 Ny + m2)? 


On the other hand, the integration of A, over 0 is seen to lead, in general, to rather 
lengthy and involved expressions. However, for the case m, = m, the situation is some- 
what simpler. For m, = m., K., is an even function of 0, while K,. and K,,; are both 


odd. Hence, 
Vy heed 
V2 i) 


I ™ Ko sin 8 cos 9 
+— J = tan’ ———_____—. 40. 
TU12 Jo V1 — sin? 6 cos? O Vi — sin? 6 cos? 9 


= ww 
4 
> 
Nn | m& 
41@ 
ll 
Alw 


(55) 








The expressions resulting from the foregoing can be handled without undue difficulty. 
But we shall not carry these terms any farther, for they are generally small, compared 
to the ‘dominant term” arising from the divergent part (40) of the integrand of equa- 
tion (39). We may recall in this connection that in our discussion of the problem of the 
exchange of energies during stellar encounters the total contribution to SAE? arose from 
two types of terms: a dominant term similar to (54), and certain other terms which were 
relatively unimportant. Thus, for not too extreme values of «(0.5 < x» < 2.5), the non- 
dominant terms contributed less than 1o per cent of the entire amount (cf. the remarks 
made in I, § 10). Ina general way it is clear that a similar situation must obtain in our 
present case.* Consequently, in a first analysis of the problem of the true deflections aris- 
ing from stellar encounters it would not seem necessary to go into the minor refinements 
arising from the terms A,, and A,,. 

7. The integration of the dominant term over the angles ¢ and 6.—Retaining only the 
dominant term, we have 


> sin? 2Vo,,6,4) = 40N (0, 0, 9)G?mi ee 
D3V4 (56) 


G?(m, + m,)? 


SS 


x [(v, — a, cos 6)? + 32? sin? 6] log (: + dv,d0degdt . 


To integrate the foregoing equation over the angles g and 6, we need to know the form 
of the function V(2,, 6, ¢). As in Part I, we shall effect these integrations only for the 
case of a spherical distribution of the velocities v,. Under these circumstances we can 
write (cf. I, eqs. [39]) 


N (21, 0, ¢)dv,d0dy = N(2) nee dv, , (57) 


’ We have examined the magnitude of terms arising from the integration of A. and K,, in certain 

special cases (e.g., 0 = oand 6 = x and find that these are, in fact, small compared to the dominant 
g 4 

term. 
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where 


N(0) = 4xNf(2,)2? . (58) 


For this form of V(v,, 6, ¢) the integration over ¢ is simple, and we obtain (cf. eq. [56]) 








) 
‘ ; re I 
y* sin? 2V¢0,,6) = 20N(2,)G?m? = | 
U3 | 
5 sin 6 ( tate in? 6] bal 
i - V> | os 2 sv? sin? ( ec 
(v? + v2? — 22,72 cos 6)3/” ¥ . a | ™ 
D?2(v? + 03 — 29,72 cos 6)? 
X log { 1 ee . dv,d6dt . 
er G?(m, + m:)? a 


To integrate equation (59) over 6, we shall introduce a new variable y defined by the 
relation 


y? = v3 + 03 — 20,7: cos A. (60) 


Using this variable in equation (59), we find, after some elementary transformations, 
that 
tG?m? 


>» sin? 2¥,, = — N(v,)J da,dt , (61) 


9 9)5 
> 
2 


47,1 


where we have used J to stand for the integral 





Wa 1 ) 
e -{ ‘lab + 2y7(302 — v7) + y] log (1 + q?y*) 2 : (62) 
J v5 e 

In equation (62) we have used the further abbreviations 

a = (v2. + 2;:)? ; b = (9, — 9,)'; (63) 
and 
D, 

q (64) 


~ Gim, + m,) ° 


The integral (62) is similar to one we have encountered in Part I and can be evaluated 
by similar methods: We can re-write equation (62) in the form 





J= ss . | ae ci + 2(3v? — v?)y + iy log (1 + g?ys)dy ; (65) 


ly 
5 2) 


or, after an integration by parts, we have 


J= 


[byt + 2(g0t — vf)y° — ab] log (x + ¢°y') 
Vb 


<2 | 


| 
> (66) 


Va I | 
— 49° —aby? + 2(30? — v?)vi + Ly’] ——— dy.| 
wf? [—ab} 35 — Hy + ty a | 





— 


oat 
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After some further reductions we find 
J = 31 v2)*(2v. — v1) log (1 + q’[v: + 2]4) 
F (v, — 0;)?(22, + 2) log (1 + giv. — 2}4)} 











(67) 
(abq? + 4)y? + 8(3v3 — 2 
fe |- — &(3 v 2 v2) + 4 qT 3) (398 dy, 
vb I+ qy 
where the minus or the ™ sign in the braces ({ |) should be taken according as 2, is 
greater than or less than 2,. The integral in (67) is seen to become 

va 4(abg? + 3)y* + 83% — 2%) 5, 

vb 1+ q’y' 
:0,(5503 — 1722) + yoo? (2 Dv»), f £68) 

§0.(5503 — 1723) My 0702 V2 < %) ).| 


Again, the integral in equation (68) can be evaluated using the elementary integrals 
quoted in Part I (eq. [54]). However, the expressions are found to simplify considerably 
for the cases which are of practical interest, namely, when ga > 1. If gb + 0, the main 
contribution to the integral arises from 


say 1+ qy! dy ’ (69) 
which, to the first order in (V ga)~ and (Vqb)-, is found to be 
q q 
4a*!2h/4(q'/2 — p/7) , (70) 


On the other hand, when 6 = o the integral in (68) vanishes to the first order in (V ga)“. 
But when 6 = 0, the term (70) also vanishes. Hence, to the first order in (Vga)! we 
can write quite generally that 


Va ab 8 a 
f 4(abq? + 4 = a - us dy = 4a'/?b'(at/? — bY?) , (71) 
Jv 


Combining equations (67), (68), and (71), we find that 


J = 3{ (a + 2:)?(20. — v1) log (1 + g? [au + 2.]}4) — (a2 — 14)? 


; ; 2 
X (20. + 1) log (1 + gla. — a4) + §a.(ot — 673)} (v. > 1) J “ 


and 


ee — v1) log (x + glu + 2.)*) + (a2 — 14)? \ (73) 
1) log (1 + g'[v2 — v]4) + §02(3v? — 8v3)} (v. & 1). 


x 

~~ 

to 

2 

nw 

oe — 
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In the foregoing expressions we can further neglect the unity compared to q?(v; + 22)4 
and g?(v. — v,)4 occurring in the logarithmic terms. When v, = 2,, although log 
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q’(v. — v1)4 diverges to — ~, we need not distinguish? between (v, — v,)? log q?(v. — 9,)4 


and (v, — v,)? log (1 + q?[v2 — v,]4). Hence, we finally have 


‘2 re 2 NT (a) 
>, sin’? 2, = aes) dv,dt 


29). 9/9 
3%r%2 


| Gove — v3) log g(v3 — v3) 
| 


‘ V+ 0 . 
+ 273 log nl SE 2,(v? — 6v2) (v. 2 0%), 

ge 
< \ 
x | 
| E log qg(v? — v3) | 
2+ 

2 3 V2 Ur *. fae? ” " _ 
+ (39,95 — 23) log ——— + 90,385 — 80) | (v2 < 0) , | 
Cr v2 ) 


or, if we introduce, as in Part I, the quantity a, defined by 


aR 
|e 
2|S 
~ 


cs] 


we can re-write equations (74) in the form 


om 8G? miN (01) 


303 


dv,dt 


i) 





> sin? 


(3 — a’) log qv; + (3 — a?) log (1 — a?) 


2 I+a 
poly a 
aa a 


+ 2(a? — 6) 


ee 
— 
R 
/A 
/ 
al 
— 


qubiannainain 
Riv 


log qv; + : log (a? — 1) 





| i= eee he 5) | ho > a) 
I 3a 


a 
a-— 


In equation (76) the term (3 — a’) log qv? (or 2a~' log qv3) is, for all cases of practical 
interest, ten to twenty times as large as the remaining terms; actually these other terms 
are of the same order of magnitude as those which we have already neglected in ignoring 


the A.-term in equation (53). We can therefore write 








ee (3 — a?) log qv? ies a), 
' 82G?m2N(2,) | 
=: sin? av, = = ae dv,dt- 2 : has : 
302 | — log qv} er eee 
(a 


8. The integration of the dominant term over the velocities v;—In § 7 we have evaluated 
the contribution to ¥ sin? 2W (arising from the dominant term) by all encounters in 
which the field stars have some prescribed value of the velocity, v,. However, in carrying 


9 For a more explicit statement of the arguments which are made here see I, p. 295. 








v= OOo 


sO Ele 
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out the integration over 6 and ¢ a spherical distribution of the velocities was assumed. 
To average now over the velocities of the field stars, we need to know the form of N(v,). 
For the reasons already given in Part I, § 8, we shall assume a Gaussian distribution of 
the velocities v,. This implies that (see I, eq. [79]) 


“3 
N(v,)dv, = ~ e~(%0)? g2dq , (78) 
Tv 
where 
tv) = hv, . (79) 


For this form of V(v,) we have 
Sr NG?m? [ 4x3 { (7 
eit oa C 4 I Vo } > i sal 
2 sin? 2¥ = ; : aad ‘ (3 — a*)a’e~(% da 
3v V—riJo 


a2 
co ) 
+ of ae~(% dq} 
I ) 


The integrals occurring in the foregoing equation can be evaluated in terms of the error 
function ®(x,). We find that 








(80) 
log qv3dt . 





82rNG?m? ,,, 
ps sin? 2 = ss H(x.) log qvidt , (81) 


where 





H(%0) = 53 [toP'(ae) + (2x0 — 1) P(%0)] . (82) 


The function H(x,) is tabulated in Table 1 








TABLE 1 
Xo | (Xo) | Tp/T x Xo | H (xo) Tp/Tr 

| 
0.6 | 0.421 1.74 1.8 fe) Sas 0.66 
0.5 | 534 1.50 \| 2 ° .876 55 
1.0 | 629 1.36 || 2.5 .920 0.35 

| 1} 
1.2 700 1.16 3.0 | PT es Neen lew 
1.4 766 0.97 |} 4.0 | O;00@; bs. eck eek. 
. 6 | 0.513 | °o.50 1} | 

| | 1} 

| 








g. Lhe time of relaxation Ty of a stellar system.—According to our definition of the 
time of relaxation 7p, we have 


“Tp 


Zz sin? 2¥ =1. (83) 


Strictly speaking, the direction of motion of a star changes during its motion through 
the other stars, and equation (81) provides us with a measure of only the instantaneous 
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rate of deflection of the star. However, in a first approximation we can write as our defi- 
nition of 7p the equation 


82NG?m? 


ga 
V2 


H(%) Tp log qv3 = 1. (84) 


Hence, 


a3 
"2 


Tp = 





bi D,v3 (85) 
82NG?m?H(x,) log. | =———_~ “a 
: ) log G(m, + m,) 

It is of interest to compare this formula for the time of relaxation with a similar one 
which was obtained from consideration of the energies exchanged during encounters 
(cf. I, eq. [98]): 


g 


Tr = = Da - (0.5 < x < 2.5). (86) 
207 NG? m? fi a l -_ of2 
oe miG(%o) log, Fees + =| 








These expressions for Tp and 7; are seen to be of identical forms. Further, the ratio 
between the times of relaxation determined from the two different points of view is 
given by 


Tp me 4G(x) a ee = . 
7. cS HO) 0.5  & Vo 2.5) ‘ (87) 
This ratio is tabulated in Table 1. It is of interest to draw particular attention in this 
connection to the fact that the dependence of 7p on m, is quite unpronounced. In this 
respect, the deflection of a star from the theoretical orbit derived from the general gravi- 
tational potential behaves in a manner quite analogous to the deviation from constancy 
of the energy integral. There is, however, one important difference between the two 
problems. According to equation (82), 





H(%)> 1 as MAO. (88) 
Consequently, 
ss SaNG?m? | i D,v2 (Yo = ©). (89) 
82NG?m? log. | ——--—~ 
ee am G(m, + m,) 


On the other hand, as we have seen in Part I, § 10, as x»,— ©, G(x,) ~ 0 and the 
contribution to SAF? now arises from the nondominant terms. Thus, in the limit x, — 
we had a formula for 7» (I, eq. {94]) whose dependence on m, was very pronounced. 
However, in our present problem, since H(x,) — 1, it appears that the range of validity 
of equation (85) is probably greater than that of equation (86) for larger values of 2. 
However, in the latter case the nondominant terms have been explicitly evaluated so 
that the circumstance that G(x.) 0 as x, — © does not introduce any difficulty. 

Finally, we may notice that if we express m, and m., D,, v2, and N in units of solar 





a sia id cot 
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mass, parsecs, 20 km/sec, and number per cubic parsec, respectively, equation (85) 
becomes 


3 
v3 


NmiH (x0) log. [9.31 X 104D,v3/(m: + mz) 





Tp = 1.68 X 10% j years - (go) 


In this form the equation can be conveniently used for determining Tp. We shall not, 
however, give any explicit numerical applications of our present formula, since from 
our knowledge of the ratio 7'p/ 7 (cf. Table 1) we can directly evaluate the times Tp for 
the cases considered in Part I (cf. Tables 5 and 6). 

10. General remarks.—We have now considered the two associated problems of the 
deflections suffered and the energies exchanged by stars during stellar encounters. Our 
discussion of these two problems has been based on two principal assumptions: the first 
is the idealization of stellar encounters as two-body problems; and the second is the as- 
sumption that all encounters with impact parameters D, greater than the average dis- 
tance D, between the stars, can be ignored. In view of the fundamental nature of these 
two assumptions, we shall now re-examine them in somewhat greater detail. 

As we have already explained in Part I, § 4, the need for disregarding all encounters 
with D > D, arises primarily from the increasing difficulty of adequately describing such 
encounters on the two-body idealization. For, in considering either the energy AE ex- 
changed or the true deflection (7 — 2W) suffered as the result of an encounter thus 
idealized, we have assumed that the deflection (7 — 2y) in the relative orbit in the orbi- 
tal plane is given by the formula 





cos Y = a. aes (gt) 
i " G?(m, + m,)? 


Strictly speaking, the use of equation (g1) implies that the two stars involved in an en- 
counter are initially at an infinite distance apart and separate to an infinite distance 
after the encounter. We should therefore conclude that, in practice, a second encounter 
begins to be effective before the first can be regarded as completed in the strict sense. 
Consequently, the use of equation (g1) for the angle between the asymptotes of the rela- 
tive orbit overestimates both AE and (x — 2). We shall now try to estimate the mag- 
nitude of the errors thus introduced. For this purpose we shall find the distance between 
two stars involved in an encounter at a point in the relative orbit where the direction 
of motion makes an angle y + Ay with the transverse axis. Let 


ay = «(2-¥) (kx <1), (92) 


and denote by r(x) the corresponding distance between the two stars. We readily find 
that 


r(x) I 
a (93) 
D V 2K — K? 


for large eccentricities of the orbit. Table 2 gives r(x) for certain values of x. 
Consider now an encounter with D = 0.5). Then, according to equation (93) (also 
see Table 2), 


(D =0.5D.)- (94) 





r(o.1) = 1.15D, 
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In other words, we may say that about go per cent of the relative orbit has been com- 
pleted before the two stars have separated to a distance of the order of D,. It would thus 
appear that for stellar encounters with D = 0.5D, the use of equation (91) is unlikely 
to lead to an overestimation of y by more than ro per cent; on the average, the over- 
estimation will probably be less than this amount. 

Consider next an encounter with D = D,. Again, according to equation (93) and 
Table 2, 


r(0.3) = 1.4Do (D = D.). (95) 


This indicates that for encounters with D = D, the overestimation of the actual deflec- 
tion in the relative orbit resulting from the use of (g1) will be of the order of 20-30 per 








TABLE 2 
| 
x r(x)/D | ‘ r(x)/D 
0.05 3.20 | 0.30 1.40 
.10 2.20 | 40 28 
0.20 1.67 || 0.50 1.16 
1] 





cent. This further shows that encounters with D > D, must contribute, to some extent, 
to LAF? or & sin? 2¥. Consequently, by ignoring all encounters with D > D, and using 
equation (gt) for all encounters with D < D,, the two sources of error will probably 
compensate. In any case, an examination of Table 2 suggests that the method which 
has been adopted to avoid the divergence of the integrals which occur in the evaluation 
of TAF? and & sin? 2W is not likely to lead to errors of more than a few per cent, since 
D, enters in the various expressions only through a logarithmic term. 
YERKES OBSERVATORY 
September 18, 1940 
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THE TIME OF RELAXATION OF STELLAR SYSTEMS. 


S. CHANDRASEKHAR 


) 
ABSTRACT 
. Certain difficulties of principle which confront a rigorous and satisfactory analysis of stellar en- 
r counters within the framework of a theory which idealizes them, individually, as two-body problems are 
pointed out. 

1. /ntroduction.—In the two preceding papers' the time of relaxation of a stellar { 
system has been considered from two distinct points of view. In both cases the problem 
has a twofold character: first, to determine the effectiveness of stellar encounters in in- 
fluencing the motions of the individual stars in a stellar system and, second, to estimate 
the rate at which a stellar system may be expected to approach the final state of ‘‘ther- 
modynamic”’ equilibrium. The clearest formulation of this latter aspect of the ideas 
underlying the problem of the time of relaxation of a stellar system is due to Rosseland,? 
who has pointed out that after a sufficient length of time (long enough for a star to have 
suffered a large number of encounters) successive values of AE may be expected to be 

’ independent. Consequently, we can expect the AE’s to combine according to the 
_ Gaussian error law. Thus, the probability that, after a time ¢, AE may have a value in 
y the range | AE, AE + d(AE)} will be given by an expression of the form (cf. Rosseland, 
1 op. cit., eq. [1]) 
1 
C t 2 t 
. ‘ _ (s-D sr) [oe 
W(AE)d(AE) = —————— e ° °  =6d(AE). (1) 
low SAE 
. 


t 
In other words, }“AE? is a measure of the dispersion in AE to be expected after a given 


° 
length of time. It is primarily for this reason that the quantity SAE? was evaluated in 
Part I. (Similar arguments apply to the consideration of the sum = sin? 2W where (4 — 
2W) is the true deflection of a star with respect to fixed frame of reference.) Thus, at first 
sight, it would appear that, by combining the methods of Parts I and II with a law of 
the form (1) we should be able to make some progress toward a statistical theory of stellar 
' encounters. Such a theory would clearly be of the greatest importance, particularly in 
an analysis of the problem of clusters. However, and it is the object of this note to point 
out, that a description of stellar encounters from a very much more fundamental stand- 
point than has been adopted in Parts I and II is necessary before a really satisfactory 
start can be made toward a statistical theory of stellar encounters. 

2. The evaluation of the sum YAE.—It is clear that in order that we may be able to 
use equation (1) it is necessary to evaluate not only the sum LAF? but also the sum 
SAE, and it is in this connection that we encounter certain fundamental difficulties. 

Let us suppose that, as in Parts I and II, we can idealize stellar encounters, indi- 
vidually, as two-body problems. As we have seen in Part I, § 3, the parameters defining 


* Referred to as “I” and “IT.” ?M.N., 88, 208, 1928. 
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such an encounter are 2,, 0, ¢, D, and 0.5 Consider, then, a (v,, 0, ¢, D, 8) encounter, 
The exchange of energy AE resulting from such an encounter is (cf. I, eq. {16}) 


a. a ee ee al 
ae ia — (¢ v) cos Y cos 7. (2) 


The contribution to YAE by all the (v,, 6, g, D, 8) encounters can therefore be written 
as (cf. I, eq. [19]) 


J 0 
LAE w,, 6, ¢, D,0) = 2aN(v,, 0, g) AEV DdD do dv,d0d gdt , (3) 
27 F, 


or, using equation (2), as 


LAE w,, 0, ¢, D, @) — —4nrN(u, 6, ¢) } 


1M, — : P 0 > 
ass aV? cos i cos (¢ — y) cos Y DdD a dv,dédedt . | (4) 
27 


m, + m, 





If we used y as the variable instead of D, then equation (4) becomes (cf. I, eq. [22]) 








z ; V : 
DAE w, 6, ¢.¥,0) = —4rN (01, 6, ¢)G?mym.(m, + m2) 1 cos 7 
; (5) 
cos (¢ — y) sin dO | 
x C ¥) v dy — dv,dédedt . | 
cos? y 27 
On integrating the foregoing equation over ¥, we obtain 
SAE ee Viv a] rn G? ( ) V, 7 4 
LAE w,, 6, 9,0) = —4aN (2, 9, ¢)G?mym.(m, + m, 72 COS @ 
‘ > (6) 
cos _ sin 10 uw. 
x f ab ¥) v dy ie dv,d0d edt . | 
cos? y oT ) 


In equation (6) the integration will have to be extended over the relevant range in y. 
Now, the integral occurring in equation (6) diverges at y = 7/2. This, in itself, is not 
surprising. Actually, the corresponding integrals which occur in the evaluation of either 
of the sums LAF? or © sin? 2W (cf. I, eq. [24], and II, eq. [39]) also diverge at y = 1/2. 
But there is one important difference: the integral in equation (6) diverges to a higher 
order in D than in either of the two previous cases. To examine explicitly the nature of 
this higher order of divergence, let us extend the range of integration too < y < y and 
put y, = 7/2 in all terms except those which diverge at Y = 2/2. Using this method, 
we readily find that 





cos? p 


, j= ee 1 Bas dy = (—log cos %) cos ¢ + (tan Yo — =) sing. (7) 


3 The notation is the same as in I and II. 
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Combining equations (6) and (7), we find that 


DAE w,, 0, ¢,0) = —40N (a1, 0, ¢)G?mym.(m, + m2) a cos i & dv,d0dgdt 


27 


E Div DV? _ =). 
£ tog (: + aay) feos e+ | aot - 2} sin o| , 


(8) 


Xx 





Using the relations (27) of Part I, we can re-write the foregoing equation more con- 
veniently in the form 


Vo : 2 dv,d0d edt 
V 27 





DAE wn, 0, ¢,0) = —47N (2, 0, ¢)G?m,m.(m, + m2) 


1 D3V' {_ DV? _). , 
xX |£ tog (: + Gm, + ap) | cos # + | G(m, + m,) — =} sin ® cos 0| ° 


(9) 





Now, the dominant term in the foregoing expression is the one which involves 
[D.V?/G(m, + mz,)], and this is seen to be very much more important than the non- 
dominant terms, for (cf. I, eq. [56]) 


DV? a [D./parsec] 
G(m, + m) SH: te [(m:+ m.)/O] 





[V/20 km/sec}? . (10) 


Consequently, the term [D,V?/G(m, + m.)| is generally 103-5 to 1045 times as large as 
the logarithmic term, log [D,.V?/G(m, + m.)|. However, the dominant term occurs with 
cos 9 as a factor, and it would appear that the averaging over 0 would eliminate the 
dominant term from equation (g) and retain only the logarithmically diverging term. 
But it is now clear that the [D,V?/G(m, + m.)]| term can be ignored only if the average 
value of cos 0 foro < O < 2m under the conditions of the physical problem is less than 
10-4, This is hardly likely to be the case, since any fluctuation giving even the slightest 
preference to a particular value of 0 will make the [D,.V?/G(m, + m.)] term far more 
important than any of the other terms which would normally be retained. We cannot 
thus ignore the dominant term in equation (9), for the formal reason that the average 
value of cos 0 in the rangeo < 0 < 27 vanishes.‘ At the same time it would be difficult 


4A recent paper by L. Spitzer (M.N., 100, 387, 1940) contains an evaluation of the sum DAE. It 
will be noted that Spitzer retains only the logarithmic term in his expressions. For reasons which are 
stated in the text the evaluation of SAE which ignores the dominant term [D,V?/G(m; + mz,)] is likely 
to underestimate it by a factor of the order of 100 or more when any particular star is being followed 
during its motion. However, as Dr. Spitzer has pointed out to the writer, if one averages over a large 
number of “incident” stars, a more complete cancelation of the [D,V?/G(m: + m.)] term may be ex- 
pected. If this be assumed, the averaging of equation (9) over 0 will give 


s ; a 
DAE (x,,6,¢) = — 24N (01, 0, g) G2mym,(m, + m,) 7s cos ® 
X log (1+ OE _) dondod gat i. 
bei G?(m, + m,)? aa : 


If we adopt a spherical distribution of the velocities v, for purposes of averaging, equation (11) becomes 
(cf. I, egs. [40] and [41]) 


. : : J 
LAE (n,,0,¢) = — ¥N(21) G2m, m, (m, + m,) 


V 
Di V4 


“cos ® sin 6 
(12) 
X log (: on 


The averaging of the foregoing equation over ¢ is immediate. To average over 0, we should first express 
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to incorporate in a satisfactory manner the [D,V?/G(m, + m.)| term within the frame- 
work of a theory which idealizes stellar encounters as two-body problems. The prob- 
lems which we have to face in the present connection are several. First, if we retain the 
two-body approximation, the main contribution to SAE would arise, as we have already 
pointed out, from the random fluctuations which would give preference to certain 
values of 0. Second, any error in estimating the ‘‘cut-off’’ distance D, will directly in- 
fluence the results, and this, we may note, is contrary to our earlier experience in Parts 
I and II, where an uncertainty of a factor of 2 or 3 in D, introduced errors of less than 10 
per cent. Third, the extreme importance of the dominant term in the present problem 
indicates that very great care should be exercised in including the distant encounters. 
And finally, if the distant encounters are as important as they appear to be, it would 
appear more profitable to abandon the two-body approximation of stellar encounters 
altogether and devise a more satisfactory statistical method. It is not the object of this 
note to go into these matters here. We wish only to draw attention to the fundamental 
difficulties which a proper discussion of stellar encounters must necessarily confront. 


YERKES OBSERVATORY 
September 18, 1940 
Vy, V, and cos @ in terms of 6. Using the relations (30), (31), and (35), and after some further reductions, 
we find 


rG?mym,(m, + m,) 








DAEv, = —N(v,) — dv,dt 
20,02 
a | (13) 
%— Me OM, — mM, , é : f : 
7 = log (1 >V4jdb | 
x V2 m, +m, 6 FEE er, | 
ae | 
where 
Do 

= = (14) 








G(m, af m2) 


The integral occurring in equation (13) can be evaluated by the methods described in I and IT (cf. pp. 
294 and 295). We find 


SAE, = — N(v,) 472° ™: dy dt 


0.0 
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THE RATIO OF INTERSTELLAR ABSORPTION TO REDDENING 
J. L. GREENSTEIN AND L. G. HENYEY 


ABSTRACT 


Spectrophotometric investigations of reddened B stars have determined the law of variation of the 
interstellar absorption with wave length, except for an additive constant. The uncertainty as to the 
order of magnitude of any possible non-selective absorption appears in the ratio of absorption to 
reddening, a quantity of great practical importance. It is shown that the ratio of the intensities, at two 
wave lengths, of the total light from stars of a given type depends on the intrinsic color of the stars 
and on the ratio of the interstellar absorption coefficients at those two wave lengths. The ratio of the 
interstellar absorption coefficients at the two effective wave lengths of the photoelectric color indices 
determined by Stebbins, Huffer, and Whitford is evaluated in Table 1. The non-selective absorption is 
found to be small or zero. The ratio of photographic absorption to photoelectric color excess is found to 


be 8.1 + 0.4. 
I 


In recent years several observational investigations have been carried out with the 
purpose of determining the law of selective absorption by interstellar matter. In these 
investigations spectrophotometric methods have been used to compare, at various wave 
lengths, the light of reddened B stars with that of normal stars. Such comparisons are 
capable of determining total absorption to within an additive constant; that is, they de- 
termine a function, f(A), such that the absorption, A (A), is given by an expression of the 
form 


A(d) = f(X) + Ao, (1) 


where 1, is an unknown constant. These observations have, in fact, shown that f(A) 
is very nearly proportional,to 1/A in the observable region,” * 3 so that 


A(a) « (2 + | . (2) 


The last term in (2) contains the unknown constant, where for convenience we have 
written A, as the photographic effective wave length. 

The evaluation of the additive constant, or the constant a in (2), may be accomplished 
in principle through the determination of the total absorption in the line of sight at some 
wave length for such objects as have been examined spectrophotometrically. An equiva- 
lent method involves a determination of the ratio of the absorptions at two wave lengths. 
If we know the value of the ratio, say XY, defined as 

Y Bo f(A.) + Ao (3) 
‘ f(As) + Ao : 


we can determine A, since we know f(A). In the present investigation such a ratio is esti- 
mated from a suitably defined mean color excess of groups of stars. 


‘Stebbins, Huffer, and Whitford, 4p. J., 90, 209, 1939. 
* Greenstein, Ap. J., 87, 151, 1938. 3 Oort, B.A.N., 8, 248, 1938. 
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The problem of the determination of the additive constant is equivalent to the impor- 
tant problem of the determination of the ratio, R, of photographic absorption to color 
excess. If the colors are based on the effective wave lengths, \, and X., with \, > X., the 
ratio, R, is 





A(X do) + Ao 
) fo) + (4) 


*" 75 - 1) ho - 


According to the observed law (2), 





Pte +4) ~ -—. (5) 


Evidently, R depends directly on the value of a. 


II 


The ratio of the absorptions at two wave lengths may be estimated from the ratio of 
the intensities, at the two wave lengths, of the total light reaching the earth from all stars 
of a given group. If e(A) is the volume coefficient of emission at wave length \ by the 
stars of the given group at distance r and if k(A) is the coefficient of absorption, the total 
intensity, 7(A), of light arriving from the stars along some line of sight is 


I(A) = J, e(njen fp 4" dr ; 


Suppose that e(A)/(A) is constant along the line of sight. After introducing the optical 
depth r(A), we find 





a €(A) id —r(A) _ e() —_ 
I(\) = my I, e-7™) dr(X) = FQ) = a(n). (6) 
It follows that for two wave lengths, 
R(X.) T(x) €(A.) 
= (7) 





R(M:)  T(Az) €(\y) 


In practice, it is difficult to find any group of stars for which a(A) is constant over large 
distances. Certainly, for very large distances the emission must terminate. In or near 
the galactic plane, however, the assumption of constant a(A) is a useful first approxima- 
tion. It must be remembered that variations of a(A) do not enter in full force into equa- 
tion (7). Any variation will be partly canceled in the ratio of the two effective mean 
values of a(X). Later we shall estimate the errors involved in the assumption of constant 
a(X). 

The ratio of intensities may be most accurately determined by the use of a table of 
color excesses for stars of the same intrinsic color. In such cases the ratio €(A2)/e€(A;) is 
given in terms of the intrinsic color index, C, by 


€(A2) _ 
e(Ar) 


—o.4C 
loon 


Cc 
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provided stars of magnitude zero are taken as the units of intensity at both wave lengths. 
The total intensity at any wave length is the sum of contributions, for each star, of the 


form 
1O7o-4m(r) (8a) 


When m(X.) is the blue magnitude and m(A,) is the red magnitude, 
m(r.) = m(A,1) +C+E, 


where £ is the color excess. The total intensity of light from stars of the group is obtained 
by a summation, over all the stars, of terms of the form of (8a), as 











—o.4m(A,) 
T (Xx) = 1o°4C d-10 | % a 
T(X,) >_ 107°) x 197°-4E 
Hence, from equation (7), 
R(X.) S Yi10° 0.4m(X,) : 
R(A,) - > 4 1070-4E ° ga 


In other words, &(A,)/k(A,) is the mean value of 10°”, weighted according to the bright- 
nesses of the stars: 


Ws) _ Gey a 
kd.) > (10°48) =X. (96) 


We can define a type of mean color excess of the total light of the stars of the group. It is 
given by 


E = — $ logy (10°44) . (10) 


The major assumption involved in this method of determining the ratio of two absorp- 
tion coefficients is obviously the constancy of a(A) along the line of sight. Let us examine 
several typical variations of a(\) and estimate the error introduced by our assumption of 
constant a(A). From the equation for the intensity, 


it is apparent that the effect of the variation of a depends strongly on the optical depth at 
which the variation occurs. Let us consider a model in which a decreases exponentially 
outward, i.e., a relative increase of absorption over emission, according to the relation 


a= a,e 7 t) 


Then we find that the true intensity, 7’, is 


: t 
id = af e te—(t/O dr = Ao ta . (11) 
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In case ¢ is unity, a drops to 0.37 of its local value, ao, within an optical distance of 1 mag, 
In that case equations (6) and (11) show that /’ = 0.5/. The variations of a in the galac- 
tic plane are probably smaller; and if we average over a wide range of galactic longitudes 
and distances, regions with high a (star clouds and clusters) and low a (dark nebulae) 
will partly balance. The error introduced into the value of R(A.)/A(A;), by neglecting the 
variation of a, will be only 6 per cent even for ¢ = 1 and 4 per cent for ¢ = 2. 

In order to study the effect of fluctuations in a, let us investigate another model in 
which the variation of a isa periodic function of optical depth from the sun. Such a model 
will probably represent the fluctuating conditions in the Milky Way, when we average 
over a wide range of longitudes. We assume that 


a= a (1+ bsin 7 + ¢ cos 7). 


Then we find that 


gD bt + ct? : 
= (1+ 228), (12) 


The ratio of the intensities at two wave lengths will deviate by small amounts from that 
obtained with constant a. For example, if 6 or c = +0.5, the maximum value of a will 
be three times the minimum value. Yet for ¢ = 0.2, 0.5, and 1.0 the percentage errors in 
k(A.)/R(Ax) when 6 = 0.5 are only 1, 1, and o per cent; for 6 = —o.5 the errors are 0, 2, 
and 1 per cent, respectively. For c = 0.5 the errors are 2, 1,and o per cent; forc = —o.5 
they are 4, 2, and opercent. Since fluctuations corresponding to values of 6 or c greater 
than o.5 are unlikely, we may safely conclude that the uncertainties arising from fluctua- 
tions of a are small. 


III 


The mean color excess, or the ratio of absorption coefficients, according to equations 
(g) and (10), may be evaluated only for those groups of stars for which the total absorp- 
tion approaches a value effectively infinite within the magnitude range for which com- 
plete catalogues of color excesses are available. This limits our data very strongly, at 
present, to those stars which are intrinsically very luminous. If the integration in equa- 
tion (6) is carried to a limiting optical thickness, 7’, rather than to infinity, we find that 


I’ = a(t —e77). 


In order to avoid an error greater than 4 per cent in the ratio of intensities at two wave 
lengths, 7’ must exceed 2. In other words, we require completeness to a distance of the 
order of 2000 parsecs, or a modulus (including absorption) of 13.5 mag. Since spectral 
classifications become incomplete around magnitude 8.5, the incompleteness sets in for 
stars fainter than absolute magnitude —5. It follows that the method must necessarily 
be limited to supergiants and early B stars. While the limit of incompleteness for the 
supergiants is less than 8.5, these are, at the same time, considerably brighter? intrinsical- 
ly. As is well known, the number of apparently faint B stars is small, and their contribu- 
tion to the total light of the B stars is found to be negligible. The high galactic concen- 
tration of the B stars also helps to insure that the total absorption in the line of sight is 
very large. With the conventionally adopted value of the thickness of the absorbing 
layer in the Galaxy, the line of sight to B stars within 5° of the galactic plane lies wholly 
within the absorbing medium. 


4 Greenstein, Proc, Nat. Acad. Sci., 26, 259, 1940. 
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The catalogue of 1332 photoelectric color excesses of B stars by Stebbins, Huffer, and 
Whitford’ affords a homogeneous set of color excesses for early-type B stars in the acces- 
sible regions of the Milky Way, i.e., all O-B2 stars north of —40° inthe Henry Draper 
Catalogue. The color excesses of the stars in the catalogue have been determined with 
reference to the colors of bright and presumably unreddened standard stars. The stars 
were treated in several groups of spectral type and galactic longitude, as listed in Table 1. 
The stars were grouped and counted according to apparent visual magnitude, within in- 
tervals of 1 mag., and according to color excess within intervals of 0.1 mag. A numerical 
summation was performed to obtain the total light-intensity for each group, as well as 
the summation of the intensity multiplied by 10~°-4”, according to equation (ga). Only 
stars within galactic latitudes + 5° were used. The total intensity was found to be well 
determined by the available stars for the supergiants and O—Bo stars and fairly well de- 
termined for the O-B2 stars. For B1-B3 the incompleteness of the catalogues for stars 
fainter than the eighth magnitude results in an underestimation of the total intensity 
and of the mean reddening. 


TABLE 1 
MEAN REDDENING OF THE LIGHT OF THE B STARS 








Type Galactic R(X2) i . 
: Longitude R(Ay) : 
CHCA iss .% one 310°—230° 1.154 +o™16 54 
O-Bo. . 310 — 60 1.181 .18 IOI 
O-Bo 60 —230 1.100 .10 86 
O-Bo... 310 —230 1.134 .14 187 
Bo-B2 310 —230 1.124 Be 340 
BIH Bock ces 310 —230 1.007: | +0.07: 300 

















The last column of Table 1 contains the number of stars involved in each determina- 
tion. Two stars, a Cyg and y Cas, have been excluded because of their great apparent 
brightness and correspondingly excessive weight in the solution. The effect of the incom- 
pleteness of the catalogue for B1—B3 should be noted. To a given limiting magnitude 
those stars will be observed which have suffered less than average absorption and there- 
fore less reddening. The resultant mean color will be too blue. The adopted mean value 
of the ratio of the absorptions, Y, has been obtained from the data of Table 1 by giving 
the results for the cB-cA stars weight 3, the O-Bo stars weight 2, and the Bo—B2 stars 
weight 1. We obtain the value 


x ae 1.142 + 0.009. 


If the normal color indices adopted in the system of photoelectric color excesses should 
require correction by a quantity 5£, the mean color E should be decreased by SE. It 
seems improbable that 6£ can exceed 0.03 mag. for our groups of stars. Any absolute 
magnitude effects in the intrinsic color indices of the stars will affect the color excesses 
and therefore our results. It is thought that such absolute magnitude effects are also 
small.* 3 

In order to interpret our results, we shall require the effective wave lengths of the 
photoelectric color indices. They are given as \, = 4710 A, 2 = 4170 A, for stars of 
color temperature 20,000° and as A; = 4770 A, A. = 4260 A, for color temperature 6000". 


SAp. J., 91, 20, 1940. 
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The B stars which have most weight in our solutions possess an intermediate color tem- 
perature, and we shall adopt the values \; = 4740 Aand A. = 4215 A. We also require 
the photographic effective wave length, a quantity which depends strongly on the tele- 
scope and plate used. On the international scale it is often given as \.» = 4250 A; for con- 
venience in the analysis we shall take \, = A. = 4215 A. If the interstellar absorption 
coefficient were strictly proportional to 1/\ and if there were no additive constant in (2), 
we would expect &(A.)/&(A,) to be equal to 1.125. We will show that the close agreement 
of this value with the observed ratio indicates that the non-selective absorption is small. 
Let us assume that the interstellar absorption coefficient varies according to (2) 
and determine the additive constant a from our observed value of the ratio, Y, Then 





I a 
eae oa ies 
, 2 No 
¢ 
>. 
Since we have taken A, = A;, we find that 
x No 
gag (1-¥) =r te. (13) 


The value of a is found to be —o0.13 + 0.05. The mean error is probably an underesti- 
mate, since we have not included the effect of errors of interpretation such as arise from 
variations of a. In any case we may safely assert that a is a small quantity and that the 
non-selective absorption is small. The negative sign of a requires that the absorption be- 
come zero at 32,000 A. No physical reality need be ascribed to such behavior, since we 
have no evidence as to how far into the infrared the 1/\ variation continues. 

We may evaluate directly from our observed ratio of absorption coefficients the ratio, 
R, of photographic absorption to color excess. We require no information concerning the 
form of the dependence of the absorption coefficient on wave length. From equation (4) 
we can show that 

f(Xo) + Ao X 
_1\ Pe serene (14) 


hse BOS Oe ee 
fe) — fOr) is 


We obtain, finally, 


R=81+04. 


Again, the uncertainty of R is larger than the mean error. We estimate that the total 
uncertainty in R is of the order of +0.8. 

The new method presented here for the determination of the ratio of absorption to 
reddening has several advantages in principle over other methods. For example, spectro- 
photometric results alone can only establish’ that 5.5 < R < ©. Spectrophotometric 
results, combined with estimates of the total absorption,? require some knowledge of the 
absolute value of the general interstellar absorption coefficient. If other complete cata- 
logues of the colors of highly luminous stars can be obtained, it should be possible to eval- 
uate more accurately the ratio of absorption to reddening. 


YERKES OBSERVATORY 
August 1940 














THE RECENT SHELL SPECTRUM OF y CASSIOPEIAE 
RALPH B. BALDWIN 


ABSTRACT 


Spectrograms of y Cassiopeiae taken since the early part of 1939 give evidence of an extensive outer 
shell of gas. Strong absorption lines of H, He1, and Fe 1 are produced in the shell. Weaker lines of 
other elements are also found. The lines show that there is an appreciable dilution of the photospheric 
radiation. An analysis of the shell spectrum is given. 


The star, y Cassiopeiae, is one of the most interesting objects, since it continually 
undergoes new and unexpected changes which may affect the appearance of the entire 
spectrum, continuous, emission, and absorption. An example of the changes is the de- 
velopment of the third shell spectrum starting early in 1939. 

An analysis of this sharp and strong absorption spectrum revealed that it was similar 
to, but much more intense than, the shell spectrum of 1936.? In the second shell hydro- 
gen and helium were the only elements to appear strongly. In the spectrum of the third 
shell the lines of the light gasses were again present but were supplemented by a host 
of weaker lines, among which those of Fe 111 were prominent.? O11, Nit, Al 1m, and 
Nu may have contributed weak lines. The H and K lines of Cat were present and 
were probably blends of the stellar and interstellar lines. Interstellar sodium and ionized 
titanium were not found. 

Neither $7 11 nor Mg 11 were found; hence the dilution of radiation was considerable, 
and the shell absorption occurred at an appreciable height above the effective photo- 
sphere. 

An application of the method of Struve and Wurm: to the helium lines of the 1936 
shell gave 3 radii as the lowest value which could be assigned to the height of the shell.’ 
This value was a lower limit and not an exact figure because the emission in the 
2'P° — 1'S transition could not be taken into account. An intercomparison of the metas- 
table and the nonmetastable singlet levels of helium shows that the dilution of radia- 
tion was not as great in the latest shell stage as it was in 1936. However, the visible 
helium emission lines were very much weaker than in 1936. Consequently, the shell 
was nearer to the minimum height which could be derived by such an intercomparison. 
A preliminary estimate places the shell at 2 to 3 radii from the photosphere. 

The conditions of excitation which are shown in the shell spectrum are higher than 
are compatible with the appearance of the Mg 1 lines, \ 3829 and A 3838. However, two 
weak lines were measured near those wave lengths, while none was measured near 
\ 3832, the third member of the Mg1 triplet. This is to be expected under conditions 
of dilute radiation, as the lower level of \ 3832 may be depopulated by direct transitions 
to the ground level of the atom, while the lower levels of the other two lines of the 
triplet will act as though they were metastable. 

Numerous absorption lines were found in y Cassiopeiae having wave lengths similar 
to those of unidentified lines in the 1914 shell spectrum of ¢ Tauri. In an unpublished 
study of the latter star the author found about five hundred absorption lines in the 
photographic region. Most of them were very sharp and arose in the shell. They con- 
sisted of H, Fe 1, Ni 1, Ti 1 and other elements requiring similar excitation. Other lines 
in the spectrum were not as sharp. They were classified on a scale of 1-5, the former 


t Baldwin, A p. J., 92, 97, 1940. 


2 Struve, Elvey, Pub. A.S.P., 52, 140, 1940. 3 Ap. J., 88, 84, 1938. 
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Table l 


Shell Absorption Lines in the Ultraviolet Region 


December 8, 1939. Corrected for velocity of +17 km/sec 





















































Measured| Int} Identification Measured |Int/Identification Measured] Int| Identification 
n% (I.A.) az (I.A.) n% (I.A.) 
3065.06 2 3333.42 1 |OIII 3.00 (4)ci} 3515.82 0 
86.31 | 2 | FeIII 6.31 (6) 35.28 | 3 24.72 |} 1 
3106 .86 2 38.37 3 28.86 fe) 
36.24 1 | FeIII 6.43(10) 39.33 4 |FeIII 9.36(10) 30.58 2 |Hel 0.49 (-) 
44.61 1@) 47.79 1 |FeIII 7.70 (8) 94.38 5 |Hel 4.44 (1) 
73.78 | 2 |FeIII 4.09(10) 54.45 | 5 |HeI 4.52 (1) 4.57 (1) 
75.92 2 | FeIII 6.00(10) 96.65 O |FeIII 6.71 (7) 56.96 2 |r Seorpii 
78.13 1 |FeIII 8.03(10) 3400.69 1 70.55 2 
87.64 |13 | Hel 7.74 (8) 03.82 1 86.00 2 |FeIII 6.12 (9) 
90.53 QO | FeIII 0.81 (8) 15.50 0? 87.40 3 |Hel 7.28 (2) 
94.43 1 18.39 0 7.42 (1) 
96.78 O |Hel 6.68 (1) 20.02 1 {10 Lacertae 99.26 1 |Hel 9.32 (1) 
3204.72 | 1 |FeIII 4.76 (6) 42.30 | 0? 9.46 (1) 
11.94 4 | Hel 1.50 (1)b 47.50 7 |Hel 7.59 (2) 3600.24 O |FeIII 9.49 (3)c 
26.43 ce) 49.82 1 |Hel 0.22 (-) 00.89 2 |FeIII 0.93(10) 
31.48 | 1 |/HeI 1.20 (1) 52.01 | O jHeI 5.21 (-) ALIII 1.62 (6)b 
48.01 1 94.25 2 03.18 0? 
58.01 1 |Hel 8.30 (1) 56.78 O |Hel 6.79 (-) 03.80 3 |FeIII 3.88 (9) 
60.54 1 /OIII 0.98 (8) 60.75 1 |Hel 0.94 (-) 12.00 1 JALIII <.35 (4) 
63.58 | 0?|FeIII 2.44 (6)c 65.80 | 2 |Hel 5.91 (-) 12.76: | 0 
65.56 2 {OIII 5.46(10) 69.99 1 |FeIII 0.26 (4) 13.59 7? |Hel 3.64 (3) 
66.58 4 |FeIII 6.88(20) 72.00 2 |Hel 1.80 (-) 18.02 3 
OIII 7.31 (5)bd 75.66 | 2 |r Scorpi 21.51 1 
Fists 0 79.12 1 |Hel 8.97 (-) 26.32 0 
75.99 6 |FeIII 6.08(15) 82.07 2 |FeIII 2.36 (4) 29.71 ) 
79.79 1 |FeIII 0.58 (6) 87.52 1 |Hel 7.72 (-) 30.54 0 
85.14 0 90.18 2 31.79 2 
88.3 6 |FeIII 8.81(15) 91.78 1 33.29 2 |v Pegasi 
92.62 2 |FeIII 2.04(8-) 98.94 1 |Hel 8.64 (-) 34.19 7? |Hel 4.24 (2) 
94.55 O |FeIII 4.50 (4) 3500.18 1 |FeIII 9.57 (7) 4.37 (1) 
96.95 2 |Hel 6.76 (1) 0.29 (7) 56575 0? 
3304.01 O |FeIII 4.31 (9) 02.48 2 |FeIII 1.75 (8) 46.52 1 
05.27 2 |FeIII 5.22(10) 05.10 1 48.78 2 
09.80 O |FeIII 9.40 (6) 06 .82 O |FeIII 6.93 (5) 49.76 2 lv Pegasi 
25.51 1 |FeIII 4.72 (3)c 08.78 0 92.05 l |Hel 2.00 (l)a 
29.72 | O |FeIII 9.89 (7) 12.77 | 3 |Hel 2.51 {=) B12 (a) 
FeIII 2.65 (6)b 
Table 3 
Shell Avsorption Lines in the Visual Region 
Octover 17, 1939. Corrected for velocity of +4 km/sec 
Measured |Int] Identification Measured |Int [Identification Measured] Int/ Identification 
»% (I.A.) nr (I.A.) w% (LA) 
4879.75 0 5198.02 iS 5901.10 0? 
99.17 3 ]zZ Tauri 5213.19 i 32.47 O | NII Leto C7ie 
4906.40 1 |g Tauri? 19.90 0 42.34 O?;|NIL 1.67 (8)c 
21.70 5 |Hel 1.93 (4) 5326.38 (@) 93.31 1 
5015.47 4 |Hel 5.68 (6) 32.31 1 6026.98 1 
48.21] 2 |Hel 7.74 (2) 45.27 2 6140.04 0 
63.73 O |FeIII 3.4 (2) 76.22 6) 52.10 0? 
73.50 O |FeIII 3.78 (3) 5434.11 1 6207.67 2 
86.80 O |FeIII 6.7 (3) 44.40 0 26.45 0 
5114.24 0?|FeIII (pred-) SGG1 st. 2 6410.65 2 
26.16 2 iFelix 7.3 (6) 5652.96 1 6514.97 2 
56.81 1 |FeIII 5.97 (4) 5777.66 0 62.49 O | Hz 2.82 Ha 
7.85 (4) 5846 . 56 0 
93.82 O | PeIII 3.90 (4) 76.47 5 {Hel 5.62(10) 
4.43 (4) 5.96 (1) 
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Table 2 


Shell Absorption Lines in the Photographic. Region 


February 2, 1940. Corrected for velocity of -2 km/sec 









































Measured Identification Measured Identification Measured] Int} Identification 
w (Ide) xX (I.A.) n% (I.A.) 
3658.81 | 0|H34 8.64 3837.88 | 2 |HeI 98.09 (1) {4141.41 | 0 y Tauri 
59.57 | O|H33 9.42 MeI 8.50(100)d]}/ 43.78 | 7 |HeI 3.77 (2) 
60.32 | O/H32 0.28 45.62 | 2 /¥ Tauri 55.87 | 1 
61.22 | O/H31 1.22 49.47 | O |NiII 9.54 (2) 68.39 | O|/HeI 8.97 (1) 
62.32 | O}H30 2.26 59.47 | O |z Tauri 72.36 | O 
63.41 | 1]He9 3.40 67.47 | 3 |HeI 7.46 (2) 86.62 | 0 }% Tauri 
64.63 | 1|Hee 4.68 7.62 (1) {4222.45 | O | FeIII 2.39 (8) 
66.00 | 1]H27 6.10 68.91 | 1 25.55 | O 
67.54 | 2]Hee 7.68 Hw 70.16 | 1 29.76 | 0 
68.39 | 1 71.84 | 3 |HeI 1.80 (1) 40.78 | 0 
69.39 | 3|H25 9.47 Hy 78.20 | 0 |HeI 8.18 (1) 44.39 | 1 |NiII 4.81 (1) 
71.28 | 4]Heq 1.48 HX 80.40 | 1 48.41 | 1 |Z Tauri 
73.70 | 5|/He3 3.76 HO 88.80 |25 |HeI 8.65(10) 56.02 | 1 
76.47 | 6 |Hee 6.36 Hv Hg 9.05 Hy 66.24] 2]/CII 7.02 (8)c 
79.40 | 7 |H2l 9.36 HT 3901.72 | 2 |¥ Tauri? 7.27(10)c 
82.80 | 7 |He0 2.81 He 04.68 | 1 |¥ Tauri 69.37 | 1 
84.75 | 1 14.03 | 0 74.48 | 1 
85.62 | O 26.60 | 5 |HelI 6.53 (1) [4340.57 |18 | Hs 0.48 HY 
86.83 | 8|H19 6.83 HP 27.73 | 2 |¥ Tauri 52.45 | 3 |FeIII 2.70 (4) 
88.84 | 1] % Tauri 28.84 | 1 66.18 | 1 
91.54 | 8|H1e 1.56 Hr 29.68 | 2 72.03 | 2|FeIII 2.41(20) 
97.12 | 8|H17 + 7.15 Ho 31.16 | 3 |¥ Tauri? 80.76 | 0 
3703.92 | 9 |H16 3.86 He 32.48 | 2 } Tauri 82.27 | 0 | FeIII 2.5(comp) 
05.07 |11 |HeI 5.00 (3) 33.65 | 3 |CaII 3.68(400) 88.03 | 9 |HeI 7.93 (3) 
5.14 (1) 35.86 | 1 |HeI 5.91 (1) 91.54 | O 
11.98 }10]H15 1.97 Hy 39.79 | O 95.91 | 2] FeIII 5.78 (6) 
21.98 |12 |]H14 1.94 Hm 54.42 | 1 |¥ Tauri? 97.70 | 1 |2 Tauri 
24.24 21% Tauri? 60.08 0 99.95 1 | Zz Tauri? 
33.11 | O}HeI 2.85 (1) 64.71 |12 |HeI 4.73 (4) [4402.05 | O | ¥ Tauri 
2.99 (1) 68.48 | 1 |CaII 8.49(350) 08.09 | O 
4.43 }13 |}H13 4.37 WA 70.08 19 |H7 0.08 He 12.13 | 1 |¥% Tauri 
41.22 | 0 97.39 | O 15.72 | 1 
47.55 | 0 4000.76 | 0 19.58 | 4] FeIII 9.59(10) 
50.21 ]}14]H12 0.15 HK 04.98 | 2 27.46 | 2/z% Tauri 
56.02 | 2]HeI 6.09 (1)b 09.52 | 5 |HeI 9.27 (1) 30.96 | 3 |FeIII 0.95 (7) 
57.96 | 3 23.90 | 2 |HeI 3.99 (1) 34.79 | 1 ]¥% Tauri 
59.83 | O|OIII 9.87 (9) 26.21 |13 |HeI 6.19 (5) 37.87 | 2|HeI 7.55 (1) 
63.93 | 1 6.36 (1) 56.52 | O/}Y Tauri 
68.03 | O}HeI 8.80 (1) 47.44 | O 71.65 |15 |HeI 1.48 (6) 
70.71 {15 ]H11 0.63 Her 52.14 | 0 1.69 (1) 
75.36 | 0 54.29 | O |Z Tauri? 76.80 | 1 
84.83 | 2]Hel 4.88 (1) 55.38 | 0 80.19 | 0 
92.57 | 1]% Tauri 66.92 | 1 |NiII 7.04 (3) 90.50 | 1 
97.97 117 |H19 ©7.90 He 70.15 | 1 |Z Tauri? 4502.96 | O | ¥ Tauri 
3805.73 | O|Hel 5.75 (1) 71.66 | O |Y¥ Teuri 09.70 | 1 
06.35 | 2 78.92 | 2 |¥ Tauri 15.55 | 2 
20.04 |14 |HeI 9.61 (4) 86.85 | O | x Tauri 20.80 | O 
9.75 (1) 92.61 | O |y Tauri 40.70 | 0 
22.42 1S 4101.72 119 |He 1.75 Hd 55.27 | 1 
268.91 | 1 |MeI 9.37(40)d 20.84 | 5 |HeI 0.81 (3) 67.60 | O 
30.67 | O|% Tauri 0.98 (1) [4697.27 | 3 |X Tauri 
33.53 | 3]HeI 3.56 (1) 25.01 | 0 4713.27 | 7 |HeI 3.14 (3) 
35.41 118 | Hg 5.39 Hy 27.07 | O 3.37 (1) 
51.80 | 3 
4861.36 |12 | Hg 1.34 HB 
Table 4 
Hydrogen and Helium Series 
Hydrogen | \6562.82, 22S - 3°P°, to 3658.64, 22S - 34%P° 
Helium 25015.68, 2ls - 3lP°, to v3196.68, 2ls - 121P° 
3888.65, 29S - 35P°, to A3187.74, 2°95 = 45P° 
n5047.74, 2lp’- 4ls , to 23838.09, 21P°- lols 
X4713.20, 25P°- 45S , to 23599.39, 25P- 95s 
n4921.93, 2lp°- 41p , to 23756.09, 2lp°- 14D 
N5875.65, 2°P°= 35D , to 3450.22, 2>5P°- 215D 
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being the sharp shell lines and the latter being the rotationally broadened hydrogen and 
helium lines. On the rotational model the broader the absorption line the lower in the 
atmosphere it is produced and, presumably, the higher the state of excitation. 

Of the unidentified lines present in both y Cassiopeiae and ¢ Tauri, a majority were 
estimated to be of width 2 in the latter. Hence they were produced lower in the atmos- 
phere, under conditions of higher excitation than the sharp shell lines. 

The vy Cassiopeiae shell lines indicate a higher state of excitation than do the ¢ Tauri 
shell lines, i.e., there is strong Fe 111 and no Fe 11 in the former and strong Fe 11 with 
weak Fe 11 in the latter. Therefore the identification of many of the broader lines in 
¢ Tauri with shell lines in y Cassiopeiae is probable. 

The spectra of the doubly ionized metals such as 77 11, Ni m1, and Cr 111 are prac- 
tically unknown. It is entirely possible that many of the unidentified absorption lines 
arise from metastable levels in these atoms and others of similar ionization potentials. 

In the table of lines a designates a major contributor, 5, a minor contributor, c, an 
identification which is inadequate or doubtful; d shows that the excitation energy re- 
quired is much less than that indicated by remainder of shell spectrum. The lines in 
10 Lacertae, 7 Scorpii, and y Pegasi are from ‘‘The Ultraviolet Spectra of A and B 
Stars” by Struve (Ap. J., go, 699, 1939). The lines in ¢ Tauri are from the author’s 
unpublished study of that star’s shell spectrum. 

From an inspection of the tables of lines in the shell spectrum of y Cassiopeiae, 
Dr. P. Swings compiled a list of suggested identifications of Fe 11 lines additional to 
those already given in Tables 1, 2, and 3. Most of these identifications are given in the 


following table. 


























Measured | Soh Ne 7 | Measured ao : 
tas | Int | Identification _— » z rg Int Identification Notes* 
3065.06... 2| Fets.60 (4) | } 4000.76 ° Fe 111 0.83 (4) 
ce oa ern 4 Het rsp: C5) bie 1 4070.15 I Fein 0.53 (3) 
| Fe II 2.05 (10) a | 4092.61 ° Fei 2.43 (3) | 
S270.90.. 2: I | Fe 1119.67 (6) a ! 4141.41 fe) pe 1.63 (2) | 
0.58 (6) a,e || 4186.62 ° felmr6.50 (4) | 
3325.51 E | Pemtai72- (3) | a ! 4240.78 ° Fe tt o.71 (4) | 
4.93 (3) | @ | 4244.39 I Fe ut 3.85 (8) 
5.41 (2bl)|} 5b ] 4248.41 I Fe 111 8.58 (4) | 
7223.42. | : Wits.00 (a) |:c5/¢ || 4206. 24... 2 | Pes 6.88 (5 | 
reat 3.27 (3) a 4306.18 I elm §$.50(3) |} 
> . rs . ‘ 4 i J". | 
3335.37. | 3 | Fe 118.72 (7) ! 4408 og fe) Feut 7.94 (2) | 
3454.25 | 2 | Fe Ht4.35 (3) | || 4480.19 fe) Fe 111 9.60 (2) a 
3515.82....| o| Femrs.57 (5) | | | —0.§7(2) | a 
2524.72 r | Fe ur4.15 (3) a ] 4567.60... o| Fet7.41 (4) | a 
5-17 (3) a 7.83(4) | a 
3012.00.. Ler 92 45) a | 5198.02...| I Fe t 8.95 (4) | 
Al 111 2.35 (4) Gs .4t 837022 o| Fern s5.68 (5) | 
| 
i} 





* Notes a, 6, and c have same meanings as for Tables 1-3. Note e, previously identified. 


The spectrograms were loaned by the Observatory of the University of Michigan. 
They were taken with the one-prism spectrograph and the new ultraviolet spectrograph 
recently constructed in the observatory machine shop. The author wishes to express his 
appreciation to that observatory and to Dr. Struve, director of the Yerkes Observatory, 
for sending reproductions of ultraviolet spectra of y Cassiopeiae, taken at the McDonald 
Observatory during the shell stage. 

DEARBORN OBSERVATORY 
NORTHWESTERN UNIVERSITY 
October 14, 1940 
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THE SPECTRUM OF THE NIGHT SKY* 
C. T. ELVEY, P. SWINGS, AND WALTER LINKE 


ABSTRACT 


A conservative list of lines in the spectrum of the night sky is given, using spectrograms obtained at the 
McDonald Observatory with the nebular spectrograph. The identifications are discussed, and the atten- 
tion of the laboratory spectroscopists is called to the various experimental problems connected with this 
question. The main features of the spectrum of the night sky are represented by the atomic lines of 
Nat and |O1| and the band spectrum of "., particularly the Vegard-Kaplan and the First Positive 
systems. 

“ Estimates of the relative intensities of some of the lines in the spectrum of the night sky show that 
the sodium line is weak during the summer. Also, it was found that the sodium line was enhanced in a 
luminous area of the night sky. The estimates of intensities of the forbidden oxygen lines show that the 
red line, \ 6300, is very strong at the end of twilight and decreases to a more or less constant value 
around midnight, while the green auroral line shows the tendency to reach a maximum shortly after mid- 
night, as many others have observed. 


Many descriptions of the spectrum of the night sky have been published in recent 
years and also, many lists of lines and identifications. Some of these lists contain a large 
proportion of uncertain lines, and a careful examination of our material has convinced 
us that many of the announced lines do not actually exist on our spectrograms. This 
may be due to the fact that the spectrum of the night sky may be accidentally richer at 
certain locations and at certain times; or, it is possible that techniques in observing, 
measuring, and reducing the material have given erroneous results. Because of this un- 
certainty in part of the collected materials, tentative identifications and discussions have 
appeared which are without sound bases. 

It has seemed to us that it would be useful to publish a conservative list of lines in the 
spectrum of the night sky (table 5) which could be a basis for future discussion of the fun- 
damental features. The table is preceded by a discussion of the identifications. The main 
purpose of this attempt is to call the attention of the spectroscopists to the various ex- 
perimental problems connected with this question. Our identifications will be based ex- 
clusively on our list and on one by H. W. Babcock! for the wave lengths greater than 
sooo A. No attempt will be made to give a critical discussion of the previous publica- 
tions or to give a complete bibliography,’ as this would require too much space. 

We will also give some preliminary results of intensity variations in the spectrum of 
the night sky obtained from spectrograms taken with the nebular spectrograph in the 
survey for emission nebulosities in the Milky Way. 

The spectrograms under discussion were obtained with the nebular spectrograph of the 
McDonald Observatory, a description of which has been given by Struve, Van Bies- 
broeck, and Elvey.’ The light from the sky is picked up by the narrow mirror which 
acts as the slit of the spectrograph and which is on an equatorial mounting and is re- 
flected to a stationary mirror located 75 feet along the polar axis, which, in turn, sends 
the beam of light back to an objective-prism camera mounted on the polar axis with the 
slit. The long distance of the slit, 150 feet, makes a collimating lens unnecessary. Two 
quartz prisms and an f, 1 Schmidt camera are used, thus making an instrument especial- 


* Contributions from the McDonald Observatory, University of Texas, No. 29. 
' Pub. A.S-P., $%,47;.3030- 


? For references earlier than 1935 see G. Dejardin, Rev. Mod. Phys., 8, 1, 1936. For more recent work 
see J. Gauzit, Ann. d’Ap., 1, 334, 1938, and M. Nicolet, Mémoires de l'Institut royal météorologique de 
Belgique, Vol. 9, 1939, and Bull. Acad. R. Belgique, 25, 81, 1939. 


3 Ap. J., 87, 550, 1938. 
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ly useful in the near ultraviolet. The correcting plate of the Schmidt camera is of ultra- 
violet glass which begins to lose transparency around A 3200; thus the far ultraviolet 
regions are rather weak on our spectrograms. 

The linear dispersion varies from 115 A per millimeter at \ 3200 to 500 A per milli- 
meter at A 5000. The slit as imaged on the spectrogram has a width of 0.04 mm, and 
thus, considering the dispersion, the effective width of the slit is about 5 A at \ 3200 to 
20 A at \ 5000. Band structure or close lines cannot be resolved, and consequently the 
identification of some of the lines cannot be made with very great certainty. 

Five spectrograms of the night sky with exposures ranging up to 9 hours have been 
used for the determinations of wave lengths. A comparison spectrum of mercury was 
impressed on the spectrograms by placing a mercury tube in the center of the slit of the 
nebular spectrograph. 

The spectrograms were measured on a Gaertner measuring-machine, and the wave 
lengths were determined by a graphical method, inasmuch as the diffuse character of the 
lines did not warrant a more refined method. To help construct a standard dispersion 
curve, we used spectra of the iron arc, the Balmer lines of hydrogen in stellar spectra, 
and the ozone spectrum found on spectrograms of stars exposed for the far ultraviolet 
region. One of the spectrograms of the night sky is shown in Plate XIV. Two prints of 
the same spectrogram are placed side by side in order to help separate the faint detail 
from defects of the plate. In the reproduction processes two or three of the faint lines 
at the violet end of the spectrum have been lost. We have measured only details which 
we feel reasonably certain to represent lines. No attempt has been made to measure the 
lines from microphotometric tracing, for it has been our experience that a line cannot be 
detected with any certainty on a tracing unless it can be seen by a visual inspection of 
the spectrogram. 

The measured wave lengths of the lines observed on our spectrograms are in the first 
column of Table 5, along with the mean errors of the wave length whenever a line has 
been measured on two or more plates. In case it has been measured on only one spectro- 
gram, a mean error is not shown; and in those cases where the wave length is quite 
uncertain, owing to the faintness of a line being measured on only one spectrogram, it is 
inclosed in parentheses. 

Two good spectrograms were obtained with the nebular spectrograph, using glass 
prisms, thus resulting in a linear dispersion about twice that of the quartz prisms. These 
were measured from \ 3900 to the red end of the spectrum and are included in Table 5. 

The wave lengths of the three principal lines in the red-green region of the spectrum: 
AA 6300, 5893, and 5577—have been assumed, since so much more accurate values exist. 

In the second column of Table 5 are listed the estimated intensities of the lines anda 
brief description of their character. The remainder of the table is devoted to the identifi- 
cations, which are being discussed in the following sections. 


ATOMIC LINES 


Besides the forbidden transitions of [O 1], AX 5577, 6300, and 6364, and the D lines 
of Nat, there is also some evidence, though not quite conclusive, in favor of the second 
line of the principal series of Va1, \ 3303, 38°S — 4p’P°. 

The line measured by H. W. Babcock’ near \ 6401 is certainly not the component 
3P, — 'D, of the nebular transition of [O1| at \ 6392, which should be extremely weak 
compared with \ 6364 of the same transition. 

Many discussions have been published recently concerning the presence in the spec- 
trum of the night sky of the forbidden line# 4S, 2P 5/2, 1/2 Of [N 1] at X 3466.5. That 


‘ This i is actually a doublet, but the separation of the two components of ?P is only of the order of 


o.5 cm-'. A search for the transition, of auroral type \ 10,407, in the spectrum of the night sky would 
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there is no line of appreciable intensity at that wave length is certain, as our line \ 3460 + 
1 A is narrow, and an error of measurement of 6 A is excluded in that region. 

A systematic discussion of all forbidden and permitted atomic transitions has re- 
vealed no other reliable identification.’ This is similar to the results of M. Nicolet® con- 
cerning the spectrum of the aurora borealis. 


MOLECULAR BANDS 


The main role in the spectrum of the night sky is played by the molecules, and es- 
pecially by V.; however, the identifications are in many cases still very uncertain. The 
first reason is observational, owing to the low dispersion and the low resolving-power 
available; however, in this regard we feel that our material is among the best collected 
so far. A second reason is our ignorance concerning the mechanism of excitation; even 
if we suppose that we know the general type of excitation, it does not seem safe to as- 
sume a priori any distribution on the rotational and vibrational levels. It seems that 
the rotational distribution corresponds to a low temperature, from 200° to 300° K; but 
different systems may be excited by different mechanisms or at various altitudes, and 
the distribution on the excited levels may differ widely from the thermodynamic equi- 
librium at the low kinetic temperature of the emitting regions. We also know that the 
excitation process may give rise to a strong selectivity among the vibrational transi- 
tions. 

It would be interesting to compute systematically all the intensity distributions in 
the bands, assuming a low temperature—say 250° K. This could be done according to 
the general procedure followed by Swings and Nicolet,’ or by Dufay,*® for the spectra 
of comets. For the following discussion these complete calculations have not been made, 
and the effect has only been roughly estimated. 

N, molecules.—All of the band systems of V, have been examined in order of increas- 
ing electronic excitation. 

The Vegard-Kaplan system, A’ — X'Q, is similar to the atmospheric absorption 
bands of O,, the upper level being metastable in both cases. The Vegard-Kaplan bands 
are degraded to the red in the laboratory, but in our present knowledge of the excita- 
tion processes in the high atmosphere it would be dangerous to assume that those in 
the spectrum of the night sky should show a sharp violet head. According to reliable 
identifications, the Vegard-Kaplan bands do not show any conspicuous structure on our 
spectrograms. This may be expected on a very low dispersion spectrogram of a low 
temperature emission. 

The presence of the Vegard-Kaplan bands in the spectrum of the night sky seems quite 
certain, but some of the identifications still remain doubtful, owing partly to the fact 
that we had to use mostly calculated wave lengths. It is very desirable to obtain more 
laboratory information concerning these bands, particularly the relative intensities of 
those transitions observed in the spectrum of the night sky. 

A first attempt in that direction has been made recently by R. Bernard,? who was 
able to excite the Vegard-Kaplan bands by electronic collisions. The bands are especially 
strong in the presence of a great excess of argon, and the sequences v’’ — v’ = 10, 11, 
12, 13, are then as prominent as they are in the spectrum of the night sky. Bernard has 
given preliminary intensity estimates of the various vibrational transitions. Considering 


5 Our spectrograms exclude emissions such as He 1, Fe 01, etc., in interstellar space as well. 
6 Ann. d’Ap., 1, 381, 1938. 


7 Ap. J., 88, 173, 1938. 8 Ap. J., 91, 91, 1940. 


9 Ann. d. Phys., 13, 1, 1940. O. R. Wulf and E. H. Melvin (Phys. Rev., 55, 687, 1939) have recently 
succeeded in exciting the Vegard-Kaplan bands in V, at atmospheric pressure and at a temperature which 
is practically that of the walls. The (0-5), (0-6), (1-4), and (1-5) transitions show a rotational structure 
which has been measured. 
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the laboratory and the observational techniques, the agreement with our observations is 
rather satisfactory. 

If we introduce our identifications in a vibrational diagram, we obtain Figure 1. The 
Condon parabola is quite displaced, as compared with the theoretical curve computed 
by J. Gauzit; but on the other hand, it agrees with Gauzit’s observations. The shift 
is due to the fact that we are already dealing with fairly high vibrational levels, v. 

The First Positive system, B3II — A3Q, is especially difficult to detect with certainty, 
owing to the fact that the intensity distribution depends so very much on the type of 
excitation among the vibrational transitions. The probable identifications in the list 
of the McDonald Observatory are indicated in Table 5. Among them, d 5442 (10, 5) 
and d 5755 (12, 8) are present in active nitrogen. For the identifications the wave lengths 
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Fic. 1.—Vibrational diagram of Vegard-Kaplan bands of .V, in the night sky. Crosses indicate bands 
which have not with certainty been observed in the night sky but which may be present. 


of the heads have been considered, which seems plausible on low-dispersion spectro- 
grams, owing to the prominence of the Q branch. Eleven bands observed by H. W. 
Babcock' are in good agreement with the wave lengths of the bands of this system. They 
are collected together in Table 1; however, some of these attributions are obviously un- 
certain. It is seen that the observed bands (except A 5060) belong to the three sequences 
Av = 3, 4, and 5. 

The largest excitation potential observed is a little higher than 10 volts. The system 
is very weak, compared to the Vegard-Kaplan system, which requires only about 7 volts. 
It seems to us that, although there may still be some doubt concerning the identifications, 
the presence of the First Positive system may be accepted. 

The Lyman-Birge-Hopfield system, a 'II— X'Z, has been observed only in the re- 
gion 1200-2500 A; but as the excitation energy is close to the higher level of the First 
Positive system, its extension toward the longer wave lengths should be considered, 
just as has been the case for the Vegard-Kaplan system. As far as we know, its possible 
presence in the night-sky spectrum has not been discussed previously. For identification 
purposes we shall use the wave lengths of the band heads, which again seems to be safe; 
the Lyman-Birge-Hopfield bands are degraded toward the red. We have computed the 


10 Op. cit., P. 334- 
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wave lengths of the band heads of the series, 2’ = 0, 1,...., 10," but actually we should 
start the present discussion by examining the series of lowest excitation, v’ = o (Table 2). 

Many other suggestions have been introduced in Table 5. As in most of the identifica- 
tions, we again cannot be certain with regard to the presence of the Lyman-Birge-Hop- 
field system; but at least there seems to be a fairly strong probability in favor of it, es- 
pecially since two strong bands observed in the spectrum of the night sky, 3378 A and 

3834 A, are degraded toward the red, as would be expected. 

The main purpose of the present suggestion is to call the attention of the laboratory 
spectroscopists to this system of V., which should be reinvestigated and whose extension 
toward longer wave lengths should be attempted experimentally. 


TABLE 1 


» BANDS OF THE B3II — A35 SYSTEM IN BABCOCK’S LIST 




















| 
d» (Obs.) Transition d (Obs.) Transition 
so60 (1) x5... | (11-5)+(10-4)* || 6166 (1)........ (4-0) 
5242 (1) (16-11) | 6258 (3) rere (11-8)* 
5317 (1) (14-9) | 64o1 (1) (9-6) 
5374 (0) (x2-9)” || 6464 (2) : (8-5) 
5709 (1) (13-9) || 6560 (3bb) (7-4) 
5965 (0) (8-4) | 
* Observed in active nitrogen 
TABLE 2 


v’=0 SERIES OF THE LYMAN-BIRGE-HOPFIELD SYSTEM 














Transition 7 d (Cale.) ¥ \ (Sky) Intensity (Sky) 
| 
O-19 | 3375.2 | 3378+2 | 5; wide, violet edge sharp 
0-20 ee sae, Seer oe eee 
O-21 | 3832.6 | 3834t1 | 4; wide, violet edge shi itp 
O-22 | 4103.7 | (4107) | Weak, uncertain 
0-23 | 4410.8 | 4420+3 5; wide (blended with other bands) 








The excitation potential of the excited level v’ = 0 is 8.5 volts. 

The Second Positive system, CsI] — BII, if present, must be of extreme weakness. 
The (0, 0) transition, which is the strongest in the system, has its head at \ 3371 and 
is degraded toward the violet. It seems very improbable that even this band plays any 
role as a blend in the strong band \ 3378, which has a sharp violet edge. 

N+ molecule-—The Negative system, B?S — X?, of the V} molecule has its strongest 
band at \ 3914.4, and it gives a partial identification of the narrow band observed at 
3912 + 2A. 

NO molecule.—The spectrum of the VO molecules has usually been considered to be 
absent from the night sky. 

The 8 bands, B?II — X?II, have double heads with an interval Av = g1.5 cm™, and 
the bands are degraded toward the violet. Each band consists of a P, an R, and a weak 
Q branch. In this case it seems safe to use the origins for the identifications, but with 
the understanding that a systematic Avy may appear. The origins of the three strongest 

™ The extension has been limited at 7’ = 10, owing to the hypothetic character of the identification; 
evidently it could be extended to higher vibrational levels. 
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double bands of the observable region are transition (0, 9), 3386.38 and 3376.43; transi- 
tion (0, 10), 3583.48 and 3572.39; transition (0, 11), 3800.91 and 3788.48, each group 
having laboratory intensity to. 

It may be noticed that the (o-g) bands fall in the region of the strong, wide observed 
line \ 3378 + 2, intensity 5. The absence of the (o—10) transitions may be due to their 
proximity to the very strong band at \ 3556. Finally, the (o-11) transition may play some 
role in the wide band \ 3789. whose measured wave length is too great to assume a 
pure identification with a Vegard-Kaplan band, (2-12), 3769. 

The presence of the 6 bands of NO is not ascertained, nor has it been excluded. The 
excitation potential required is 5.6 volts. 

The y bands, A?) — X?IlI, the Third Positive group of Deslandres, give coincidences 
as listed in Table 3. These identifications do not fit too well in the Condon parabola,” 
and we should not give too much weight to the coincidences indicated here. The excita- 
tion potential required is 5.5 volts. 


TABLE 3 
COINCIDENCES OF NIGHT-SKY LINES WITH 7 BANDS OF NO 
Laboratory \ Night Sky 
(1-8), 3112.... soa: EEO) 
(3-12), 3303. 3208 + 3, (3) wide, diffuse 
(0-8), 3375. . 3378+ 2, (5) wide, violet edge sharp 
(1-10), 3458. 3460+1, (2) narrow 


NH molecules.—The remarkable structure of the 8 bands, BsII — A3Z, X 3360 (0-0) 
and \ 3371 (1-1), is well known. On low-dispersion spectrograms with short exposures 
they appear like lines, although A 3360 is wider than A 3371. These bands may quite 
possibly play some role in the wide band observed at A 3378, but the fact that the 
measured wave length is so different from 3360-3371 indicates that at least the con- 
tribution from NH must be small. 

Other nitrogen compounds.—The molecules VO,, N,O,, NO, N.O;,...., seem to be 
absent from the spectrum of the night sky. 

CH molecules ——J. Cabannes, J. Dufay, and J. Gauzit's have observed that the 
Vegard-Kaplan bands vary from the zenith to the horizon, whereas a group of lines near 
d 4300 does not vary and would thus seem to be of interplanetary or interstellar origin."4 
They assume that these lines of constant intensity are due to the A?A— X?II system 
of CH. 

If we assume a terrestrial (or near interplanetary) origin of the bands, the discussion 
of the CH violet system is easy, when using the theoretical intensity distribution in the 
spectra of comets, as indicated by P. Swings and M. Nicolet’ and as actually used by 
M. Nicolet’ to identify CH in comets, or when using the similar but more elaborate 
procedure of J. Dufay.* These theoretical diagrams show that the Q branch near \ 4313 
may play a role in the observed line at 4316 A, together with a Vegard-Kaplan band. 

On the other hand, the B?> — X?II system near \ 3900 seems to be absent on our 
spectrograms. 

The system C? — X?II is characterized by two bands: (0, 0) at » 3143 and (1, 1) 
at A 3157. It seems probable that these two bands are identical with our observed lines 
at \ 3145 + 2 (intensity 1) and \ 3157. 


2 Schmidt, Z. f. Phys., 64, 119, 1930. '3 Nature, 142, 718, 1938. 


14 Tf the origin is interstellar, we should expect only the first rotational lines to appear, namely, 
d 4300.2 and A 4303.9, and these are not seen on our spectrograms. As far as our observations indicate, 
an interstellar emission is thus excluded. This does not apply to interplanetary origin. 


5 Z.f. Ap., 15, 154, 1938. 











C 


¥ 


— as ~- 





THE SPECTRUM OF THE NIGHT SKY 343 


CN molecules.—According to Cabannes, Dufay, and Gauzit,'® the CN bands are 
present in the spectrum of the night sky, and they belong to a group similar to the CH 
bands which do not vary from the zenith to the horizon, whereas the Vegard-Kaplan 
bands weaken at the zenith. 

In the violet system, B?Y — X?Z, the Av = o group near A 3883 should be considered 
essentially, but this band is absent from our spectra. Similarly, the Av = —1 group 
near \ 4216 and the Av = +1 group near A 3590 are absent. 

The agreement of some observed wave lengths with the tail bands (corresponding to 
vy’ = 9, 10,...., 15) are pure chance coincidences. 

Other carbon compounds.—The molecular bands of C,, CO, CO*, CO., are all absent 
from our spectrograms. 

TABLE 4 
SERIES 2’=0 AND 1 OF THE SCHUMANN-RUNGE SYSTEM OF O, 








~ , 
SERIES ¥ =1 





| SERIES ° | 
vy’! = i ss 

| d Lab Sky | Lab » Sky 
12 : 3104.3 ESC) a See eee OMe nee 
13 | 3232.9 3233 3162.5 (3157) 
14 | 3370.0 33785 2 3203.7 3298 + 3 
15 | 3516.5 3433-4 342543 
10 3973.3 | ORE | Be cre sate crashes 
17 3841.1 383441 3742.1 374241 
18 | 4021.1 4016+2 | 3912.8 39122 

| | 











O, molecules.—The Schumann-Runge system, B’Y =— X32, of O, for transitions from 
2’ = oand 1, corresponding to the lowest excitation, has been observed in the laboratory 
up to the visible region. The origins of the Schumann-Runge bands of the v’ = o and 1 
series are given in Table 4, along with lines observed in the spectrum of the night sky. 
Owing to the rotational structure of these bands, the observed centers of gravity should 
lie to the red of the origins by, say, about 5 A. Obviously, the coincidences do not all 
give reliable identifications, but there is some suspicion in favor of the presence of the 
Schumann-Runge bands. As Table 5 shows, they are the most probable blends of the 
observed lines listed in Table 4. 

There is very little evidence for the presence of the atmospheric bands of O,, A'Z —> 
X3E, in the spectrum of the night sky measured by Babcock,! except possibly the a’ 
band (v’ = 3, v’’ = 0), which could possibly explain \ 5775 and A 5816. 

OH molecule.—There is no definite evidence showing the presence of the OH system, 
B?y = A’ll, in the night sky except for some possible blending of the (1, 1) transition 
at \ 3122 to form a very weak and uncertain line measured at \ 3110. 

HO molecule.—The so-called “‘C band” (transition from 1, 3, 1 to 0, 0, 0) may play 
some role in the broad band observed by Babcock at \ 6560 (3bb?). The weak ¢ band 
(3, 2, 0) coincides practically with \ 5453 (2), observed by Babcock, but this may be 
merely a chance effect. The whole problem of the emission of bands of HO should be 
considered still unsettled. 

INTENSITY VARIATIONS 

The intensity variations in the spectrum, and of the integrated light, of the night 
sky have been the subject of many investigations, and again we will not attempt to give 
a bibliography of the work. G. Dejardin? has summarized much of the work prior to 


OD: cit, De 755; 
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SPECTRUM OF THE NIGHT SKY 


INTENSITY 


» Narrow 


, Narrow 


, wide, diffuse 


, wide, diffuse 


, wide, violet edge sharp, 


red edge diffuse 


, diffuse 
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» Narrow 
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I, very née 


Lrrow 


IDENTIFICATION 











* The abbreviations for the names of the systems are 


Atom or 
Molecule 


O, 
N, 
NO 
OH 
CH 
N 


CH 





System * 


SR 


LBH 


t 


LBH 


LBH 
SR 


2d Pos. 


LBH 
VK 


SR 


LBH 











O-12 
7-24 
/ 
1-8 A?>—X? ll 
I~] B?>— A?’Il 
o-o 
g-20 
I-I 
10-27 
I-13 B3z- 
I-o 
2-20 a'll 
7-13 a3 
O-13 | B3z 
8-26 | a'll 

| 
O-19 a'll 
I-2 a! 
° B - 

4 ‘me 

o-9 BI X?Il 
o-O0 B3II- 
I-I BIT 
o-9 | a3z 
o-o | 
I-10 | a3sz 
4-12 | a3 
7-14 | a3sz 
4-23 a'il—X'S 
I-10 
g-28 a'll 

| 
O-10} a3 
1-21 | a'll 

j 

| 
3-23 a‘ll 





Transition 
BY XS 
a'iil—xX'Z 
(?2—X? ll 
a'tiI—X'z 


Cr XII 
a'll—X' > 


C3 BI 


38°S—4p?P° 


CsI BI 


A?72— X7II 




















Wave Length 


31c4 
3116 
3112 


3122 


3143 
3148 


3157 
3164 


3162 


3159 


3210 
3209 


3298 


3393 


3003 
3602 


3025 


3379 


SR, Schumann-Runge; LBH, Lyman-Birge-Hopfield; VK, Vegard- 


t This is a very wide line and it is the strongest in the ultraviolet region. Its violet edge is sharper than the red edge. On one 
plate the wide line appeared to be separated into two lines with the wave lengths 35 19 A and 3558 A. 
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MEAN ERROR 


3030... 


300421. 


tS 


39122 


3945 + 3 
3984 + 2 
4010+ 2 
4045+ 1 
4072+2 
(4107) 
413472 
417442 
4259 
(4268) 


4316 
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INTENSITY 


2, narrow 


,» Narrow 


, wide 


w 


4, wide 





, wide 


~ 


_ 


, very narrow 





red edge diffuse 


, harrow 


Nn 


, harrow 


w 
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, wide 


tN 


» wide 


wal 


, Narrow 
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, wide 


wn 


1, wide 


i) 


, Narrow 


, wide 


Wn 








. wide 
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, Narrow 


wide 


4, wide, violet edge sharp, 
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Atom or 
Molecule 

















System* Transition Wave Length 
LBH 4-24 attl—xX' 3635 
VK 4-13 a3st—X'E 3666 
LBH 7-27 a'lI—X'z 3667 
VK I-II a3sz—X'E 36085 
VK 5-14 a3p—X'E 3753 
SR I-17 B32—X3z 3742 
VK 2-12 a3l—X'E 3769 
VK 6-15 a3p—X' 3845 
LBH O-21 a'lil—X' 3833 
SR O-17 B3l— X38 3841 
Neg. o-O B*z—X72Z 3914 
LBH 10-31 atI—X'! 3910 
SR 1-18 B32— X3Z 3913 
VK 4-14 a3p—X'> 3949 
VK I-12 a3t—X'E 3079 
SR o-18 B32—X3Z 4021 
VK 5-15 a3Z—X'F 4046 
VK 2-13 ar—X'F 4073 
LBH O-22 a'lI—>X'Z 4104 
LBH 7-29 a'll—X' 4133 
VK 3-14 al X'S 4171 
VK 7-17 a3sl—X'F 4254 
VK 4-15 a3l—X'F 4270 
VK I-13 a3t—X'E 4321 

o-0 A?A—X? Il 4313 
VK 5-16 a3lT—X'E 4383 
VK 2-14 a3rl—X'z> 4425 
LBH 0-23 a'll—X' 4411 
VK 3-15 a3>— X' 4536 
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IDENTIFICATION 
Wave LENGTH ee ae ean ee 
AND INTENSITY 
MEAN ERROR f 
” Atom or System* Transition Wave Length 
Molecule 
PCy Ts ok i 3 N2 VK 2-15 a3tz—X'Z 4838 
4878+1... I, Narrow 
(4994) .. 
BONS os. ee ae eu N, Ist Pos. 17-12 B3II—A3 
(ae of us N, ist Pos. 13-8 B3II— A3z 5339 
OP Atm. 4-0 A'D—>X3E 5300 
(5441) .. We N2 ist Pos. 10-5 B31 A3 5442 
5577 500, narrow [O 1] ee ..| [zp'D—ap'S] Sega 
(5750) .. :| eee ; , N, ist Pos. 12-8 B3II—A3> 5755 
EBG8 > os-+: .| 25, narrow Na@? ies. De 38°S — 3p?P° 5893 
6236... .| 5, Narrow N, 1st Pos. Blend 
6300. . ..| 25, Narrow [O 1] | [2p3P,—2p'D.]| 6300 
| | 
6364. . 3, Narrow [O 1} .| [2p3P,;—2p'D.]| 6364 
| 
| 
6580. . .| 1, wide N, ist Pos. | Blend | 
| 





1936, while some of the more recent investigations have been reported by Dufay.'? We 
will give only some preliminary observations of the variations in the intensities of some 
of the lines we have observed in the spectrum of the night sky. 

Many exposures were made with the nebular spectrograph of the McDonald Ob- 
servatory in the survey by Struve and Elvey" for emission nebulosities in the Milky 
Way. These exposures are all long enough to show a fairly intense spectrum of the night 
sky, and although many of them are not calibrated for photometric purposes they are 
satisfactory for making estimates of the relative intensities of the spectral lines. We have 
280 spectrograms well distributed over the sky and taken throughout the year, and we 
believe that the estimated intensities will suffice to bring out the macroscopic character 
of the changes and will point the way for more detailed photometric investigations. 

All the spectrograms were examined indiscriminately, and the estimates of the rela- 
tive intensities of the green auroral line to that of the sodium line and the oxygen line 
at \ 6300 were recorded. The estimates are on an arbitrary scale and have not been 
calibrated. In order to smooth over the diurnal and the irregular variations, the esti- 
mated ratios for a given lunation were grouped together, and average values were ob- 
tained. These are plotted in Figure 2. The upper curve gives the relative intensities for 
 5577/A 5892, and the lower curve those for \ 5577/A 6300. It is seen from the curves 
that the relative intensities of the two oxygen lines (lower curve) are reasonably constant 
throughout the year. On the other hand, the relative intensities of oxygen to sodium 
(upper curve) show a definite maximum in the summer. The point marked with an arrow 





17 Trans. 1.A.U., 6, 164, 1938. 8 Ap. J., 89, 119 and 517, 1939; 90, 301, 1939. 
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is indeterminate because the sodium line was so weak that an estimate could not be 
made. The curves, being plots of a ratio, do not indicate which of the two lines involved 
is variable. However, an inspection of the plates shows that the sodium lines are weak, 
relative to the rest of the spectrum. This is confirmed by observations by H. W. Bab- 
cock‘, in which he found that spectrograms taken during the same summer showed very 
weak sodium lines, while those taken during the following October showed sodium lines 
approximately fivefold stronger. 

Unfortunately, our observations were not carried through the summer of 1939. A few 
observations were obtained in August and September and are shown on the diagram. 
Those for September are rather discordant, but this seems definitely to be due to an en- 
hancement of the green auroral line relative to the remainder of the spectrum at that 
time. 

An explanation of the observed phenomenon would be rather hazardous at present, 
since we have no sound theory to explain the origin of the sodium atoms in the atmos- 
phere, and it would be rather difficult 
to tell whether the variation is a mat- 
ter of abundance or of excitation. The = tf 
increase in the intensity of the sodium, 
line does correspond with the time of 
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the year when the meteors are most °F nN 
abundant (one of the suggested origins —_, | o- ae is an 
for the sodium atoms), but this meager ott ee 
evidence cannot be taken to confirm = ?/F 
the meteoric origin of the sodium |. P wi 
atoms. , 
Another phenomenon exhibited by = 4 / ’ 








the sodium atoms is the great enhance- ab Pa a j 
ment of the sodium D lines in the spec- - Nt ia eee 

“i oqe ee ° i ! 4 n 1 4 1 rl l l L 
trum ol dawn and of twilight. rhis 1S, Jan. Feb. Mar. Apr. May June July Aug. Sept. Oct. Nov. Dec. 
no doubt, a direct resonance phenome- 


non which is caused by the illumina- ; 

. f sunlight and which must be 5892 (upper curves) and d 5577/2 6300 (lower curves). 
tion of sunignt ¢ ee The dots are observations for 1938, and the dot with 
quite different from the nocturnal exci- circle for 1939. 


tation of the sodium atoms. S. Chap- 

man" has discussed the excitation of sodium in the upper atmosphere and has sug- 
gested that it is a result of a collisional process whereby excited oxygen atoms give up 
energy to the sodium atoms. 

These two mechanisms of excitation of the sodium atoms in the upper atmosphere 
should help to throw some light upon the question of the variability of the sodium ob- 
served, for if both the night-sky spectra and the dawn or twilight spectra had weak so- 
dium lines at the same time, we could reasonably well interpret the decreased intensity 
of the sodium lines as an abundance phenomenon rather than one of excitation. Unfor- 
tunately, we have only two spectra of dawn at the time of the observed minimum of the 
sodium lines in the night sky, and although they do not show a trace of the sodium lines, 
we cannot draw any conclusions, for the spectrograms were taken when the illuminated 
atmosphere at the end of the exposure was 85 km above the surface of the earth. To ob- 
tain the best dawn spectra of the sodium lines, the illuminated atmosphere should be as 
low as 60 km. 

With respect to the sodium line, we have one lone observation which is of interest. 
During the night of February 11/12, 1939, while we were making an exposure with the 
nebular spectrograph of a region of BD — 3°1643, we observed in the eastern part of 





Fic. 2.—Estimated relative intensities of \ 5577/ 


9 Ap. J., 90, 300, 1930. 
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the sky a diffuse luminous area extending from the southeast to the northeast along the 
horizon and reaching an altitude of about 10° in the east. We completed the exposure 
and then made a similar one on the luminous area, the area having decreased somewhat 
in luminosity before the end of the exposure. A reproduction of the green-red region of 
the two spectrograms is shown in Plate XV. The sodium line, \ 5893, is distinctly en- 
hanced in the luminous area, showing either an excess of sodium atoms in that region ora 
condition of excitation more favorable to the production of the sodium line. There was 
no ionospheric storm, and the magnetic character figure at the time was 0.0. 

On several nights during November, 
| 1938, the nebular spectrograph was used 
| 





43; to obtain a series of exposures of one- 
hour duration, each to show the diurnal 
variations of the principal radiations in 
| — the visual region of the spectrum of the 
—— eee night sky. Since the slit of the spectro- 
= ————t9 graph is quite long, it was possible, with 
| the aid of a specially constructed set of 
| apertures, to make a series of five ex- 
| 4; posures on each film. When more than 
| one film was taken on a night, all were 
| 
1 








1? developed together. For the purposes of 
the present investigation, estimates of 
intensities have been made for the 
+o lines AX 5577, 5892, and 6300A on 

two nights: November 16/17 and 19, 20, 

Fic. 3.—Diurnal variations of Ad 5577 (large dots), 1938. The results are plotted in Figure 
5892 (small dots), and 6300 (circles) for the nights of 3, the abscissae being the hours of the 
November 16/17 (upper curve) and 19/20, 1938. The ~? 5 : pai 
abscissae are Central Standard Times, and the ordi- ight int Central Standard Time, and 
nates are estimates of intensities on an arbitrary scale. the ordinates the estimated intensities 

in arbitrary units. 

The data for the two nights show similar results, with the exception that the line 
d 5577 is consistently stronger on November 16/17. The striking feature of the curves 
is the high intensity of \ 6300 at the beginning of the night and its gradual decrease to 
a more or less steady value around midnight.”” The tendency of \ 5577 to reach a maxi- 
mum after midnight, as noted by many observers, is indicated but is not very pro- 
nounced. Apparently, the sodium line is quite constant throughout the nights in ques- 
tion. 

The oxygen line \ 5577 originates from the metastable state 'S and terminates in the 
'D state, which is metastable and is at the same time the origin of \ 6300. Our observa- 
tions show that the oxygen atoms can reach the 'D state independently of the transition 
from the 'S state. The processes of excitation must be considered in order to explain the 
differences in the behavior of the two lines of oxygen throughout the night, but we shall 
postpone such considerations until our spectrophotometric observations are complete. 
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20 This phenomenon has been observed by H. Garrigue, C.R., 202, 1807, 1936; 205, 401, 1037. 
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THE SPECTRA OF TWO PECULIAR STARS 
MWC 17 AND CD—27°11944* 


P. SWINGS AND O. STRUVE 


ABSTRACT 

Wave lengths and radial velocities of emission lines in the peculiar stars MWC 17 and CD—27°11944 
have been tabulated. The former is interesting because it contains forbidden [Fe 11] and [Fe 11], which 
places it between RY Scuti and y Carinae. The spectrum also shows H, Het, Nu, Nm, On, Sin, 
[N m1], {O 1], |S uJ, ete. CD—27°11944 is a P Cygni type star showing H, Hel, Feu, Cau, Nat, Nu, 
and very weak [Fe 11]. The dilution effect is small for He1, while the presence of forbidden [Fe 1] sug- 
gests great distance from the photosphere. It is probable that this apparent discrepancy is caused 
by stratification. There is some suspicion that both stars may possess red companions. 

THE SPECTRUM OF MWC 17 

The bright-line spectrum of MWC 17' has been observed by Merrill, Humason, and 
Burwell,” who describe it as follows: ‘‘The bright #/ lines are very intense and numerous. 
Other bright lines are outstanding even with low dispersion. Chief among these are 
Fe 11 lines (with the forbidden lines relatively strong as in n Car) and the nebular line of 
unknown origin \ 4658 with its companion line \ 4701.” 

Recent work by Edlén and Swings has shown that \ 4658 and AX 4701 are forbidden 
lines of [Fe m1], and the brief description by Merrill, Humason, and Burwell suggests 
that MWC 17 shows simultaneously strong [/’e 1] and [Fe 11], thus combining the essen- 
tial features of n Carinae ({/e 11| only) and RY Scuti ([e 1] only). 

Four spectrograms were secured at the McDonald Observatory on August 16, 20, 23, 
and 24, 1940; two were taken with the quartz prisms (dispersion, 100 A/mm at \ 3933) 
and two with the glass prisms (dispersion, 50 A/mm at A 3933). The spectrum has not 
appreciably changed since the Mount Wilson observations. The continuous spectrum is 
very weak except in the red, where it is strong and where it gives rise to the suspicion 
that a late-type component may be associated with an early-type spectrum whose maxi- 
mum of intensity lies in the violet region. The presence of several strong emission lines 
in the red region makes it impossible to idei:tify the hypothetical red component. The 
radial velocities are collected in Table 1. 

Since these radial velocities are practically equal, we have adopted Vaa = — 35 km/sec 
and have corrected the measured wave lengths accordingly. These are given in Table 2. 

The Balmer lines are very strong and may be followed to H,s. Several He 1 lines are 
present. Among the permitted lines we find, in addition to strong Fe 11, the following 
elements: C 111 is possibly present (A 5696, as in RY Scuti and 9 Sagittae) but is very 
weak; Vu, Nui, and O1 are weak; O1n is very doubtful; A/ 1m is weakly present; 
Silt: AX 3856-3863 are present, while AA 4128-4131 and 5041-5056 are absent, this 
being the same selectivity which we have previously discussed for Z Andromedae, 
BD+11°4673, and P Cygni;4 77 11 is doubtful. The permitted lines of the following ele- 
ments are absent: Fem, Hem, Cu, Mgi and u, Ali and mm, Cam, and Si1 and 11. 

The forbidden lines of the following elements are observed: [N m1], [O 1], [S 1], [Fe m1], 
and [fe 111], whereas [O 11], [|O 111], and [Ne 111| are absent. 


* Contributions from the McDonald Observatory, University of Texas, No. 30. 


™@ (1900) 1541™; 6 (1900) +60°12’; 40% following and 2'N of BD+50°318; mphot = 12.2; No. 101 of 
Mount Wilson discovery lists of Be stars. 


2 Ap. J., 76, 156, 1932. 3 Observatory, 62, 234, 1939. 4 Ap. J. in press. 


349 











350 P. SWINGS AND O. STRUVE 

The transition of auroral type of [Vm], \ 5755, is strong. Because of the great in- 
tensity of Ha, it is difficult to ascertain whether the nebular transitions of [NV 1] are 
present, but they cannot be very strong. The simultaneous appearance of |.V 11| and 
|e 11 or 111] is known in other stars, such as RY Scuti, BD+11°4673, etc. 

In [O 1] the transitions of nebular type are very strong, whereas there is only a trace of 
the auroral line. [O 1] and [Fe 11] appear also simultaneously in other stars, for example, 
HD 45677. 

In [.S 11] the transauroral transitions are present. These behave like auroral lines with 
regard to electron density, and their presence, together with |N 11] 5755, is not surpris- 
ing. [Fe 1] and [S 11] have also been observed simultaneously in other stars, for example, 
n Carinae, VV Cephei, BD+11°4673, etc. 


TABLE 1 


RADIAL VELOCITIES OF THE EMISSION LINES IN MWC 17 


| 


Element | Lines Used Vrad 
| | km. sec 
H | All lines from H,s to Hy, with the | —28 


| exception of Hs 


37 


| Hy and Hé | 
Het \ 4471 and \ 5876 20 
1S 1] AA 4068-4076 43 
Feu Ten unblended lines of laboratory in- | 37 
tensity 28 | 
| Fe 11] Four unblended lines | —37 


The [Fe 1] lines are strong, and, as in n Carinae and BD+ 11°4673, they belong to the 


following transitions: a°D — a°S, b+F, b#P; atF — a4G, b+F, bP, and possibly also 
vP — ¢D. 


The [Fe 111] lines belong to two multiplets 5D — 3F and 5D — 5P. The relative in- 
tensities of the seven lines observed in MWC 17 are quite similar to those in RY Scuti.5 
Table 3 gives the more important ionization and excitation potentials. 

The presence of [/e 111] shows that an appreciable part of the iron atoms are doubly 
ionized and that the mean ionization must be around 16.5 v. (Table 3) or less, because 
(Fe 11] is stronger than [Fe 111| despite the greater number of lines. The absence of per- 
mitted Fe 111 lines shows that the mean ionization is much lower than 30 v. and, conse- 
quently, is too low to give rise to [O 11] and | Ve 111]; this also explains the relative weak- 
ness of He1, which is a recombination spectrum. The presence of |.V 1] and [8 1| is 
quite natural, and the absence of [O 11] (transition of nebular type) must be attributed to 
the high electron density prevailing in those regions where oxygen is ionized. On the 
other hand, the presence of nebular [{O 1] suggests that these lines are emitted in the outer 
regions where the ionization and the electron density are lower. Such a stratification 
effect is well known. For example, in IC 4997, [O 1] shows a strong transition of auroral 
type, whereas [O 1| shows only the nebular type. 

The ratio in intensity of the permitted and forbidden lines of Fe 11 is quite similar in 
n Carinae and in MWC 17. But it should be remembered that the /e 11 lines may be 
due both to recombinations and to electron collisions ({N 1] 5755 requires an electron 
energy of 4.0 v. and is strong; hence, an appreciable fraction of the electrons must have 
kinetic energies of around 5.6 v., which is required for Fe 11). In any case, the intensity 
ratio Fe 11/|Fe 1] is not indicative of the excitation temperature. In Fe 11 the excited 
levels of metastable character are only about 2 v. lower than the ordinary excited levels 


SAp. J., 91, 584, 1940. 
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giving rise to the observed Fe 11 lines. If collisional excitation is important, the intensity 
ratio Fe 11, {/e 11] will depend to a considerable extent upon the electron density. A 


P 
3091 sa 
3090 go 
3703 59 
3712.51 
3722.03 
3734-3 
3749 91 
3701 


Hee Re OOO 


ifications in parentheses 


resent in » Carinae. 
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lem 


Feu 
Vu 
Vu 





TABLE 2 
MWC 17 


EMISSION LINES IN 


IDENTIFICATION 





| 
| 
d | Int 
3091.50 2 4 
oy - $452 
3097.15 3 ’ 
3703.55 } |} 4457 
3711.95 5 | 17! 
| 
3721.95 6 1] , 
eee ah! 4487 
3734.37 5 
3750.15 10 
| 
3701.22 300 
oom . 449 
3759.30 4OO 
3759.40 6 1} 4510.3 
3759.87 | ata | yee 
3770.63 | 15 ~— 
| 
37907 .9gO | 20 
3935.39 | $0 154¢ 
3856.09 | 8 "9 
3562.51 7 4555 
3559.05 co $553 
3888.65 10Cc0 
129 
30601 sg | 8) ; 
3970.07 | 80 
4068 62 | 
an | $034 
4007 57 | 0) 
jO0S 07 I< 
$070 30 I 
: | jO41 
1076.2 | 1657 
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1075.87 Ro0 1003 
4t0r.73 | 100 $701 
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$173.45 5 ‘ce 
| +/ 
4178.85 | 8 
$177.21 755 
$799 
157.0 I S13 
185.45 150 pOOI 
ISO ) >¢ 19 
> » OS 
FP Dj 11 5010 
13.95 SOIS 
$257.41 
$290.57 ( 157 
$294.12 50 109 
$ 17 8 197 
13 6 35 
351.77 ) 7 
$359.34 . 
$37 } 
137 ° 2 31 
3 
$5.35 7 zf 
$357 .93 > 3 
382.70 77 
QO 
$413.78 54 
114.59 Ta 
6200 
$410.2 0314 
I 5 7 6340 
ial 
14 5 a) 5 
3 I 3 05603 
3 5 


are uncertain or constitute minor ¢ 
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++ = Feu 
if I [Feu] 
56 [~2 Het 
Fi [Fe 11] 
9+ Feu 
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+ | [Fe 11] 
=" : } Feu 
3 | I | Feu 
hy Feu 
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62 I Few 
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? : Nu 
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: Vi 
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[Fe 111] 
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0 I | [Fe 11} 
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} [Feu 
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| o | Feu 
I Feu 
2 } {Fe ut] 
; Feu 
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8 I Feu 
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ny Int 

$452.11 severe 

4451.54 4 

$457.95 ce teees 

1471.48 100 

4488.75 are ra 

4489.18 4 

1492.64 

1491.40 5 

$515.34 7 

4522.03 9 

4520.22 7 

$549.47 Io 

$549.03 200 

1555.80 8 

4533.84 It 

$629.34 7 

$930.55 300 

4634.10 C 

4035.33 5) 

4940.04 10 

4639.08 ) 

1658.18 

1003.05 It 

$701.54 

4733.52 

1725.07 

$754.57 

4799.34 

1814.55 

JSOI . 33 500 

1923.93 12 

1958.22 

5010.86 

5018. 43 12 

5047.74 15) 

5048. 2§ 

5158.02 

5169.05 12 

5107.57 6 

5234.62 7 

5270.30 

5275.99 7 

5273.39 

5310.01 | 8 
| 5362.86 5 
| 5433-15 

5577-3 

5095.5 5) 

5755.0 

5875.62 1000 

6300.2 

6310.2 

0347.01 50 
| 0303.9 

| 





ontributors 
§ Transition a?Pi, — c?Day. 


Line uncertain. 


more reliable criterion of excitation is the intensity ratio [Fe 11|/|Fe m1], although even 
here the electron density may play a role if the collisional processes have very different 
probabilities for /e* and Fe*+*, but this is probably not the case. In order of decreasing 
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excitation, we then have’ RY Scuti ([Fe 1] strong, [Fem] absent); MWC 17 (both 
[Fe 111] and [Fe 11] present); 7 Carinae ([Fe 1] strong, [Fe 111] absent). 

This agrees with the other observed features. In RY Scuti, He 1 is fairly strong, 
whereas in MWC 17 it is absent and He 1 is present, while in » Carinae He 1 is absent, 
Other evidence is provided by the presence of weak [O 111] and C 111 and the absence of 
{O 1] in RY Scuti and the weakness of [.S 1] in » Carinae. 


THE SPECTRUM OF CD— 27°11944 

The object CD— 27°119447 was included in our program of peculiar bright-line stars 

because of its well-marked P Cygni characteristics, its broad lines, and its decidedly red 

color. A description of the spectrum has been published by Merrill,* who has identified 
TABLE 3 

IONIZATION AND EXCITATION POTENTIALS OF ABUNDANT ATOMS 


| 
| 














| 
IONIZATION POTENTIAL | 
ELEMENT || ELement eninhinhigiee 
POTENTIAL 
| II | II 
H E3052 | | 12 bss 
He | 24.46 54.14 || Het 23-24 
N | aai48 290.47 | [NV 1] 4.0 
O } -8g6g5 34.93 } LS a1] 3.0 
Ne | 2547 40.9 | [Fe 1] < 3.2 
S | 10.3 23.3 | [Fe m1] € 2.7 
Fe woe | 16.5 30.48 || Ferm 5.2- 5.6 
| || Fe tt >11 





the bright and dark lines of 7, He 1, and Fe 11. He had noticed the P Cygni character- 
istics and had found that the emission lines have a small, positive displacement, whereas 
the absorption components give large, negative velocities. No actual radial velocities 
were given. The continuous spectrum, although strong at 76, did not extend beyond 
Hy on Merrill’s spectrograms, and the drop in the spectral intensity-curve was found to 
be much more rapid than for a normal B-type star. 

Four spectrograms were secured at the McDonald Observatory in July and August, 
1940, with dispersions from 40 A/mm to too A/mm at A 3933. On our low-dispersion 
ultraviolet spectrogram the continuous spectrum may be observed as far as A 3700, 
and the Balmer series extends to H,;. The red region of the continuous spectrum is 
unusually strong. Except for a strong, bright //a line, the region above \ 5900 shows 
only absorption features which certainly do not belong to an early-type star. 

The strongest feature is a fairly broad band at about \ 6280. This wave length is 
suspiciously close to that of the strong telluric line O, 6278.101 of Rowland intensity 4, 
which on our plates is probably blended with several other telluric lines of intensity 2 or 
3. The same feature is present in many of our spectrograms, and it is clear that the low 
altitude of the star resulted in an unusually long path through the earth’s atmosphere. 
It is probable that several other absorption features are also of telluric origin. There 
may be left a few faint absorption lines or bands, such as AA 6310, 6330, and 6345, for 
which no satisfactory identification has been found. 

A comparison with typical M-type stars such as 8 Pegasi and o Ceti shows that the 

6In this sequence the spectrum of DO Aquilae 1925 discussed by Vorontsov-Velyaminov (Ap. J., 
92, 283, 1940) would be placed between RY Scu and MWC 17. 

2 


7a (1900) 17419, 6 (1900) — 27°59’; mag. 9.0. 8 Ap. J., 61, 418, 1925. 
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strong 7iO bands are certainly absent. Neither is there any similarity with the N stars 
19 Piscium, BD+34°4500, and S Cephei, or with the S star HD 172804. There is some 
similarity, however, with the Ro star BD—10°5057. This may be purely fortuitous, but 
the features at AA 6310, 6330, and 6345 agree reasonably well. There are, however, sev- 


d 
d 


eral features which are present in only one of the two objects. 





| IDENTIFICATION IDENTIFICATION 
» | wr. -—————]_ 2 Int. 
| Elem. r Int. |] Elem. r Int 
; . — minpeeeies ee 
3708 04 1A H, 3711.98 5s | a a na (Fe 1} ee Th) Menten 
| 53.52 : , é 
3717.40 1A Hh, 3721.95 6 ee [Feu] GAPE BOs Soci: 
3728.08 1A Hi, 73 7 8 1466. 42 2 
3728 = 7 3734.37 a 3 Het 4471.48 100 
nen saps a Hi 750.15 10 a 
319 4é 4 
} }} 4517.12 1A , 
3765.08 | 2A HW med _ | 4s23-41 oE Feu 4522.63 9 
anny ee E u 3779.63 15 |} “% ss 
3770.55 } 2h 1] : Feu 4549.47 10 
| 1] 4554.44 2En ; Feu 4555.80 8 
3794.33 2A Hl Sie ie Sim 4552.65 9 
3797-79 | 2E - se a2 83.87 2E Feu 4583.84 II 
> Feu 4629.34 7 
¢ 64 2En : ee F ecice 7 
3831. 33 2A a 835. x 10 alge Feu 4635.33 5 
3835 . 8¢ 2-31 : 3°59 39 ie 707.27 1A Het e 
1714.02 2E : ener ne 5 
3885.27 2-3A 1816.68 1En [Fe 11] 606) S8. BSs.2sncs 
ITs 3889 05 6 1855.48 sAt : 
3889. 36 i] Het 3888.65 | 1000 || 4861.58 7Et HB 18Er. 33 500 
nn tA | G18. 30 2A Het 4921.93 50 
3929 a | Can 933.67 600 24.67 3E Feu $923.93 12 
3934.3 oE | 
| 11.19 3A | Fe 18.4 12 
3005. 42 1A He ie x 9. 18.59 3E | | Het 15.67 100 
307 7 80 
3970. 23 iE | | - a= 
7 5161.55 2A 
} | sie. an E Feu 5169.05 12 
3 74 - | 5 3 am 
g901 74 | Vu | 3995.00 300 5197.58 cl Feu 5107.57 6 
3005 53 ok } - 8 oE Feu 5234.62 7 
| a q - 
| Fe ppint 
by *y I 5275.99 a 
jO21.1 1A | | 1tE , a ‘ 
io me E Het | 4020.19 7° | {Fe 1] 5273.39 tea 
4020. 44 2k | 5307.91 |} A . 2 
} te sE Feu 5316.61 8 
4096.8 sA | pie < a é 
4096 : ms | ase “a 35.6 | aE | [Fen | 5333.66 
= = 5366 5 2 4 
be “ah | 3 | Nu 5666.64 300 
59 y 
4171.6 \ ie 
ee 5 Feu I s 8 | | 
$177 672.57 } 2 \ | ard 
68 > 1E | Nu 5079.50 500 
4228 19 oN I x | 4 | 
sie | oma > ell 33.1 Il | 5 | 
oo i 867.41 2As | ; 
sath 7-4 2As . ath 
nae. 6s E i - 13.9 eh | 6E§ | Het 5875.62 1000 
I {1.5 10 > 
4287 40 »E Fe 1} 287.4 88 I tA | Nal 5880.95 gooo 
330.3 sA H- ‘on Ne 5896.62 3ES | Nal 5895.92 5000 
424 * 7 454% | : 
4341 E Rai ae 6563 | 10F } Ha 6562.82 2000 
1355.29 2En oy a jeitin 9 66606 i 3a | : 
Feu 43590 | | Het 6678.15 100 
6678 | 3E | 
| 
Ile 1 387.93 fe) 
201 86 - $397 
439 . En 7iu $395.04 I | | 
| 
Feu 16 28 | 
16.01 1-21 , | 
“ Feu 16.82 7 
| | 
* Extends from A 4337.58 to A 4344.50 § Extends from A 5871.20 to A 5879.56. 
+t Extends from A 4853.25 to A 4857.91 Extends from A 5879.56 to A 5889.99 
t Extends from A 4857.91 to A 4866.40 © Extends from X 5889.99 to A 5904.31. 


TABLE 4 





LINES IN THE P CYGNI TYPE COMPONENT OF CD—27°11944 



































The question whether there is a red companion and whether CD— 27°11944 belongs 
to the same group of binaries as RW Hya, Z And, T CrB, R Aqr, AX Per, CI Cyg, etc., 
which we have recently discussed,? must remain open for the present. 

oAp. J., 91, 546, 1940; Proc. Nat. Acad. Sci., 26, 458, 1940; also Swings, Elvey, and Struve, Pub. 
ASP... $2; 100, 1940. 
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Table 4 gives the wave lengths corrected to the sun. Besides the elements observed 
by Merrill, lines of the P Cygni type are also observed for Ca 11, Na 1, and N 11; weak 
[Fe 11| lines are present. The mean radial velocities are shown in Table 5. 

The ejection velocity is about 350 km/sec. This may be compared with the values 
obtained for other stars: about 120 km/sec in P Cygni; 125 km/sec in BD + 11°4673; 180 
km/sec in BD+47°3487; 250 km/sec in 9 Sagittae, and 300 km/sec in BD+35°3030N. 
In other words, the ejection is more violent than in P Cygni but is comparable to that in 
some Oe stars and in novae. Z CMa is also similar as far as the velocity of ejection is 
concerned. It is often assumed that the lines in P Cygni stars are narrower than in novae 
and in Wolf-Rayet stars; but CD — 27°11944 shows that P Cygni emission lines may some- 
times extend over 600 or 700 km/sec. We know, on the other hand, that there are Wolf- 


TABLE 5 


RADIAL VELOCITIES IN CD—27°110944 








| | 
| 
| Absorption | Emission 


Element ; | : Lines Used 
Component | Component 

| km/sec | km/sec 

H — 337 +23 | From H,. to HB; weight 5 
| | to Hy and 3 to Hp 

Het — 373 +20 AA 4026, 4471 (Weight 3), 
| 4713, 5876 (weight 2) 

Ni — 320 +22 AA 3995, 5066, 5680 

Cal — 340 +52 ‘ 

Feu +17 AN 4522, 4584, 5160, 5316 





Rayet stars whose lines are not broader than this. For example, in BD+ 30° 3639 (Camp- 
bell’s object) the lines of Sz1v, C 1, and O11 have widths smaller than 700 km, sec;” 
in the nucleus of HD 167362 the typical Wolf-Rayet lines due to Heu, C1, C1v, 
and O 111 are still narrower, the ejection velocity of C m1 being only 186 km, sec.'! This 
applies also to certain slow novae or nova-like objects. The nucleus of IC 4997 has also 
comparatively sharp lines, although the identified atoms are exactly the same as those 
ordinarily found in Wolf-Rayet stars.” 

The presence of Catt and Nat in emission is interesting. For Ca 11 the velocity of 
ejection may be determined, and, within the errors of measurement, it is practically the 
same as the value obtained from hydrogen or from other abundant elements. Thus, 
Car is presumably ejected and excited together with hydrogen and helium and does 
not originate in a region of the late-type atmosphere excited by the hot companion. 
In the P Cygni star Z CMa, Ca 11 is also present in emission and absorption, but Va 1 is 
only an absorption line. 

CD— 27°11944 belongs to that group of P Cygni type stars in which only the expand- 
ing shell is observed and not the exciting star. If we assume that the width of the ab- 
sorption components of the Balmer lines is mainly due to the range in the radial com- 
ponent of the ejection velocity, it is found immediately that the hydrogen absorbing 
layer of CD—27°11944 lies very close to the effective photosphere. Other stars like 17 
Leporis, BD+47°3487, HD 190073, 9 Sagittae, and BD+ 35°3930 N show conspicuously 
the spectrum of the stellar reversing layer (especially the Balmer lines broadened by 
rotation and Stark effect). In these cases the continuous absorption in the expanding 
shell is too small to produce an effective photosphere in the ejected layers. 


10 Proc. Nat. Acad. Sci., 26, 548, 1940. 
11 Tbid., 26, 454, 1940. 2 Except that carbon and nitrogen are both present (in press). 
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The faintness of |/e 11] indicates that the main part of the ejected matter is close to 
the photosphere; the [/e 11] lines must be excited principally in the outer regions. That 
the dilution of the photospheric radiation must be small is also apparent from the in- 
tensity of the //e1 absorption lines starting from ordinary excited levels (for example, 
4471 and A 4026); the He1 lines starting from metastable levels are not appreciably 
favored. 

Whereas the //e 1 lines of — 27°11944 suffer practically no dilution effect, showing that 
the absorbing He1 atoms are close to the photosphere, the weak [Fe 11] lines must be 
excited in the outer regions. This kind of stratification is similar to that observed in 
other P Cygni or Wolf-Rayet stars. For example, in the P Cygni star BD+11°4673, we 
observe bright lines of silicon in four successive stages of ionization—S7z1 to Sz1v. In 
Wolf-Rayet stars bands due to atoms of different ionization potentials have different 
ejection velocities and widths and the same star may show He1 (I.P. 24 v.) and Nv 
(oy v.).** 

In the family of P Cygni objects, CD — 27°11944 should be placed among the stars of 
average excitation. In P Cygni, permitted Fe 111 is very conspicuous, whereas permitted 
Feu is absent. In others, such as RY Scuti or novae at a certain stage (for example, 
DO Aquilae 1925, in August, 1926'4), forbidden |/e 111] is the conspicuous feature. In 
some stars, such as Z CMa, — 27°11944, and in novae at a certain stage, Fe 11 is conspicu- 
ous, while [/’e 1] is very weak and //e 1 is still strong. In still others, like » Carinae, 
(Fe 11| is strong, and He 1 is absent. 

McDONALD OBSERVATORY 
October 5, 1940 


13C.S. Beals, J.R.A.S. Canada, 34, 169, 1940. 


"4 Vorontsov-Velyaminov, Joc. cit. 








THE EVOLUTION OF A PECULIAR STELLAR SPECTRUM 
Z ANDROMEDAE 
(With a Note on the Spectrum of IC 4997)* 
P. SWINGS AND O. STRUVE 


ABSTRACT 

The spectral lines of Z Andromedae have been measured on plates taken between May 12 and August 
25, 1940, when the brightness had decreased to magnitude 9.7 after the outburst in 1939. The spectrum 
shows emission lines of a thin and dilute nebula and resembles the spectrum observed by H. H. Plaskett 
in 1923-1926. There is some evidence of a late-type companion, in addition to a hot nucleus, which re- 
sembles some of the slow novae, and a fairly pronounced P Cygni type spectrum of an expanding shell. 
The latter is a remnant of the shell which was formed in the outburst of 1939. 

The nebular spectrum shows strong forbidden lines, but there are relatively few stages of ionization, 
which shows that the nebula consists of a fairly thin layer. The intensity of the auroral transition of [O m1], 
d 4363, is relatively strong—a phenomenon which is characteristic of other binaries of similar type, and 
of novae. Among the nebulae the stellar planetary IC 4997 shows the same feature. A list of lines of this 
object is given in Table 4. 

I. INTRODUCTION 


Z Andromedae is an exceptionally interesting object whose spectrum was first de- 
scribed in detail by H. H. Plaskett' on the basis of spectrograms taken during the period 
1923-1926. At that time the spectrum showed no absorption lines but contained nu- 
merous bright lines, especially those of H, He1, Mgu, Feu, 7iu, Hew, C 1, N 111, 
O 11, and the forbidden lines of |O 111], [Ne ru], [Ve vj, [Fe m1?| and |S mm]. H. H. Plaskett 
divided the lines into two groups which he designated as the “‘stellar part”’ (lines of low 
excitation: H, Het, Mgu, Feu, etc.) and the ‘‘nebular part” (lines of high excitation: 
Het, N m1, [O 1m], [Ne 11], etc.). The continuous spectrum was very strong in the red 
region, and on Plaskett’s spectrograms Hogg? was able to see weak absorption band 
heads of 7i0; these increased in intensity in the years following, when the star was 
fading in light. Mrs. Greenstein’ determined the light-curve for the object until 1936; 
during the interval 1922-1936 the star slowly decreased in brightness with some irregular 
fluctuations. The light-curve has been extended by L. Campbell,4 who recorded an in- 
crease in light from visual magnitude 1o.7 in April, 1939, to 8.6 on August 21 and to 7.9 
shortly afterward. Since the fall of 1939 the star has declined in brightness, reaching 
magnitude 9.7 on August 15, 1940. 

It is tempting to consider Z Andromedae as a binary system consisting of a nova-like 
object, subject to moderate outbursts at somewhat irregular intervals of about fifteen 
years, and of a variable late-type companion whose period is probably not identical with 
the 650-day period suggested by Prager, because the amplitude of the latter appears to 
be least when the nova-like object is faint. 

This picture receives strong confirmation from a study of spectrograms taken at the 
McDonald Observatory during the past year. Spectrograms taken from September 14 to 
December 5, 1939, revealed a spectrum completely different from that described by 

* Contributions from the McDonald Observatory, University of Texas, No. 31. 

* Pub. Dom. Ap. Obs., Victoria, 4, 119, 1928. 

2 Pub. A.S.P., 44, 328, 1932; Pub. A.A.S., 8, 14, 1934. 

3 Harvard Bull., No. 906, 1937. 


4... Campbell, Pop. Astr., 47, 335, 447, 571, 19390; K. Himpel, Vie Sterne, 19, 210, 1930, and 20, 14, 
1940. 
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THE SPECTRUM OF Z ANDROMEDAE, AUGUST 15, 1940 
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Plaskett.s It was then of the P Cygni type with the “nebular part”’ of Plaskett’s descrip- 
tion completely missing. The spectrum showed many permitted lines of low excitation 
and was very similar to certain early stages of slow novae. 

The transition from the high-excitation spectrum to one of P Cygni type must have 
occurred mainly between July 30 and September 14, 1939. On July 30, when the visual 
magnitude was about 8.9, the object was observed in Berlin-Babelsberg by P. Wellmann,° 
and the spectrum showed the lines of He 1 and N 1; but there already seemed to appear 
weak absorption lines on the violet side of certain emissions, and traces of the 770 bands 
were still present at that time.’ 

The spectroscopic survey was resumed in the spring of 1940, when the star again 
became observable in the east; our first plate was taken on May 12. The entire aspect 
of the spectrum had changed. Again it resembled that described by Plaskett, although 
there were important differences. Strong nebular lines were again present; but, contrary 
to Plaskett’s description, our spectrograms show many absorption lines. The develop- 
ment of the spectrum bears a strong resemblance to that of a slow nova. 

This type of combination of a late-type star and an early-type companion—which, 
in this case, is nova-like—is by no means exceptional. Several other objects of the same 
type have recently been investigated, namely, T Coronae Borealis* (nova + M star), 
AX Persei and CI Cygni? (very high-excitation nebulosity + M star), RW Hydrae’® 
(nebulosity of medium excitation + late K or early M), R Aquarii‘! (nebulosity + 
M7e + high-excitation companion), a Scorpii’? (B4ne + M), o Ceti's’ (B8e + M), 
WY Geminorum? (B3e + M3e), W Cephei? (O? + Me), VV Cephei'4 (Boe + M2), etc. 

The dynamical and physical processes involved in such binaries are not yet fully 
understood. It is probable that the emission lines are excited by the radiation of the 
early-type star outside its own reversing layer. There may be a departure from spherical 
symmetry in the excited layers, owing to the presence of the late-type companion. It is 
also probable that in some cases the radiation of the early-type component may excite 
the outer regions of the cool companion. 


Il. GENERAL DESCRIPTION OF THE SPECTRUM 


The following description of the spectrum of Z Andromedae is based upon several 
spectrograms taken at the Cassegrain focus of the 82-inch reflector between May 12 and 
August 15, 1940, the best plate having been taken on August 15 with the quartz prisms 
and the 500-mm camera (dispersion 40 A/mm at \ 3933). The star was of about visual 
magnitude 9.7. 

The visual region is quite strong, and a search for the 770 band heads found by Hogg 
(AX 6159, 5448, 51607, and 4955) makes it appear probable that the red companion again 
begins to play an appreciable role in the visual region of the spectrum. 

The results of the measurement of the spectrogram of August 15 are collected in 
Table 1, in which the late-type absorption features have not been included. The wave 
lengths have been corrected for the motion of the earth, but because of the complexity of 
the spectrum no attempt has been made to correct for the motion of the star. 

Table 1 shows that the spectrum of Z Andromedae is very complex. We recognize at 
once the existence of the ‘‘nebula’’ whose spectrum was described by Plaskett. This 

Struve and Elvey, Pub. A.S.P., 51, 297, 1939; Swings and Struve, Ap. J., g1, 601, 1940. 

© Beobachtungs-Zirkular d. A.G., 21, 105, 1930. 

7 Vierteljahrsschrift d. A.G., 75, 53, 1940. %Ap. J., 91, 546, 1940. 

® Pub. A.S.P., §2, 190, 1940. 10 Proc. Nat. Acad., 7, 458, 1940. 

"Ap. J., 91, 616, 1940; P. W. Merrill, Spectra of Loug-Period Variable Stars, p. 82, 1940. 

AD. J ., 92, 316, 1940. 

13P. W. Merrill, op. cit., p. 75, 1940. '4C, and S. Gaposchkin, Variable Stars, 1938. 
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3121 
3132.71 
3202.9f 
3277.0f 
3281.1f 
3312.3T 
3323.6T 
3340.5T 
3345 .8T 
3425.85 
3443.60 
3455.27 
3662 08 
3663.03 
3004.25 
3664.92 


3005.7 
3000.53 


36067 . 47 
3668. 26 


3009.12 
3669.94 


3071.21 
3072.00 


3073.2 

3074.42 
3070.07 
3070.94 
3079.10 
3079.75 
3082 


3 
3083.2 


3686.19 
3087.35 


3089. 24 
3090. 37 


3091.30 
3092.21 


3096.35 


3097.79 


3704.18 
3705.62 


3733-43 
3734.94 
3737.10 
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[Ve v] 
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Out 


H so 
Hay 


Hs 
H,,; 
Hx 
H, 
H,, 
H, 
Hi, 
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Hy 
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H, 
Hi 
Het 
Fe 


| Tin 


Cau 
H, 


Fet 
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Feit 
Cau 
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3340 
3345 
3425 
3444 
3455 
3002 
3003 
3004 
3000 
3007 
3009 
3671 
3073 
3070 


3079 


3052 


3050 2 


30g1 


3607 
3703 
3705 
3705 
3700 


3700 


3711 


3719 


3734 
3737 


3730 


nn 


3702 


377° 
377 

3795 
3797 
3795 
3519 
3519 
3524 
3535 
3547 
3553 
3555 
3862 
3505 
3550 
35382 
3887 
3559 
35900 
3902 
3905 


3014 


39019 


3923 
3920 


3959 


3934 


3936 


39045 


3901 


fete) 


390 
35 


44 


LIST OF LINES IN Z ANDROMEDAE 
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tEn 


tEn 


| 
Elem N 
: | 
Tiu | 3741.64 
Feu | 3748.49 
Ol } 3749 47 
Fet | 3748.20 
} 
Fet | 3749 49 
Hy, | 3750.15 
Vi | 3754.62 
Ol | 3754.07 
Feu | 3755.50 
Ile 1 | 3750 og 
| 
1 | 3757 
ill | 3757.69 
Fet | 3758.23 
Out | 3757.21 
| 
Ol | 3759.87 
Tiu 3759.30 
Feu 3759. 46 
Feu 3702 8g 
Tiu | 3761.32 
Ol | 3762.51 
| 
i | 3770.63 
Vou | 3771.08 
Fe | 37095 
| 
i, 3797 9 
Het | 351g O1 
Fet | 352 3 
Feu } 3824.91 
i, |} 333 2) 
Stu } 3853.67 
Siu | 3850 09 
Sil } 38 51 
Vel 3508.74 
| 
Ou } 33832 19 
| 
Het SAS f 
Hs 22 
5 y 
Fet | 3599 71 
Fet | 39 ) 
Sti | Qos 3 
Feu 3900 O4 
1 ( fy 
Tiu 13.4 
PR i | 3915 Qs 
c 2 | 3920 OS 
Vu | 3919 
OU | 3919 28 
| 
Fer | 3922 9! 
Hew | 3023.51 
Het 3920 3 
Fe! 3930. 3 
Cau | 309033 67 
Het j 3035 QI 
Feu | 3935.94 
Vi 3034 41 
| 
Feu 3938 97 
Vu | 3938 
Ol | 3945 04 
Ow | 3901 59 
1/1 | 3961.53 





Multiplet Table of Asirophysical Interest) 
the neutral or ionized elements. The lines of stellar intensity zero are uncertain. 


t These lines were measured on a plate taken January 


In the M.I.T. table the intensities in the arc o 


t Probably absorption of P Cygni type. 


5» 


* All the laboratory wave lengths and intensities have been taken from the M_L.T. wave 
Dobbie, Annals of the Solar Physics Observatory, Cambridge, Vol. \ 
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TABLE 1—Continued 









































| IDENTIFICATION* | IDENTIFICATION* 
N Int. |- d Int 
| Elem. r Int. Elem. nN Int. 
; : 1| — Cas ee Seeeeil 
3964.84 | 2i Het 3004.73 50 || 1451. 23 oF Feu 4451.54 4 
3967.33 | 7 ois 3967 5I i $457.57 = ?[Fe u] BASRIGT Toewccsies 
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Separation difficult, but the line seems definitely double. 


spectrum consists of two groups of lines: the first includes forbidden and permitted lines 
usually associated with planetary nebulae; the other includes permitted lines, prin- 
cipally in the region AX 4632-4658, of V 11, C 11, and C tv, bordered by absorption on 
the violet side. This second group—which exhibits some of the characteristics of lines in 
Wolf-Rayet stars, except that in Z Andromedae they are fairly sharp—we shall attribute 
somewhat arbitrarily to the hot nucleus. We do not wish to imply that this nucleus is a 
normal Woli-Rayet star, and it is possible that what we have designated as the nuclear 
lines are really lines produced in the innermost layer of the nebular shell. 
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In addition to the “‘nebula”’ and the “nucleus” there is a spectrum of the P Cygni type. 
It consists of H, He 1, and Fe 11; and we are inclined to attribute to it also the bright lines 
of low excitation: Mgu, Si1, Siu, Ti 1, Fe 1, and extremely weak |/e 11]. This spectrum 
is the remnant of the P Cygni type spectrum which predominated in the fall of 1939, 
when the star was near maximum light. It has undergone large changes since December, 
1939, having developed strong lines of He 1 and having lost most of its violet-absorption 
features. But it has not yet returned to the character of spectrum designated by Plaskett 
as ‘‘Z Andromedae-Star.”’ 

The strong continuous spectrum of Z Andromeda in the photographic region must 
come from the hot nucleus. It is too blue to be associated with the M star. 


III. THE SPECTRUM OF THE NUCLEUS 


Carbon is represented by very weak C I (A 4267), strong C ul (AX 4648-4651), and 
C Iv (A 4658); all these bright lines are flanked by absorption components on the violet 
side. The carbon lines have the usual intensities of Wolf-Rayet stars and of pure re- 
TABLE 2 
VELOCITIES OF EJECTION 


ej 


Element in km/sec 
Balmer lines of P Cygni type 83 
d 3889 Hel.... III 
Other lines of He 1 81 
C Il 174 
N 182 
Cal 186 


combination spectra; in an O star of the 9 Sagittae type, \ 5696 C 11 would be an emis- 
sion line instead of AX 4648-4651, according to previous investigations by the authors.’ 

Nitrogen is characterized by the strong bright lines of V 111 at \ 4634 and A 4641, with 
P Cygni absorption components. It is difficult to decide whether broader lines are super- 
posed on the strong, sharp nebular .V ut lines measured at AX 4097-4103. 

Several weak O11 lines which cannot be excited in the nebulosity by Bowen’s 
fluorescence mechanism probably belong to the nucleus. The question arises whether 
the lines of 7 and He 1 also belong to the nucleus. Strong evidence against such an as- 
sumption is found in the measured differences between the radial velocities of the emis- 
sion and absorption components of the lines. These are collected in Table 2. 

The spectrum of the nucleus contains both nitrogen and carbon. Like the nucleus of 
NGC 6543," it is an object intermediate between the usual carbon and nitrogen se- 
quences. It would, indeed, be difficult to apply to it the usual classification criteria for 
Wolf-Rayet stars.'® For example, we are not allowed to use the intensities of the He I 
lines which belong mainly to the P Cygni layer or those of the He 1 lines which belong 
to the nebula. This difficulty presents itself in all cases where a Wolf-Rayet star having 
relatively narrow lines is surrounded by an emission nebulosity. The absence of .V v and 
the intensity ratio of the C Iv and C ut lines suggest that the nucleus may have a tem- 
perature of the order of 70,000”. 

This would be in agreement with the lines observed in the nebula, where [.Ve 11] is 
stronger than [.Ve v]. It should be remembered that the lines of the nucleus of Z Androm- 
edae are much sharper than those of Wolf-Rayet stars. But the nucleus of HD 167362, 
which is an object resembling Campbell’s hydrogen-envelope star, has also fairly narrow 
lines of Wolf-Rayet type. It is possible that the nucleus of Z Andromedae is of the same 
character. 


Ap. J., 92, 289, 1940. 16 Trans. I.A.U., 6, 248, 1938. 











Z ANDROMEDAE 361 


IV. THE NEBULAR SPECTRUM 


The following observed lines belong to a dilute nebulosity: (a) the transitions of 
nebular type of [O 11 (int. 3~5), |. Ve ut (int. 7-3), and [Ne v| (int. 6-4); (0) the transition 
of auroral type of |O m1] (int. 6); and (c) the lines of He 1 (at least in part) and the 
fluorescence lines of O m1 and NV ul excited by the resonance line of He 11. The emission 
lines of 7 and Hei may also belong in part to the nebulosity. The excitation of this 
nebular spectrum may be attributed to the hot nucleus described in section III. The 
mean radial velocities of the pure emission lines are: forbidden lines, +5.8 km/sec; 
N ut 4097-4103, +7.6 km/sec; Balmer lines (//e-J/8), +16.0 km/sec. 

Since the nucleus continuously ejects nitrogen and since AA 4097-4103 are fairly 
strong in the nebula, we should have expected to observe [V 1] or [NV 1] in the nebulosity. 


TABLE 3 


COMPARISON OF INTENSITIES OF EMISSION LINES IN PLASKETT’S ‘‘NEBULAR PART” 

















| 
| INTENSITY | INTENSITY 
r | Elem. | NOTES nN Elem. NoTES 
| . | . 
| | Sy gs Swings- 
| Plaskett | 2” '" | Plaskett | “O71"® 
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| ' 
3425.8 [Nev] | 4 | 6 | 4034.2 N ut 3 3 
3444.1 O il 4 | 2 | 4040.6 N ill 6 4 
3759-9 O it | 3 2 I 4047 .4 | Cm 2 3 
in [NX> | . ~ > | , 
3868 7 [Ve tt | 2 | 6 | 2 4050 2 Cul 4 2 
3007.5 |.Ve mt] -_ ) 2 4 4085 .7 | Het 9 10 
4008 9 Cut Ly | 2 | 4958.9 \O 111} 2 3 
4007 3 ) Naa | 2 4 | 5000.8 |O 111} 5 5 
4199.9 Het Pg fe) 5411.6 Hew 2 2 
4363.2 |O 111} 6 6 5801.4 , ¢C3v 2 ° 
4541.6 leu 3 I 








1. Blend. 
2. Plaskett estimates intensity 6 on ultraviolet spectra. 


In reality, neither their nebular nor their auroral transitions are observed.'? This is cer- 
tainly an effect of ionization, as |O m| and [O 1| are also absent despite the high intensity 
of |O 11]. This is quite different from what we normally observe in planetary nebulae 
and in the nebulosities of slow post-novae. For example, in Nova Herculis, 1934, we 
observe at the present time |O 1], [O 1, {.V 1], |S um], [Fe vit], and other elements,'® in 
addition to strong {O m1, |.Ve rt], and |.Ve v]. Essentially similar elements are also pres- 
ent in the extremely slow nova RT Serpentis, 1909. The absence of other stages of 
ionization in the nebulosity of Z Andromedae suggests that this nebulosity consists of a 
rather thin layer. 

The intensities of the nebular and nuclear lines, which we observed in the summer of 
1940, closely resemble those observed by Plaskett! in 1923-1926. Table 3 contains those 
lines which Plaskett attributed to the ‘nebular part’? and which are not seriously 
blended with lines of the P Cygni spectrum. There are only minor differences in the in- 
tensities. We conclude that the nucleus and the nebula have not been appreciably al- 
tered by the outburst. 

It is of great interest to compare Z Andromedae with the binaries of similar excitation. 
T Coronae Borealis, which, like Z Andromedae, consists of an M-type star and of a nova- 
like companion, has shown an irregular increase in brightness since 1936. The forbidden 


O14}, {Om}, and |.V 11] were also absent on Plaskett’s spectrograms. 


SAD... J .5 62205, 19040. 
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lines now present in its spectrum belong to [O m1], [O 1], and [Ne 1]. Hachenberg and 
Wellmann” have shown that the nebulosity of T Coronae was optically too thin to per- 
mit the application of the theory of Zanstra, which requires complete absorption of all 
the nuclear radiation beyond the Lyman limit. In RW Hydrae [O 1] is extremely weak, 
whereas [O 111] and [Ne 111] have similar intensities.” 

The striking intensity of the transition of auroral type, \ 4363, compared with the 
transitions of nebular type, V,; and N,, is well known in the novae at the beginning of 
their nebular stages. It is also a characteristic feature of all similar binaries, such as 
T Coronae, AX Persei, CI Cygni, RW Hydrae, etc. On the other hand, in only one plane- 
tary nebula observable in our latitude, IC 4997, is the auroral transition \ 4363 very 
strong compared with V, and N,. In almost all other nebulae, .V, and .V, are much 
stronger than A 4363.7° Actually, IC 4997 is often considered as an object intermediate 
between nebulae and stars. The following section contains a description of its spectrum. 


V. THE SPECTRUM OF IC 4997 


Except for the high intensity of \ 4363, the spectrum of IC 4997 has the usual ap- 
pearance of a planetary nebula, according to W. H. Wright” and R. H. Stoy.” It is 
certainly not a nebula of very high excitation,’ because [Ve v| is absent. On the other 
hand, there is no reason to suspect an abnormally low abundance of oxygen, nitrogen, 
etc. Hence, the cooling effect?+ of the elements other than // upon the electrons, result- 
ing from the photoionization of hydrogen, must be of the usual type. According to 
the work of Menzel and his collaborators,*5 the presence of a strong A 4363 implies that 
the electron density of IC 4997 is much higher than in the other nebulae thus far in- 
vestigated—say between 10° and 1o° electrons per cubic centimeter, instead of 104, 
The following questions arise in connection with this stellar planetary: (a) Of what type 
is the exciting nucleus (which has not been observed previously)? (6) How do the ele- 
ments other than [O 111] behave? (c) Is there any way to observe ‘‘stratification-effects”’ 
in stellar planetaries of higher electron density and in which slitless spectra cannot reveal 
appreciable differences among the monochromatic images? 

We secured in June and August, 1940, four spectrograms of IC 4997 with the 82-inch 
McDonald reflector. Three were taken with the quartz prisms and the F, 2 Schmidt 
camera (exposures, 1?20™, 1"57™, 8"44™). The fourth was obtained with the glass prisms 
and the same camera (exposure, 8"40™). On the two long-exposure spectrograms the 
continuous spectrum is relatively strong and the Balmer continuum is very strong, ex- 
tending at least to \ 3300. Superimposed on the strong Balmer continuum are eight 
lines of He 1 which we could measure only with difficulty; these have not been included 
in Table 4, which contains all the other lines. The radial velocities given by the different 
lines are entirely consistent, and Table 4 gives the wave lengths corrected for the motion 
of the object. 


19 Zs. f. Ap., 17, 246, 1939. 

20 The majority of the brighter Magellanic nebulae are similar to IC 4997 (C. 
op. cit., p. 316, 1938). 

2t Lick Obs. Pub., 13, 193, 1918. 

22 Lick Obs. Bull., 17, 179, 1935. 

23 Even if the excitation were high, this would not have a great influence upon the electron tempera 
ture. Menzel and his collaborators have shown that the electron temperatures, which range from 6,000 
to 10,000°, seem to be independent of the temperature of the central star. 


and S. Gaposchkin, 


24 Because of the loss of energy by the electrons in the collisional excitation of the metastable levels of 
Om, Newt, etc. (Menzel). 
25 Series of papers in Ap. J., 1938-1940. 


26 Wave lengths: AA 3634 (2), 3614 (2), 3599 (1), 3587 (1), 3554 (1), 3537 (1), 3530 (1), 3517 (1). 
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ad) THE SPECTRUM OF THE NUCLEUS 

The main characteristic of the nucleus is the group from \ 4637 to A 4690. There is 
probably also a trace of NV 111 4634. Some He 1 lines seem to have weak P Cygni ab- 
sorption components, which would indicate that He1 plays some role in the nuclear 
spectrum. There is also a trace of N 1v 4058 and of C m1 4070, which belong to the 
nucleus. 

It is immediately seen that the group of NV 1, C m1, and C tv lines near \ 4650 is 
similar to that observed in the nucleus of Z Andromedae. C ur and C Iv are of the 
regular Wolf-Rayet type; V 111 is more nearly of the g Sagittae type. The nucleus must 


TABLE 4 


LIST OF LINES IN IC 4997 
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* Separation difficult W.1. Observed by Wright as a blend. 
t Doubtful line S. Observed by R. H. Stoy. 
W. Observed by W. H. Wright 1. Also present in BD +30°3639. 


be a Wolf-Rayet star containing both NV ur and C m1 and C Iv. NGC 6543 is another 
planetary whose Wolf-Rayet nucleus also contains both nitrogen and carbon with 
similar intensities, but it is of earlier type than in IC 4997. We should classify the 
nucleus of IC 4997 as W7 or W8. The bright lines are abnormally narrow, but they are 
appreciably broader than the lines of the nebula. 

The simultaneous presence of nitrogen and carbon in several planetary nuclei of 
Wolf-Rayet type is of great importance for the classification of the Wolf-Rayet stars. 
Other nuclei are typical members of the usual sequences; for example, the nuclei of 
Campbell’s envelope star’? and of HD 16736278 are pure carbon stars containing no 
nitrogen, despite the high abundance of nitrogen in the surrounding nebulosities. 


27 Proc. Nat. Acad., 26, 548, 1940. 28 Thid., p. 454. 
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b) THE SPECTRUM OF THE NEBULA 


The nebula is responsible for the continuous spectra”? at the H/ limits, for the Balmer 
series up to H,,, for a rich spectrum of //e 1, and for a large number of forbidden lines. 
The latter are collected in Table 5s. 

There is no trace of the auroral transition of [O 1] at \ 5577, although the transition 
probabilities are practically the same for {O 1] and |[O 1m].°° This suggests stratification, 
We should expect the collisional cross-sections to be of the same order of magnitude for 
the corresponding metastable levels 'S of O1 (4.2 v.) and Ou (5.3 v.). The different 
behavior of [O 1] and [O 111] may be due to the fact that the Ot* ions are excited near the 
nucleus, whereas neutral oxygen occurs mostly at the outskirts of the nebula where the 
density is considerably reduced. [.S 11] also shows a strong line of the auroral type. It 





TABLE 5 


FORBIDDEN LINES IN IC 4997 


| 
- as 
AURORAL TYPE | TRANSAURORAL TyPt 


| 
} 





NEBULAR Typ! 
ck Rinnai ae ma i a —— } 
Element | Intensity Element | Intensity | Element | Intensity 
O1 } 63 | Om = | Sm] 3 
Ol  g5 | Wad 3 | 
O lll 25-20 | oi | 4 
Vu 5-7 | 
Ne lll 15-9 
1 IV 3-2 


would be interesting to search for the auroral transitions of [O 11! at AX 7319.0-7330.3 
and for the nebular transitions of |S m1] at AX 6717.3-6731.5. This region is not covered 
by our spectrograms. [.Ve 111] is very strong: 3869 is certainly as strong as //y. On our 
spectrograms we do not find the auroral transition of [.Ve 111] at A 3342.8; it must be 
much weaker than the transitions of nebular type. [|.Ve 11) is probably excited in the 
denser regions near the nucleus, together with [O m1], [4 1v], and, to a lesser extent, 
(S$ m1]. The absence or weakness of the auroral transition of {.Ve 111| may be due either to 
the higher excitation potential required (6.9 v.) or to specific atomic properties affecting 
the collisional cross-section. The ionization potentials of Ne* and .1** being 40.9 v. 
and 40.7 v., respectively, we should expect the presence of [4 Iv] because we know that 
[Net] is very strong. The auroral transition of | Ne 11] is also absent in Z Andromedae. 

The ratio of intensity of the auroral to the nebular transition is much smaller for 
[NV 1m] than for [O m1]. This can also be understood if we assume that the collisional 
cross-sections for [O 111] and [.V 11] are the same, because .V*+ must extend much farther 
from the nucleus than O**, but not as far as neutral oxygen. 


VI. THE SPECTRUM OF THE P CYGNI TYPE OF Z ANDROMEDAE 
In the Balmer lines the ratio of intensity of the emission components and the absorp- 
tion components decreases steadily toward the higher members. From /e to Ha the 


29 A part of the continuous spectrum is probably due to the nucleus. 
i The transition probabilities are shown in the accompanying table. 
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lines appear purely in emission. The Balmer continuum is still weakly present in absorp- 
tion,*' but it has decreased much since last fall, together with the absorption components 
of the lines of H, 77 11, Fe 1, etc. 

The radial velocities of the H and He 1 lines are collected in Table 6; all the Balmer 
lines with definite P Cygni characteristics have been included (from H,; to Hj), and they 
give very consistent results. 

The lines of 77 01, Fe 1, and [Fe 11] are all very weak, and some identifications may be 
doubtful, but their presence may be regarded as very probable. The extreme weakness 
of [Fe 11] and the absence of forbidden lines of any other element indicates that the 
P Cygni layer is rather dense or that its distance from the exciting nucleus is small. 

In many respects this part of the spectrum is very similar to the present spectrum of 
BD+11°4673,° which also shows Fe 1, Ca 1, Si1, and Si 11; but higher stages of excita- 


TABLE 6 
RADIAL VELOCITIES OF THE LINES OF P CYGNI TYPE 
(In Km/Sec) 











Lines Used | ?Emission *Absorption Differences 
Balmer lines. . ae +46.2 — 37.2 83.4 
dA 3880 Hel +50.1 —60.9 III 
Other //e I lines +27 —53.8 80.8 











tion are present in BD+11°4673. Of course, the comparison with a P Cygni type star 
which is single may be quite artificial, as the presence of the late-type companion may 
substantially distort the P Cygni layer. The dilution effect is apparent in the absorption 
component of He 1 3889. This line, which arises from the metastable 2s3S level, shows a 
fairly strong absorption component. The line \ 3965, which arises from the metastable 
2s'S level, is complicated by the streng neighboring line of [Ne 111] 3967, but we believe 
that it has also a violet absorption line. In the series (2p3P° — nd3D) of Het, \ 4026 
shows an absorption line of intensity 2, while \ 4472 shows one of intensity 1. The fact 
that these triplet lines are present at all in absorption proves that the dilution is not 
excessive. The dilution factor can hardly be less than 0.01, and we doubt that it is more 
than o.1. The P Cygni type shell should, therefore, have a radius r ~ 5R. 

The selectivity observed in the Si 11 spectrum is striking. The presence of the group 
AA 3853.7-3856.0-3862.6 (38 3p??D — 3s? 4p ?P°) is certain, although the group AA 4128- 
4130 (38? 3d?D — 3s? 4f?F°) is absent; this had been noticed by H. H. Plaskett. It is 
also observed in P Cygni itself and in BD + 11°4673.° It may be due to the fact that 
the lower level 3s 3p??D, although not really metastable, is connected with the ground 
level 3s? 3p ?P° by a weak transition (weak lines at \ 1817 and \ 1808). It should be 
noticed that the electron configuration of the 7D level is 3s 3p’, whereas all the other 
terms giving strong lines are due to the addition of one excited electron to the closed 
subshell 3s’. 

VII. CONCLUSIONS 

During the outburst of Z Andromedae in 1939 the only spectrum which could be 
observed was that of the P Cygni type expanding shell. The M spectrum, the spectrum 
of the nebula, and that of the nucleus were not visible. At the time of our observations 
the visual magnitude of Z Andromedae was 8.2. 

In the summer of 1940, when the visual magnitude was 9.7, the P Cygni shell was still 
present, but the violet-absorption components were weaker and the emission spectrum 


31On Plaskett’s spectrograms the Balmer continuum was in emission. On a spectrogram which we 
have taken on January 5, 1941, the Balmer continuum is clearly in emission and the P Cygni features are 
no longer visible. 
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had changed from that corresponding to an A star to one corresponding toa B star. Its 
evolution resembled that of a slow nova and evidently approached the kind of spectrum 
which Plaskett observed in 1923-1926. The forbidden lines of |Fe 11], which were strong 
on Plaskett’s plates, were still very weak on our 1940 plates. 

The velocity of expansion of this shell has been approximately too km/sec. Since 
about 450 days have elapsed since the beginning of the outburst, the shell must have 
expanded over a distance of about 10° km. But the observable spectrum of the shell 
may not come from the same layer if material is being fed into the expanding mass over 
an appreciable period of time. Hence, the value of 109 km represents the upper limit of 
our estimate for the present distance between the P Cygni type shell and the surface of 
the nucleus. 

When the star’s brightness had declined to magnitude 9.7, the M star, the nebula, and 
the nucleus were again present in the spectrum. To all appearances they had not changed 
since before the outburst. It is possible that they never did change appreciably during 
the outburst and that their absence in the fall of 1939 was caused solely by the brightness 
of the P Cygni shell which required relatively short exposures. A search for the strong 
nebular emission line He 11 4686 on our best plates of last fall shows that it was not 
visible at that time, also that it would not have been complicated by blending with 
strong lines of the P Cygni spectrum. The very strong nebular line should have shown 
quite readily with the shorter exposure required for Z Andromedae last fall, provided it 
was not superposed over a strong continuous spectrum. Whether it would still have 
been visible on top of the continuous spectrum is difficult to decide, but we have the 
impression that the line was really weaker last fall. 

It is of interest to compute the relaxation time, 7, considered by Grotrian.*? If we 
suppose that the ultraviolet exciting radiation of the nucleus was completely extin- 
guished by the dense P Cygni shell in 1939 and that the nebular radiation had ceased 
completely, then 7 would measure the length of time a pure hydrogen nebula would re- 
quire to return to within 1.67 mag. of the final (normal) brightness. We follow Grotrian, 
but assume for the radius of the nucleus 


R* = 0.3RO , 


T* = 70,000 . 


We also assume, following Menzel, that the 


6 


Number of electrons per cm’ = 10 
Using Cillié’s data for hydrogen, we find for the volume of the nebula 
V = 104cm3 
and 
T ~~ 2X10° sec ~ 3 or 4 weeks. 


This is quite consistent with the observations, if we assume that the P Cygni shell in Au- 
gust, 1940, was completely transparent to the ionizing radiation. 

The remarkable similarity of the nebular spectrum before and after the outburst sug- 
gests that its distance from the nucleus is great compared with the radius of the P Cygni 
type shell. The best estimate we can get for the latter depends upon the dilution factor: 


32 Zs. f. Ap., 13, 228, 1937. 
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r = 5R*. The radius of the nucleus is not known. But all available evidence points to a 
radius R* for a nova-like object which is considerably smaller than the radius of the 
sun.§3 If we adopt R* = 0.3R ©, the radius of the P Cygni type shell would be about 
1.5R © or, roughly, 10°km. This is much smaller than the upper limit derived from the 
velocity of expansion. We are inclined to believe that the phenomenon cannot be treated 
as a single, thin layer which expands with a velocity of 100 km/sec. This is not surprising, 
since in all normal P Cygni type stars we are already accustomed to think of a continuous 
process of ejection. Once we accept the order of magnitude suggested for R*, the small 
radius of the P Cygni shell follows from the dilution effect and from the weakness of the 
forbidden lines. 

The radius of the nebula remains unknown. But the order of its size may be inferred 
from the estimate of the volume which we have made previously: 


V = 104%cm3. 


If the entire sphere were occupied, we should find for the radius 


16 


Tnebula = 10°cm = 10"km. 


This is of the same order of magnitude as the radius of the forbidden [Fe 11] nebula which 
surrounds the B-type companion of a Scorpii.3+ This nebula, located at a distance of 100 
parsecs, has a radius of 3””. 

The entire picture of the system agrees well with that which results from Kuiper’s 
dynamical theory* of binaries, such as 8 Lyrae, WY Gem, etc. The late-type component 
of Z Andromedae must be a supergiant, and its outer atmosphere may have a radius 
which is considerably larger than that determined with the interferometer for a Orionis 
and a Scorpii. It is entirely possible that the nebular material of Z Andromedae is con- 
centrated within the limiting surface computed by Kuiper. 


We are indebted to Professor Leon Campbell of the Harvard Observatory for infor- 
mation concerning the light-curve of Z Andromedae, and to Dr. D. M. Popper for some 
of the spectrograms taken last winter. 

McDONALD OBSERVATORY 
AND 


YERKES OBSERVATORY 
September 1940 


‘We are indebted for this suggestion to Dr. G. P. Kuiper. } 


4 AD. J., 92, 316, 1940. 5 Ap. J., 93, 133, 1941. 














REVIEWS 


Atlas of Spectra of Nova Herculis, 1934. By F. J. M. StRATTON and W. H. MANNING. Introduc- 
tion + 16 unbound plates. Cambridge: Cambridge University Press, 1939. 25s. 


The Aflas represents a selection of spectrograms from twenty-six observatories, so chosen 
that the period of time from the outburst of the nova in December, 1934, to the drop in April, 
1935, is covered as uniformly as possible. 

The authors have enlarged all spectrograms to the same scale; this has resulted in a spotted- 
ness in the appearance of the reproductions where spectra of high and low dispersion are 
situated near each other. It is, however, at best a difficult problem to render homogeneous re- 
productions of spectrograms of widely different dispersions, and in particular in the case of as 
evanescent an object as a nova we are fortunate in having a series of this quality and com- 
pleteness. 

The Alas was published under the auspices of the International Astronomical Union. 


W. W. M. 





An Introduction to Astronomy. By Ropert H. BAKER. 2d ed. New York: D. Van Nostrand 

Co., 1930. Pp. 315. $3.00. 

The chapters on galactic and extragalactic structure have been entirely re-written for the 
second edition of this abbreviated version of Professor Baker’s well-known textbook. The author 
has also introduced numerous minor alterations in the text and has given space to the most im- 
portant advances during the past few years. 


ERRATUM 
The small circle in the lower right-hand corner of Figure 1 of the article by Z. Kopal on 
page 100 of the January, 1941, issue was inadvertently omitted. The correct figure is repro- 
duced herewith. 
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